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The Performance of Neighbor-Joining Methods of
Phylogenetic Reconstructioh

K. Attesorf

Abstract. We analyze the performance of the popular class of neighbor-joining methods of phylogeny
reconstruction. In particular, we find conditions under which these methods will determine the correct tree
topology and show that these perform as well as possible in a certain sense. We also give indications of
the performance of these methods when the conditions necessary to show that they determine the entire tree
topology correctly, do not hold. We use these results to demonstrate an upper bound on the amount of data
necessary to reconstruct the topology with high confidence.
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1. Introduction. The phylogenetic reconstruction problem is to determine the evo-
lutionary relationships between a set of species typically from information contained
in biomolecular sequence data. These evolutionary relationships may be represented
by a phylogenetic tree, that is, a tree in which the leaves represent extant species and
the internal nodes represent possibly extinct common ancestors of the extant species.
Besides being of scientific interest, methods of phylogenetic reconstruction can have
important applications to human health as, for instance, in the choice of drugs for target-
ing particular parasites [KDD]. Particular evolutionary relationships are often debated
among biologists and different relationships can be obtained by the multitude of different
phylogenetic reconstruction methods. In recent years, the growth of large-scale DNA
sequencing has begun to provide a wealth of data for phylogenetic reconstruction.
While over the last several decades, many methods for phylogenetic reconstruction
have been proposed, there have been few proven performance guarantees for these meth-
ods until recently. One such performance guarantee is given in {AB¥ich demon-
strates a method which outputs an additive distance matrix (tree distance) which is within
afactor of 3 of the additive distance matrix which is closest unddgtim®orm on distance
matrices (see Section 3.1 for definitions of these terms). Assuming the Cavender—Farris
stochastic model of evolution, Farach and Kannan [FK] demonstrate sample-size bounds
for obtaining a tree which is nearby the true model tree with respect to the variational dis-
tance between distributions defined by these trees. However, the performance guarantees
of these works are difficult to interpret in terms of finding the tree which represents the
actual evolutionary relationship between the species. Here, as in [ESSW], we take the
view, prevalent among biologists, that the primary goal of phylogenetic reconstruction
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is to reconstruct all or some of the edges of the true tree. We give conditions under which
the neighbor-joining methods, some of the most popular of computationally efficient
methods, will do so. In particular, we find the radius around the true tree, for a certain
metric, in which the observed distances must be in order to guarantee that these methods
reconstruct all or some of the edges of the tree. These conditions yield upper bounds on
the sequence length needed for these methods to reconstruct all or some of the edges of
the tree. In fact, these methods do the best possible at reconstructing the entire tree, that
is, no method can be guaranteed to reconstruct the tree for observed distance matrices
in a larger radius around the true tree. When the observed distance matrix is not within
the radius mentioned above, so that we cannot show that the topology can be determined
completely, a slight modification of one of the neighbor-joining methods can be shown
to do the best possible at reconstructing some of the edges of the true tree.

In the next section we introduce some notation. In Section 3 we discuss the details
of the results of the paper and their significance. The subsequent sections of the paper
present the proofs of these results.

2. Some Notation. As mentioned previously, we represent evolutionary relationships

by trees, which we now define. We assume the reader is familiar with the basic concepts
of graph theory, see, e.g., [Bo]. Since we are trying to determine the topology of the
tree relative to the extant species which are represented as leaves, evolutionary trees
are leaf-labeled trees, that is, two evolutionary trees are the same if they have the same
topology relative to the leaves.

DEerFINITION 1. A treeis a connected acyclic graph. We wrigT) and E(T) for the
vertex set and edge set, respectively, of aTred leaf of a tree is a node of degree 1. We
write L(T) for the set of leaves of treB. When the tred is implicitly understood, we
write V, E, andL for the vertex, edge, and leaf setslgfrespectively. Two treeb andT’
are (eaf-labeled isomorphic written T ~ T’ if there is a bijectionf: V(T) — V(T)
which preserves adjacency, that B(T") = {(f(v), f(¥")): (v,v) € E(T)}, and
which preserves leaves, that is(v) = v for all leavesv € L(T). Isomorphism is an
equivalence relation and we define thpologyof a tree as the equivalence class of trees
isomorphic to it. Isomorphic trees are trees which are the same for our purposes and so
we sometimes blur the distinction between isomorphic trees and trees which are equal.
A rooted treeis a tree along with a special node called the roohidary treeis a tree
in which every internal node has degree Joated binary treds a tree having a single
node of degree 2, called theot, and such that every other internal node has degree 3.
For atreel and an edge € E(T), the graphl —eis the graph obtained by removing
efromT, thatis, ifT —e = (V, E — {e}). Note thafl — e has exactly two components
and so partitions the set of leaves into two componentsk ok, we use the notation
Lx(T — e), or just Li(e) if the treeT is implicitly understood, for the set of leaves
in the component o — e containingk (see Figure 1). Le$(T — e) = {L(T — @),
L — Lx(T — e)} which we refer to as theplit of T generated bg. Let S(T) denote the
set of all splits ofT, that is,S(T) = {s(T — e): e € E(T)}. Note thatS(T) = S(T’) if
and only ifT ~ T’ (see, e.g., [BD]).
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Lk(e) L-Lk(e)

Fig. 1. An illustration of the notation Ly (e).” “ Lk(e)” denotes the set of leaves in the componenT of e
containing the leak.

Fori, j, k, andl in L(T), the treeT induces the quartdfi, j}, {k, 1}} if there is an
edgee € E(T) such thai and | are separated frokandl by e. We denote the set of
guartets induced by the tr@eby Q(T). Note that the topology of a tree is determined
by the quartets that it induces, that is, fhe~ T’ if and only if Q(T) = Q(T’) (see,
e.g., [BD)).

We now introduce some definitions for distance matrices which are the inputs for the
methods which we will discuss.

DEFINITION 2. A distance matrixD, is a symmetric nonnegative matrix, indexed by a
setoftaxd., and having O diagonal. Note that the terminoldggtance matrixs standard

in the systematic biology literature even though we do not assume that a distance matrix
defines a metric or distance (nor a pseudometric) on the set of species since we do not
require the triangle inequality. 1 is the set of distance matrices ahds the set of trees,
adistance-based methddr phylogenetic reconstructidnis a functionf: D — 7. A
weighted tree is a treeT, along with a function: E(T,) — [0, co), from the edges of

the tree into the positive real numbers. Similarlyv@ighted binary treés a weighted

treet whereT, is binary. For any nodes andy of a weighted tree, we define the
distancebetweerx andy as

Diy= Y l(@),

ecPyy

whereP, j denotes the set of edges on the unique path betwaed j in T,. We use
the symbolD* for the distance matrix on the leavesf An additive distance matrix
is a distance matri for which there is a weighted treesuch thatD = D*. Note that
the weighted tree corresponding to an additive distance matrix is unique.

The following result is a local characterization of additive distance matrices which
will be useful.

3 While most methods output a weighted tree, we do not consider the weights of the output here. Also, we
are avoiding reference to a computational model since it is not required here. Finally, note that there are many
methods, known asequence-based methachich use sequences as input rather than distances.
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LEMMA 1 (Four Point Condition). Let D be a distance matriAny four taxa can be
labeled asj j, k, and | in a way such that

1) Dij + Dw < Dix + Dj = Dy + Dj«

if and only if D is an additive distance matrilt D corresponds with a weighted binary
tree r, then there is an edge e which separates i and j from k atitht is such that i
and | are in a different component of F e than k and | and the difference between
the right-hand side and left-hand side of the above inequality is at Rhésit

For the history and proof of this important result, see, e.g., [BG].

