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Abstract

We consider variants of classic packing and scheduling problems. These variants are motivated
from problems arising in storage management for multimedia systems, in production planning,
and in scheduling parallelizable jobs.

In our packing problems, sets of items of different types need to be placed in multiple bins.
The items may be of different sizes and values. Each bin has a limited capacity, and a bound
on the number of different types of items it can hold. In the class-constrained multiple knapsack
problem, we wish to maximize the total value of the packed items. In the class-constrained fair
placement problem, our goal is to place the same (large) portion from each set. In the class-
constrained bin-packing problem, we seek to minimize the number of (identical) bins, needed for
packing all the items.

A scheduling problem with similar constraints is obtained from classic scheduling, when we
characterize each job by its length and two additional parameters, which specify the maximal
number of machines that can share its execution (allotment constraint), and the maximal number
of machines that can process the job simultaneously (parallelism constraint). Our objective is
to minimize the overall completion time of the schedule (makespan). Previous work in this area
dealt only with cases in which these