3. Discussion

3.1. Finding the True Tree Intuitively, the distance matrif, which is given as input

into a distance-based method for phylogenetic reconstruction, represents an estimate of
the amount of evolutionary divergence between speac#s j. We imagine that there

is a “true” additive distance matri® = D* of which the observed distance matkxis

a noisy or corrupted version. A reasonable distance-based method should return the tree
T, when givenD" or a distance matrix sufficiently close @ as input, that is, if the

noise is sufficiently small. We now demonstrate that if the observed distance matrix is
too far from the actual distance matrix, then no method can be guaranteed to reconstruct
the true tree correctly. First we define our notion of closeness:

DEFINITION 3. Thel,, norm or error between distance matricés and D’, written
ID — D'|loo, is defined as

15 = D'lloc = max|Dyj — Dfj .
We say that a method hasl, radius« if, for every weighted binary tree and every
distance matriXD such that

D" = Dl < aeergl(q)l(e),
the method reconstructs, that is, f (Iﬁ) =T,.

Thel, radius of a method is the radius of the largest ball (inlthenetric space on
distance matrices), in multiples of the length of the shortest edge, around a true weighted
binary tree, within which the method is guaranteed to reconstruct the true tree. In fact,
we can show that no method Hasradius more thar% using the following fact:

LEMMA 2. For every additive distance matrix B: D7, there is an additive distance
matrix D' = D* and a distance matri such that $T,)) # S(T,) and

A . I(e
(2) ID— Dlle = ee”E":QZ) o

A G
) [D"— Dllc = min 1©

ecE(T,) 2
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Fig. 2. A graphical representation of two “nearest” distinct tree topologies.

PrOOF  In fact, D’ is formed fromD by rearranging the subtrees around an egigé
smallest length ifT, as demonstrated in Figure 2. Similarly,is constructed as shown
by the weighted graph in the figure. In particular,

Dijj if i, j, € A for somek,
B — 1(Dyj +Dj) ifi € Acandj € A and|k — 1| is odd
] — I
Dij—% ifi e Acandj € A andlk—1| =2

We leave the details of this construction to the reader. See [ESSW] for a similar con-
struction. O

This implies that no method can halvg radius larger thaé:

LEmMMA 3. No method has, radius larger than%.

PROOF  Suppose a methofl hasl, radius larger thaé. Choose any additive distance

matrix D, and letD’ = D" and D be, respectively, an additive distance matrix and
distance matrix satisfying the properties of Lemma 2. Since the method hvaslius
larger than} and (2) holds,f reconstructsT, on D, that is f (D) = T,. However, it
must also reconstrudk, on D because of (3) and sé(D) = T,.. However,T, and
T, are not isomorphic sinc8(T,;) # S(T,/) and so, in particular], # T, which is a
contradictiorf: O

4 A subtlety here is that for sequence-based methods, that is, methods which use sequences as input, we must
also show the existence of sequences which correspond to the disEartdewever, this can be done in many
cases.
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The larger thd, radius of a given method, the larger the set on which we can
guarantee that method will correctly reconstruct the true tree. In this paper we show
that the neighbor-joining methods have the optitalradius of%. In particular, we
demonstrate this for the ADDTREE method of Sattah and Tversky [STI:

THEOREM2. ADDTREE has, radius 3.
PrROOE See Section 5.1. O

Also, we demonstrate this for the popular NJ method of Saitou and Nei [SN]:

THEOREM4. NJ has |, radius 3.
PROOE See Section 6.1. O

The later result also holds for the UNJ and BIONJ methods of Gascuel [G2], [G3]
which are modifications of NJ. Note that methods described in [ESSW] and the Buneman
tree method [Bu] are also known to have this property but known algorithms implement-
ing these methods have higher computational complexity than some of the neighbor-
joining methods. A method which finds the closest additive distance matrix to the input
distance matrix under thg, norm would havé,, at Ieast}‘ (see [ESSW]). However, this
problem is NP-hard to approximate within a factor%o[fABF*]. A 3-approximation to
this problem is known [ABF] which hasl,, radius betweer} and ¢ (see [ESSW]).

Motivated by Lemma 3, we now give a name to a distance matrix which is near enough
to a weighted binary tree so that it can be guaranteed to be correctly reconstructed by a
method with optimal ,, radius:

DEFINITION 4. A distance matriD is nearly additivewith respect to a weighted binary
treer if
I(e)

4 D - D min —.
4) [ lloo < Join =

A distance matriD is nearly additivef there is a weighted binary treesuch thatD is
nearly additive with repect to.

In fact, the binary tree (but not the edge weights) corresponding to a nearly additive
distance matrix is unique:

LEMMA 4. The binary tree corresponding to a nearly additive distance matrix is unique

PROOF Let D be a nearly additive distance matrix. Suppose there are weighted binary
treest andzt’ such that formula (4) holds for bothandzt’. Let e and€’ be edges of
minimal length int andz’, respectively. For an{{i, j}, {k,1}} € Q(T,), we have

(5) Dj 4+ Df; < Djj + D +1(€) < D + D +1(€) +1(e)



The Performance of Neighbor-Joining Methods of Phylogenetic Reconstruction 257

< D+ Dj +1(€) —1(e) < Dy + Dj +1(€)
< Dj + D} +2i(e),

where the third inequality is from the four point condition. Lemma 1, and the others
from formula (4). Now suppose thi, k}, {j, 1}} € Q(T.). By the four point condition,
Lemma 1, there is an ed@® such that

Dj + Dj < D + D} —2(€")
< Dj + Djrl/ +2(e) - 2(€") < D + Djr'/’

where the second inequality is formula (5) and the last from the fact tiat< I (¢”).
This is a contradiction and §6i, k}, {j,1}} ¢ Q(T.). Similarly, {{i, 1}, {j, k}} ¢ Q(T;)
and so, by the four point conditiof{i, j}, {k,1}} € Q(T,). Hence,Q(T,) € Q(T,)
and so, by symmetnQ(T,) = Q(T,)) andT, ~ T,. O

Because of this uniqueness, we sometimes saylHatmearly additive with respect to
a treeT. The concept of nearly additive distance matrices was introduced in [ESSW]
(without the name).

Finally, we would like to make some comments about the tightness of the results in
this paper. Letting ~%(T) denote the set of distance matrices for which methgields
tree T and N(T) the set of distance matrices which are nearly additive with respect
to T, we will show here thatN(T) ¢ f~1(T) for certain methods. In fact, there are
many distance matrices which are noNiiT) for any treeT and so, in factf ~1(T) is
generally substantially larger. All we can say is that'(T) contains no othdr,, balls
centered at an additive distance matrix as previously noted.

3.2. Finding Long Edges Lete = ||D — D|l« WhereD = D* and D are the true

and observed distances, respectively. As discussed in the preceding sections, we can
guarantee that the neighbor-joining methods will correctly reconstruct the topology of
the true tree it is less than migg(r,,(1(€)/2), that is, if all edges are longer than.2n

many cases of interest, only some of the edges of the actual tree will be of this length.
In such cases, although the methods would not be guaranteed to reconstruct the entire
tree correctly, they might correctly reconstruct the edges which are longer ¢hém 2
particular, we associate an edge with the split that it generates and define tHg,edge
radius analogously to tHg, radius:

DEFINITION 5. For aweighted treg, we say that the distance-based methiadrrectly
reconstructs edgee E(T,) oninput distance matri if there is some edoe € f (D)
such that the split generated byn T, is the same as the split generatedebin (D),
that is, ifs(T, — e) € S(f(lﬁ)). We say that a methodl hasedge L, radius« if, for
every weighted binary treg, every edge € T;, and every distance matri such that

ID* — Dl < al(e),

the method correctly reconstructs edgen inputlﬁ. Note that if a method has edbg
radius larger than, then it had,, radius at leasd.
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Just as thé,, radius gives us conditions under which a method will correctly recon-
struct the true tree, the edgig radius gives us conditions under which a method will
correctly reconstruct sufficiently large edges of the true tree. Similarly, since no method
hasl ., radius larger thar%, no method has eddg, radius larger thar%.

LEMMA 5. No method has edgg Iradius larger than%.

ProoF If f has edgé,, radius larger thaé, then it had,, radius larger thaé which
contradicts Lemma 3. O

In this paper we will show that Sattah and Tversky’s method has ledgadius 0.

LEMmA 9. ADDTREE has edged radiusO.
PrROOE See Section 5.2. O

However, this negative result only occurs if a pathological condition which we refer to
as a tie in the four point condition (see Section 5.2) occurs. If ties are excluded, either
because they occur with negligible probability or by minor modifications to the method,
the method obtains eddg, radius% and so again performs as well as possible. See
Theorem 3 of Section 5.2 for a precise statement and proof of this result. Note that
the Buneman tree method [Bu] also has ngeradius% (Tandy Warnow, personal
communication). However, Saitou and Nei's NJ method does not do best possible:

LEMMA 13. NJ has edgel radius at most.
PROOF See Section 6.2. O

We conjecture that NJ has edgeequal to;ll. By comparison, the 3-approximation of the
closesl, additive distance matrix has edigg radius betweerg and%3 (see [ESSW]).

3.3. A Probabilistic Interpretation By introducing a specific model of the evolution

of biomolecular sequences, we can determine an upper bound on the sample-size com-
plexity, that is, the number of samples required so that the neighbor-joining methods will
correctly reconstruct either the entire topology (or edges above a certain length) with
high probability. This is done by choosing the number of samples so that the error will be
within thel, radius (edge., radius) with high probability. The model we introduce is

the Cavender—Farris model [F], [C]. Under this model, there is a true rooted tnath

n leaves corresponding to extant observed species and internal nodes corresponding to
ancestral species. For any spedi¢sxtant or ancestral), there is a sequende loihary

random variables (with only the random variables corresponding to the leaf sequences
being observed). The sequence at the root is generated by fair coin flips (i.i.d. uniform).
With each edge € E, we associate a probabilify(e), the probability that a given site of

the sequence will change along that edge. Each site of the sequence is assumed to change
in a Markovian fashion with respect to other species, that is, any species is dependent
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upon any ancestral species (more precisely, any nondescendant species) only through
its most recent ancestral species. Each site is assumed to be i.i.d. (this is perhaps the
biologically most unrealistic assumption of the model). The model generates a sequence
of k i.i.d. binary vectors, each having one element for each extant species.

Given the Cavender—Farris model, |gt; be the probability that random variables
corresponding to extant speciesnd]j at a given site will differ. Assuming max pi ; <
£, the distance matrix given by

Dij = —3In(1 - 2p; j)

is additive. Note thaDy; is the expected number of mutations between specasl
j. Letting p ; denote the number of observed mutations per site which occur between
species and j, we can estimat®;; by

f)ij = —% In(l— Zf)i,j).

In fact, using the Azuma—Hoeffding inequality [GS], we can guaranteg atD ||, <
& with probability at least 1- § if (see [Be] for a proof)

2
k > M exp(max4Dij> ,
(1 — exp(—s))?2 i.j

wheren is the number of species atdis the required number of observed potential
mutation sites. Hence, if we allow to equal miRce(I(€)/2), we can guarantee that

the neighbor-joining method will find the true tree with probability at least 4 if at

leastk sites are observed. Note, however, that the number of samples needed for these
guaranteed performance rates would often not be practical in many situations of interest.
Similarly, if we lete = % then the modification of ADDTREE discussed in Section 5.2
can be guaranteed to reconstruct every edge of length at lmasectly with probability

1§ if at leastk sites are observed.

4. Neighbor-Joining Methods

4.1. The Methods The neighbor-joining methods are agglomerative clustering algo-
rithms, that is, they produce a tree in a bottom-up fashion, by iteratively combining taxa.
For the purpose of this paper, we say that two taxae L areneighborsin a treeT

if and only if |R ;| = 2, that is, if there are exactly two edges on the path in the tree
between the taxaand j. Every tree with at least three vertices has a pair of heighbors.
The basic idea behind the neighbor-joining methods is to attempt to find a pair of species
i andj which are neighbors in the tree, modify the distances so as to comhbime|

into a new species, and repeat. The pair of taxa to be combined is chosen to optimize
a criterion which we refer to as theeighbor selection criteriofor sometimes simply

as thescord which is a function of the observed distand@sand the pair of taxai,

and j, under consideration. We denote the neighbor selection criterion for txd |

by Xi,; (D). The particular neighbor selection criterion used differs between different
neighbor-joining methods. For the specific neighbor selection criteria for the methods
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which are analyzed in this paper, see Sections 5.1 and 6.1. After finding iagradrj
to combine into a new speciesthe distances are updated in the following manner:

(6) Duk = AuDik + (1 — Ay) Djk

with distances between all other taxa remaining unchanged. The most popular methods
useir, = % for all u but we consider the general case here where @, < 1 in

order to be able to apply the results more generally. We summarize the workings of the
neighbor-joining methods and introduce some notation in the following:

LetL!=L,D'=D, andL; = {i} foralli e L.
Form=1...,n—-2:

1. Choosé™ and j™ which optimizeXim jm(D™).
2. Fixing some new taxon™ (e.g.,u™ = {i™, j™}), let L™ = LM —
{im, j™u{um andLyn = Lijm U Ljm and

B _ D if k,1 £ um,
Ko7 D+ A= Am)D ik =um,

Output a tre€l such thatS(T) = {{Ly, L — Ly}: ue Un5 LM}

Here, the seL™ denotes the set of species ab®l denotes the distances which are input
into themthiteration of the method. Far e (5 L™, the setL,, is the subset of.
which has been combined to fonmwhich we refer to as theepresentativesf u.

4.2. Finding the True Tree In this section we derive a result about conditions under
which a general neighbor-joining method can be guaranteed to find the true tree. In
particular, we show that any neighbor-joining algorithm which correctly chooses a pair
of neighbors in the first iteration, has the optir‘r@lradius%. Our first lemma says that

if, when given additive distances as input, we combine a pair which are neighbors in the
corresponding tree during the updating step of the method, then the result is the distances
of the original tree with the pair of neighbors replaced by a single leaf hanging off of the
node adjacent to the pair of neighbors. Note that similar results were proved by Bandelt
and Dress [BD] but we present them here in the form we require.

LEMMA 6. Let D = D* be an additive distance matrix with corresponding weighted
binary treet. Fix neighbors i and j in T. Let U denote the internal vertex adjacent to

i and j. The distance matrix on the set of tada — {i, j}) U {u'} with distances given
by formula(6) is additive and corresponds to a weighted binary ttéeln particular,

we can choose,Tto be the tree formed from, By removing i and jFurthermore the
edge lengthd’(e) for edges e= E(t’), are given by

, ik ifu” ¢ {x,y},
" '(X’y)—{ 1%, y) + 2l (. U) + A= 2l (. U))  otherwise
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PrOOF Let D denote the distances given by formula (6). We must showfia& D.
Clearly, if neitherk norl is u’, we have thaD,ﬁl' = Dy since the construction af does
not affect the path betwednandl. Otherwise, we have

Diy = Dy + Al (i, u) + (L= Al (j, U)
= )\u(Dku’ +|(i» U/)) + (1 - )Lu)(Dku’ ‘|'|(j7 U/))
= AuDik + (1 — Ay) Djk.

Hence,Dg, = Dy, and so the lemma holds. O

In practice, the method is not given the “actual” distanBebut the approximate
distanced which we will eventually assume are sufficiently closéXolt is important
that, in applying the update formula (6), the “actual” distances of the tree with taxa

combined and the distances used by the method do not grow further apart. We demonstrate

that this is so after introducing some notation. In analogy to the observed distances used
as input for themth iteration,D™, we letD™ denote the “actual” distances at thigh
iteration, when the pair which is chosen usibgire combined. In other wordB?! = D
and
DML _ Dy ?f k,I #£um,

ki Aum Dy + (L — Aum) Dy if k=u™.
Itis important to keep in mind that it is the paiif; and j™, chosen by the method using
D™ (and notD™) which is used in calculatin™+*. The following lemma demonstrates
that the approximate and actual distances do not grow further apart.

LEMMA 7. For any m we have

ID™ = D"[lo < [|D — Dl|no.

PROOE The proof is by induction. The result holds for = 1 by definition. Now
suppose that the result holds for If k, | # u™, then the distances are unchanged and
so|Dg™ — D™ = |DY — DJ|. Otherwise

Am+1 m+1
Dumk - Dumk

‘(kum |jm1k + (1 - )\um) [A)]n']“k) - ()\um f)m‘k + (1 - )\u"‘) Djnf]“k>‘

hum (f)i";k - i";k) + (L= Aym) (f)j";k - J.";k)‘

< AmlD™ = D™l + (1 = Aym) D™ — Do
= D™ - D"l
Hence, the result holds. O

The previous two lemmas allow us to characterize the performance of an arbitrary
neighbor-joining method in terms of its performance on the first iteration:
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THEOREM1. Fix a neighbor-joining method such that

1. Given a nearly additive distance matrix with respect to a tree Tany pair which
optimizes the neighbor selection criterion are neighborsin T
2. The update formula is given i§§).

For any nearly additive distance matriwith respect to Tthe neighbor-joining method
outputs T, that is the method has the optimal Iradius %

PROOF We assume tha is nearly additive and leb = D™ be an additive distance
matrix which is nearby (any one of which has the same topology by Lemma 4). Let
El = E(T,») andl®: E! — [0, co) denote the edge weights of. First we show
that D™ is additive and™ and j™ are neighbors. We prove this by using the induction
hypothesis that the following three conditions hold simultaneously:

(@) D™ = D™ for some weighted binary tree™ with edge seE™ and edge weights
™ E™ — [0, 00).

(b) Minecen|™(€) > Mingcg: 11(e).

(c) imandj™ are neighbors iff;m.

The base casa) = 1, follows directly from the assumptions of the lemma. Now suppose
by induction thatD™ is additive and that item (b) holds. We use the notafifh= T,m.
We have

A A _1(e) (e
[D™ = D"[looc < ID = Dl < min —- = min—-.
where the first inequality is from Lemma 7, the second is assumed for proof of the
lemma, and the third is by the induction hypothesis. Hence, diiites additive for
the weighted binary tree™, we have thaD™ is nearly additive and so, by assumption
of the lemma, any paii™ and j™, optimizing the neighbor selection criterion is a
pair of neighbors irfT ™ which verifies item (c). Hence, by LemmaB™+! is additive
andT™1 is binary which verifies item (a). Also from Lemma 6, rgign 1™ (e) >
Mingcem I™(€) since, ife = (X, y), then eithere € E™ or U’ € {x, y}, in which case
Im™*+1(e) > 1™(e). Hence, by the induction hypothesis, mign1 ™1 (€) > ming.g: 11(e)
verifying item (b) and completing the induction. Hence, the neighbor-joining method
chooses a pair of neighbors at every iteration.

Fore € E™ and an arbitrank € L™, let S = L (T™ — e). Defines(T™ — e) =
{UuesbLu, L — Uyes Lo}, thatis,s'(T™ — e) is the split generated by considered as
sets ofL by using the representatives of vertieces L™. We will now show that

(8) LiL—Lue| L' fu(s(T™—9: ec EM = S(TY
1=1

holds for everym. The proof is by induction om. For the base case, we have that
UuesLu = Uyesiu} = SforanyS < L and sos'(T — €) = s(T! — e). This means
that{s'(T™ — e): e € E™} = S(T) and so (8) holds in the base case. We now prove
the induction step. As in Lemma 6, lat” be the vertex adjacent i@ and j™. For
anye e E™ — {(@u™,i™), (u™, j™}, we have thatin(T™ —e) = Lyn(T™?! — ) —
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{im, jMU{uM. LettingS = Lyn(T™!—e),we have that),cs Lu = Uyep merm_e Lu—

(Lim U Ljm) U Lum = Uyep merm_g Lu- Hence,s(TM —e) = s'(T™! —e) fore e
EM—{™, i™, (u™,i™}. Note that the first term of the union on the left-hand side of
(8) is strictly increasing. Hence, we need only show th@t™ — (i™, u™)) is contained

in the first term of the union and similarly witlt" replaced byj™. However, we have
thats' (T™ — (i™,u™)) = {Lim, L — Ljm} and similarly forj™ and so (8) holds in the
induction case. Hence, we have thet,, L — Ly}: ue U/ L'JU{s (Tt —e): ec

E"1} = S(T1). However, since we decrease the number of leaves by one in each
iteration, we have thaE""! = {(u, u’)} for someu,u’ e L"1. Hence,{L,, L —

Ly} € {{Lu, L — Ly} ue U L'y and soffLy, L — Ly} u e o L'y = (T,

This means that the neighbor-joining method correctly reconstructs the topology of the
tree. O

5. Sattah and Tversky’s Method

5.1. Finding the True Tree The first neighbor-joining method that we study was intro-
duced by Sattah and Tversky [ST] and is often called ADDTREE. Before defining the
neighbor selection criterion of this method, we first introduce a useful terminology. We
say that a pair of taxaand j win the four point conditiorfor a quarteti, j, k, I} (under

D) if

|jij + Dy < min(Dix + |jj|7 Di + |:A)ik)'

In other words, and j win the four point condition for the quartét, j, k, I} if the

inequality of the four point condition holds strictly. Note that of the six (unordered) pairs

of any quartet, either none or two pairs win the four point condition for the quartet.
Sattah and Tversky’s method maximizes the neighbor selection critéripiD) =

Ci j defined as follows:

%) Cij = l{k,1): Dij + Dy < min(Dix + Dj, Dit + Dji)}l,

where we assumie j, k, | are all distinct. This is the number of paifs |} such thai
and j win the four point condition for the quartét, j, k, 1}. Furthermore, ADDTREE
useshy = % for all u in the updating formula (6).

In this section we prove that Sattah and Tversky’s method has an optimatius
for determining the true topology. In order to show that ADDTREE outputs the tree
corresponding to a nearly additive distance matrix given it as input, it only remains to
show that (1) of Lemma 1 holds. While this is a simple matter, we present it here in the
form of a more general lemma for later use.

LEMMA 8. Lete = | D— D7 ||« for actual distance matrix D= D* and observed
distance matrixD. Suppose,ij, k, | € L™ are such that there is an edge e in the binary
tree T, such that(e) > 2¢ and such that |.and L; are contained in the same component
of T —e and L and L are contained in the other componetiten i and j win the four
point condition for the quartef, j, k, 1} underD™ for any m
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PROOF  We prove by induction thaD[ + D < D + DIf'. A symmetric argument
shows thaDT + Dff < D[' + DI} For the base case, fixj. k| € L such thae with
I(e) > 2¢ separates and j from k and| (note thatL; = {i}, etc.). By the four point
condition, Lemma 1, we have

Dij + Du < Dix + Dj — 4e
Hence,
|5ij + Dy < Dij + D + 2¢
< Dik + Dji — 2¢ < Dix + Dy,
where the first and last inequalities are by assumption of the lemma and the middle from
above. Hence, the result holds for the base case. Now suppose that the result hmolds for
SinceL™! = (L™—{i™, j™)u{u™}, the resultwill hold by induction ifi™ ¢ {i, j, k, I}.
Hence, we may assume without loss of generalityitkai™. Note that_yn = LimULm

and so we have thatseparates € Lim andj’ € Ljm fromk’ € L andl’ € L,. By the
induction hypothesi®h, + D < D, + D' andDM,; + D < D, + DIT'. Hence,
B+ B = 3 (B, + D + O, + OF)

<

NI

(A{‘%k+ D + Dy + lﬁﬂ‘)

= D + D]\

which demonstrates the lemma. O

Now we can demonstrate that the method of Sattah and Tversky has an dgtimal
radius.

THEOREM2. ADDTREE hasy, radius 3.

PrOOF FromLemma 1, we need only show that, for any nearly additive distance matrix
D with respect tor, every maximizing pair of the neighbor selection criterion given by
formula (9) is a pair of neighbors @t.. Fix a pair of neighborsand j. The pair of taxa

i and| are separated from any other pair of té&xandl by some internal edge Since

all edges are length at least By assumption, we have by Lemma 8 thand j win the

four point condition for the quartét, j, k,1}. HenceCi ; = ((n—2)(n — 3))/2, which

is its maximal value. We must now demonstrate that no nonneighbors achieve this value.
Fix a pair of nonneighboisandl. Sincek andl are nonneighbors, they are separated by
an internal edge. Leti be a member of the componentDf- e containingk and letj

be a member of the component containirfthese must exist since otherwises not an
internal edge). Sinceseparatesandk from j andl, we see, again by Lemma 8, that

andl do not win the four point condition for the quartet j, k, I} (sincei andk as well as

j andl do). HenceCy cannot achieve the maximal value@f; = ((n—2)(n—3))/2.
Hence, the neighbor selection criterion is only maximized at pairs of neighbors and so
the method outputs the topology ©f. O
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5.2. Finding Long Edges In the previous section we have shown that Sattah and
Tversky's neighbor-joining method performs well when all edges have length at least
2¢ wheree = ||D — D for actual and observed distand®sand D. In this section

we examine what happens when this assumption is violated. First we introduce some
terminology. We say that a pair of takand | tie the four point condition for a quartet

{i, j, K, '} if there is a labeling ok’ andl” ask andl such that

Dij + D = Dik + Dji < Dii + Djk.

Ifthe inequality inthe above expression s strict, then four pairs tie the four point condition
for that quartet and we call thistavo-way tie If equality holds, then all six pairs tie the

four point condition for that quartet and we call thisheee-way tie For any quartet,
there is a pair which either wins or ties the four point condition for that quartet and there
are never pairs which win and tie simultaneously. Note, however, that no “points” are
assigned for ties in Sattah and Tversky’s method (that is, the neighbor selection criterion
is not directly dependent of how many quartets for which a pair of taxa ties the four point
condition). This fact allows us to construct a counterexample demonstrating arbitrarily
bad performance of the method when there are short edges:

LEMMA 9. ADDTREE has edged radiusO.

PrROOF We must show that, for any sufficiently large numbeand any > 0, there is

an additive distance matri@ with treet which has an edge of lengif¢ and there is a
distance matrixD such that] D — D || < ¢ and such that Sattah and Tversky’s method
will not correctly reconstruct the edge of lenglhe. We present a counterexample
which works for all suchM below. First we provide some of the intuition behind the
counterexample and subsequently the details, many of which are tedious and left to the
reader to verify. Note that the amount by which the inequality of the four point condition,
Lemma 1, is satisfied is at least twice the length of any edge which separates the two pairs
of neighbors. The intuition is that we will choose a tree with a single long edge and make
all remaining edges short so that we can force pairs which do not span the long edge to
have ties. Fix two taxa on opposite sides of the long ektyandl*. We wish to force

the method to choode andl™ in the first iteration. There are three types of quartets:

1. Quartets with pairs on both sides of the long edge.
2. Quartets with a triplet on one side of the long edge and a single taxa on the other.
3. Quartets with all taxa on one side of the long edge.

We (judiciously) choose an equal number of taxa on either side of the long edge, namely,
m = n/2 taxa on each side. The outcome (win or tie and for which pairs) for quartets
of type 1 cannot be changed because we assume that the long edge is at leastlength 2
Each pair on one side of the long edge wins the four point conditio@‘bcmf these pairs
(once for each pair on the other side). We can, however, make it sk‘that!* win all
guartets of type 2 in which they are involved. There a(f@z‘é) such quartets. For each

of these, a pair on one side or the other will win as well and so, assuming that we can
split these up evenly, there will be approximatéRg*)/(™,") such quartets for which
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Fig. 3. The actual weighted tree for the counterexample for Lemma 9. All edges have kei@gtixcept for
the single long edge which has lendite.

each pair on a single side of the long edge will win. We can arrange all other quartets

(namely, those of type 3) to have ties. The resulting score for paij$ on the same

side of the long edge will be at mo§t j < (3) + 1 andCy - = 2(”‘2‘1). Form = 5,

i.e., 10 leaves total, we can see tkiaaindl* will be chosen on the first iteration, thereby

incorrectly reconstructing the long edge. Now we present the details of the construction.
The actual weighted binary tree used in the construction of the counterexample is

shown in Figure 3. We choose all edges to be lengt® except for the long edge,

which we choose to be lengtie. Table 1 presents the observed distandesf the

counterexample in multiples af It can be verified that the, distance between this

distance matrix and the weighted binary tree given in Figure 8 Binally, Table 2

shows the neighbor selection criterid),; for each pair of leavesand j. This table

can be validated from the previous table assumingthas sufficiently large so that a

sum of distances will always be larger than another if it contains a higher multiple of

M. It can be seen that 5 and 6 maximize the neighbor selection criterion and so will be

chosen as! andj?. Also note tha{5, 6} = L, andLy € Lyn or Lys € L — Ly for

all m. Hence, it is not possible that the method finds the sglit — €) wheree is the

long edge, since 5 and 6 are in different componenis efe. O

The above demonstration is unsatisfying in that it is dependent upon the occurrence
of ties, which should not occur often and, furthermore, can be handled correctly by
modifying the method slightly. For instance, if we modify the neighbor selection criterion
S0 as to assign points for ties, the above counterexample no longer holds. In fact, we
demonstrate below that if ties do not occur, or if they are assigned large enough scores,

Table 1.The approximate distances of the counterexample for Lemma 9 in multipte$loé diagonal
entries are 0 and other blank entries can be filled in by symmetry.

Leaf no. 2 3 4 5 6 7 8 9 10
1 1 1 1
1 3 i : 1 M+3 M M M M
1 1 1
2 i 3 1 M+3 M M M M
3 3 1 M+ 3 M M M M
4 1 M+ 3 M M M M
1 1 1 1 1
5 M+ 3 M+ 3 M+ 3 M+ 3 M+ 3
6 1 1 1 1
1 1 1
7 3 3 3
1 1
8 3 3
1
9 3
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Table 2. The neighbor selection criterio@; j, of the counterexample for Lemma 9
in multiples ofe. The diagonal entries are irrelevant and other blank entries can be
filled in by symmetry.

Leaf no. 2 3 4 5 6 7 8 9 10
1 11 11 11 10 0 0 0 0 0
2 11 11 10 0 0 0 0 0
3 11 10 0 0 0 0 0
4 10 0 0 0 0 0
5 12 0 0 0 0
6 10 10 10 10
7 11 11 11
8 11 11
9 11

then Sattah and Tversky’s method will work optimally and correctly reconstruct every
edge of length at leask2

THEOREM 3. Suppose one of the following conditions hold

1. There are no ties

2. Ties are scored so that the total contribution of a quartet in which there is a tie at
least equals the total contribution of a quartet in which there is a, W& each pair
in a two-way tie scores at Ieaét point and each pair in a three-way tie scores at

least: point

Then the resulting neighbor-joining method has e@geddius%.

PROOF  Fix an input distance matri® which is nearly additive with respect to some
weighted binary tree and assume that there is an edge E(T,) of length at least 2
that the method will not correctly reconstruct. IséT, —e) = {L’, L — L'}. The method
does not correctly reconstruct edgi and only if {L,, L — Ly} # {L’, L — L'} for all

u e Un_} L™ Hence, for every € |, L™, one of the following must hold:

(a) L is strictly contained irL’ or L — L".

(b) L, strictly containsL.” or L — L’.

(c) Each of the four intersections,NL’,L,N(L—L"),(L—Ly)NL and(L—Ly)N
(L — L"), are nonempty.

Note thatfor alu € L, item (a) holds. LeL"~! = {u, u’} (by this iteration, there are only

two remaining taxa). Item (a) cannot hold for bothndu’ because, sinde, = L — L,

this would imply eithel., = L’ or L = L’. Hence, item (b) or item (c) holds for either

u or u’. Let m + 1 be the smallest number such that there is @ L™ for which

either item (b) or item (c) holds. Sinde€™?* = (L™ — {i™, j™}) U {u™}, it must be that

item (b) or item (c) holds fou = u™. However, since item (a) holds foF andj™ and

Lum = Lim U L;m, it cannot be that item (b) holds fer = u™. Hence, item (c) holds

for u = u™. We summarize this situation by saying that the egligggbroken at iteration

m. We have just shown that every edge which is not correctly reconstructed is broken at
some iteration.
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Now assume, without loss of generality, timatis the earliest iteration at which an
edge of length at least2s broken. Leey, &, ... ., e, denote all edges of length at least
2¢ which are broken at iteratiom. It follows from the previous paragraph that, for
everyu € L™, the setl, will be contained in a single component®f— {ey, . .., &}.
Let LI" < L™ denote set of all such thatl, is contained in the same component
of T, — {e1,..., g} asLin. We proceed to bound the values@fj fori, j € L™ In
order to do this, we determine, when possible, which pairs win the four point condition
for various quartets. From the previous paragraph, it can be seeh'thand L™ are
disjoint. Hencei™ and ™ can only win the four point condition for quartets of the form
{i™, j™, k, 1} such thak andl are both in eithet.!™, Li", or L™ — L'" — LI". There are
at most the following number of such quartets, letiag= |L'"| andx, = |[LI"| and
xg=|L—L"=LI":

o ()

Now consider a pair, j € L'" and assume without loss of generality that< x;.
The pairi and j wins the four point condition for any quartet of the fofim j, k, 1},
wherek,| € L™ — L'" by Lemma 8 since some edge frdm, . .., €p} separated.;
andL; from Ly andL,. There are(’**}*®) pairs of this form. Also, if there are no ties as
assumed in one of the alternatives in the statement of the theorem, then, for any quartets
i,j, k1 e Li", there are two pairs ih'" which win the four point condition for that
quartet. Alternatively, if ties are scored as mentioned in the lemma, then the total score
for each pair inL'" from a quartet of the kind mentioned is 2. Hence, in either of these
cases, the total contribution to the sum of scores of pait§'ifrom quartets of this form
is at least twice the number of such quarté@,. For quartets of the form j, k e L™
andl € L™ — L'", at least one pair ih'" wins the four point condition for that quartet
(e.g., ifi andl win the four point condition for the quartet, then sojdandk). Similarly,
if ties are scored as mentioned, then the total score from ties for pair$ iwill be
1 since each tying pair is either io™ or its complement in the quartet is. The total
contribution to the sum of scores of pairslifi' from quartets of this form is at least the
number of such quartetéxg) (X2 + X3). Summing the contributions from various types
of quartets, there must be a pair, j* € L™, whose score exceeds the average:

xo+x3) | 2(3) +(5)0e+X)
) (47)+ S
2
We will demonstrate that (11) exceeds (10). Subtracting (10) from (11), expanding
and simplifying yields

2(—2X¢ + 21X + 2X1X3 + 6XoX3 + 4Xy + 2Xp — 4%5 — 6)
= 2(x1(X2 — X1) + (X1 4+ 3%z — X3 + (2X1 + X2 — 3))
> 2((X1+ 3% — X3 + (2% + X1 — 3)) > 0,
where we have used the fact that > x; for the second inequality and the facts that
X1 > 1 andx, > 1 and the fact that eitheq; > 1, x, > 1, orxs > 0 (since we can

assume that there are at least three leaves) for the third. Hgnge,> Cim jm which is
a contradiction, since the method choos®sj™ e L™ to maximizeCim jm. O
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The above result is somewhat counterintuitive in light of the previous result. Since a tie
would seem to provide no evidence, it is more intuitive to throw away ties than to score
them. However, throwing them away gives an advantage to pairs which are not involved
in quartets with ties.

6. Saitou and Nei’s Method

6.1. Finding the True Tree In this section we demonstrate that the neighbor-joining
method of Saitou and Nei [SN] has the optinhal radius of%. In Saitou and Nei's
method, the neighbor selection criterion [SK] is givenXyy, (D) = § :

(12) S, = —-2)Dj; —ZDik—ZDjk,
K K

which is minimized to choose a pair to combine at each iteration. Another version of
the method is given in [SK] but these versions are proved equivalent in [G1]. Saitou and
Nei [SN] suggest using update formula (6) with = % but the results presented in this
section also apply to variants of the method which use other choicég,feuch as the
methods presented in [G2], [G3]. Note that the neighbor selection criterion, formula (12),
is linear in the distances which are linear in the edge weights vilhénadditive. We

now present a lemma which determines the weights of this formula for each edge.

LEMMA 10. Suppose that the additive distances D correspond with the weighted tree
7, with edge set EWe have

(13) S.j =) wel, DI(®),
ecE
where
Coay -2 ifee Phi ,
(14) we(l, ]) = {—2|L — Li(e)] otherwise

where R; denotes the set of edges on the path between i and j and L denotes the set of
taxa

Note thatwe(i, j) is symmetric ini and j since, fore € E — B j, we have thafL —
Li®l=IL - Ll

PrROOFE  First note that for taxk andl, the distanc®y, is the sum of the branch lengths
of the edges irP:
Dy = Z I(e).

echy

(n—2)Dj —ZDik—ZDjk
k k
PIRGERICED S IICES I IRICE

eel‘-’.,i k eeP.,k k EEPjAk

Hence,

(15) S
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Note thate € P,  ifand only ifk € L — L;(e). Hence,

ZZI(e) Y D> l@=) IL-L@l®.

eeP k ecE keL—Lj(e) ecE

Incorporating this into (15) yields

S = ZP<”—2>'<9> ZZPI@ Zezpue)
= z;(n —2)l(e) — ZI;QL —Li(e)|+ L J— LieDle
= ij((n -2 —(L—=Li@®|+IL-Lj@©MiE
- »JZ (IL = Li®] + IL — Lj©Dl(e).
ecE—P

However, fore € P, j, we havethafl —L;(e)|+|L —L;(e)| = n.Also,foree E—PR, j,
we have thaiL — L;i(e)| = |[L — L;(e)|. Hence,

Si=-2) l®-2 > [L-Li@l®),

ech j ecE—-PR j

which was to be shown. O

We now find the difference in the neighbor selection criter®n, for nonneighbors
and neighbors when calculated from the actual distances\ L&t the set of pairs df
which are neighbors. It would be desirable to determine a lower bound on

min_ S — m|n S,
k,I})SN {i.jtc

so that when we considé& | calculated using approximate distances, we will know the
tolerance within which the distances can vary. However, it turns out to be easier to bound

min (S — S,j),

{k.I}cN

wherei and j are neighbors chosen to depend ujpamndl. In fact, there is no loss in
the tightness of the overall results using this less strict bound.

LEMMA 11. Let D = DT for a weighted binary tree. Let S denote the results of
formula(12)applied to the distance Df k, | € L are not neighborghen there is a pair
of neighborsj j € L such that either

S —Sj=3n-4 meinl(e>
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and{i, j}n{k,I} = or
S — S =22n-3) meinl(e)

and|{i, j} Nn{k,1}| = 1.

PrROOFE  We first summarize the proof. We consider the subtrees hanging off of the path
from k to | and chooseé and j to be any pair of neighbors in one of these subtrees
which does not uniquely contain a maximal number of leaves. The proof then follows
by case analysis. Using Lemma 10, for each E, the weight orl(e) in S can be
shown to be at least that i§ ;. In particular, for edges which separatand j from
k andl, the weight in§ ; will be substantially less than the weight #, since the
component containingand j will be smaller than the component containikgndl.
Summing bounds on the differences in the weights on various edges leads to the desired
result.

We now proceed with the details. L&t = T,. Fix any taxak,| € L which are
not neighbors as in the statement of the lemma. Choose aneédg& — Py which
minimizes|Lx(e*)|. Note that the component @f— e* which containk andl has at least
three leaves |, and at least one other which must come ofPpf sincek andl are not
neighbors and only one edgehas been deleted). Hence, there are a pair of neighbors,
sayi andj in this component, which must also be neighbord ifsee Figure 4). We
show thatwe(i, j) < we(k, ) and by how much via case analysis@n

1. Suppose that € Py;. We have thatwe(i, j) = —2|L — Li(e)] < —2 = we(k, )
since|L — Lj(e)| > 1 for all e. We now determine a lower bound on the quantity
Zeepkil_aj (we(k, I — we(i, j)) for the case in whickk, 1} N {i, j} = @. From what
we have just shown, this quantity is nonnegative. Bet = {k, v1, ..., vm, |} with
m > 2 sincek andl are not neighbors. Note that eagfyfor 1 < p < m, has an edge
€p incident on it which is not irP | since the tree is binary and every internal node is
incident with three edges. For somg (see Figure 5), we havig, j} € L — Li(€p+)
sincei and j are neighbors and neither equélsr I. Note that it must be that
Li(ep) S Lk(€*) sincegy- € P, x S Lk(€*). Also, by the minimality of L (e")[, we
havel Li(€")] < |Lk(ep)|and sdL—Ly(ep)| = |Li(&p)] < [Lk(€*)] < |Li(ep)| OF
[Lk(ep)| = n/2. Now lettinge’ = (vp+—1, vp-) @ande’ = (vp, vp-41) (S€€ Figure 5),
we havewe (i, J)+we (i, j) = —2(]L—Li(€)[+[L—Li(€")]) = —2|Lk(gp)| < —n.
Hence, for this pair of edgesiy (K, 1) + we (K, 1) — we (i, j) — we (i, ) > n—4.

2. Suppose € P, x — Px,. First we show thag¢* is the component of — e containing
k. Otherwisely(e) C L (e*) strictly (sincei € Lg(€*) — L(e)). Since|Lg(e*)] is
minimal amongdL(e)| forall e ¢ Py, it must be thag* is in the component of —e
containingk.

Hence,e* is in the component of — e containingk. In this case we have that
L—Lk(e*) C Lk(e),strictly, sincek € Li(e) andk ¢ L—Ly(e*). By the minimality of
|Lk(e*)|among{|Lk(e)|: e € E— P}, we have that—|Ly(e*)| > n—|Lk(e)|and so
we(K, 1) = =2(n— [Lk(e)]) = —2(n — |Lk(e)|) > —2|Lk(6)| = —2(n—[Li(e)]) =
we(i, j). We now determine a lower bound on the sumu@fk, |) — we(i, j) over
edges for which this case occurs, which we have already shown is positive (assuming
there is at least one such edge). Note that sinaad j are neighbors an#d and
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Fig. 4. An illustration of the choice of neighbors in Lemma 11. The neighbors are chosen in any nonmaximal
component coming off oPy |, the path betweek andl.

| are not, we can assume without loss of generality khat {i, j} (by choosing
| € {i, j} if necessary). Hence, there is an ea@fjec P x which separatesand j
from the remaining taxa. For this edge, we have that(i, j) = —2(n — 2) and
wer (K, 1) = =2ifl €{i, j} andwer(k, 1) = =2|L — Ly(€”")| = —4ifl ¢ {i, j}.

3. Suppose € P — Pg. If | ¢ {i, j}, this case is subsumed by case 2 sinaed |
are symmetric. Otherwise, we assume without loss of generality thaj and so
there are no edges i .

4. Suppose € E— P —P «—Pj. Inthis casefi, j, k, I} S Lk(e). Hencewe(, j) =
—2(n —[Li(®)]) = —2(n — [Lk(®)]) = we(k, I).

Hence, assuming, j}N{k, |} = @ and using the differences in weights found in cases 1
and 2:

S =S = ) (wek 1) — we(i, ) ()

ecE

v

> welk, ) —we(i, ) | minl(e)

ecE
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Fig. 5. lllustration of case 1 of the proof of Lemma 11.

v

> wetk ) —we(i, j) | minl(e)

ec{e,e’,e”}
= (wek, D) +we (K 1) —we, j) —we i, J)
+ wer (K, 1) — wer (i, ) minl(e)
N—44+—-4—--2(n-2)) meinl(e) =3(h—4) meinl(e).

v

Similarly, assuming{i, j} N {k,}| = 1 and using the difference in weights found in
case 2,

S =S = )_(wek, 1) — we(i, ()
ecE
> (wer (K, 1) —wer (i, [)I(E")
> (—2—-2(n-2)) meinl ©® =2(n-3) meinl (e
Hence, the theorem is proved. O

Now let Sdenote the results of formula (12) applied to distarlﬁeWe wish to show
that, for any nonneighbots |, there are neighbois j such thatS,, > § j. First we
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decompose
S - é,j =S -Su+S- S;|+S,;—- éj

Lemma 11 bounds the middle pair of terms of the above and so it would be natural to
seek a bound fq@d — S| for any pairk, | in order to bound the outer terms. However,
this does not lead to the tightest results and so we instead kﬁwnd S +9— S,j
directly which, due to a cancelation of terms, yields a tighter bound:

LEMMA 12. Let D andD denote two distance matrica&/e have
Si-Su+S;-5;=-6n-4)|D - Dl
when{i, j} Nn{k, 1} = @ and
S -Su+S;-5;=-4n-3)D- Dl

when|{i, j} N {k,1}] = 1.
PROOF Lets; j = Djj — Djj. We have, from (12),

16 S -Si+S;-§;
=M —2 (e —&i,j) + Z(Si,m +&.m — &km — €1,m)-

Considering the two cases of the lemma separately:

1. Supposéi, j} N{k,1} = @ and so

So - S +9S, —é,j

=N —4Y(ek) —&i,j) + Z (&im+ &,m— &&km — &,m)
me(i, ] k1)

> —6(n —4)||D — Dl
and so the result holds in this case.

2. Supposé{i, j} N {k,1}] = 1. Assume without loss of generality that= k. In this
case, (16) reduces to

So-Su+S;-S;
= (-2 (k) — &i,j) + Z(Sj,m — &,m)

=M= —&)+ D, Gm— D em

mé({j.k.1} méfi,j.l}
> —4(n - 3)|D — Dl

Hence, the result holds in this case. O
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Finally, we are in the position to show our main result for Saitou and Nei’s neighbor-
joining method, that it has the optimig), radius of%:

THEOREM4. NJ has L, radius 3.

PrOOFE Let D be an additive distance matrix corresponding to the weighted binary tree
7. Let D be an observed distance matrix and supposd|at Dlleo < Minece(l (e/2),
thatis,D is nearly additive. We must show that NJ yielijson inputD. From Lemma 1,

we need only show that the method chooses a pair which are neighbors in the first
iteration when given a nearly additive distance matrix as input. Fix nonneighlaord

and leti andj be the neighbors whose existence is demonstrated in Lemma 11. Suppose
firstthat{k, I} N {i, j} = @:

S — S +9,— é,j + S — S,

Su = Sa+8j -8 +3n-4minl(e
~6(n —4)[|D — D|l +3(n — 4) mini (e)
> 0,

S — 9,

v

v

where we have used Lemma 11 for the first inequality, Lemma 12 for the second, and
the assumption thdD is nearly additive for the third. Similarly, ifk, 1} N {i, j}| = 1,
we have

S -Si=S-Su+S;-S;+Si—S,
= S - Sa+S; - 8§ +2n-3mini(e)
> ~4(n = 3)|D — Dl +2(n — 3y mini(e)
> 0.

Hence, the method must choose a pair of neighbors at the first iteration and so, by
Lemma 1, outputs a tree with topolody O

6.2. Finding Long Edges In Section 5.2 we showed that a variant of Sattah and Tver-
sky’'s ADDTREE method has optimal edig radius%. Here we discuss this problem

for the method of Saitou and Nei's NJ method. We show that the ledgadius of NJ is

at most%. To demonstrate an upper bound ¢giM, we must provide a distance matrix
which is within e of the distance matrix for a weighted binary tree with an edgé

length at leasM ¢ such that NJ does not correctly reconstrigiven the distance matrix

as input. In order for this to happen, NJ must combine a pair on opposite siglbsfofe
combining a pair on each side ef(for further details on this, see the proof of Theo-

rem 3). In fact, we can use linear programming to help the search for counterexamples by
allowing the edge lengths and errors to become variables. Given a particular topology, a
particular edge to be broken, and a particular sequence of pairs to combine, the longest
that the edge can be such that it can be broken can be found by a linear program. We have
experimented with numerous such possibilities, including many which seem likely to be
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Fig. 6. The actual weighted tree for the counterexample for Lemma 13. All edges are chosen to be short except
for the long edge of lengtM ¢ and the two edges of lengtlm — 1) /(m + 1))e wherem = (n — 2)/2.

counterexamples and we were unable to come up with a counterexample containing an
edge of length 4 or more which could be broken. Hence, we conjecture that Saitou and
Nei’s neighbor-joining method will correctly reconstruct any edge of length at least 4
Here, we show that NJ cannot be guaranteed to do so for any lower number.

LEMMA 13. NJ has edge.} radius at mos§.

PrOOF Unlike in Lemma 9, the number of leaves of the counterexample must grow
in order to approach&4 We fix a numbem, which we will eventually constrain to be
sufficiently large, and construct a weighted binary tremontainingn = 2m + 2 taxa.

The counterexample is illustrated in Figure 6. The tree will contain an internal edge,
with endpointas andv, and have lengtivie which separates the set of all taxa into two
groups of equal size. There will be two special leaves, which we labatl, hanging
directly off of u andv, respectively. Besides and the branch leading tq there will

be an internal branch of lengtlim — 1)/(m + 1))e hanging off ofu which separates

k from them remaining species on that side@&nd similarly forv. Let L, denote the

set of leaves on the same sideecdsk but not includingk, i.e., L, = Ly(e) — {k} and
similarly for L,. We leave the topology and branch lengths on the remaining species
open, subject to the constraint that the longest edge in these subtrees is at most length
y& wherey will eventually be chosen sufficiently small. We now cho&sby choosing

& j = Dij — Djj as follows:

I ifielLyandj eL,orifi elL,andj e Lyorif{i,j} ={k I},
.07 e otherwise.

We demonstrate thé, < § ; for every pairi, j € L, U {k} and every paif, | €
L,U{l}. These two cases are symmetric and so we assume L, U {k}. First consider
i, ] € Ly. Using Lemma 10, it can be seen that

m-—1
m+1

Si—S<2mMe+4 & +c(m)ye

for some functiore(n). Now using case 1 from the proof of Lemma 12 and simplifying,
it can be seen that

m-1 + c(m) 8me + 4e
m+18 ye & .

S(,l _S,j <2mMe + 4

SinceM < 4, it can be seen thatifis sufficiently large (so that8@M — 8m + 8 < 0),
we can choosg sufficiently small so that the above expression will be negative. Now
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suppose that=k andj € L. Again, using Lemma 10, it can be seen that

m-1
m+1

S — S, <2mMe — (2m—-2) e+ c(m)ye
for some functiorc(n). Using case 2 from the proof of Lemma 12 and simplifying, it
can be seen that

N N m-—1
S-S < 2mMs—(2m—2)m+1s+c(m)ye—6ms+25.

Again, sinceM < 4, it can be seen that ih is sufficiently large, we can choose
sufficiently small so that the above expression will be negative. Putting these results all
together, Saitou and Nei's method will chodsand| as neighbors on the first iteration,
thereby breaking the edge O
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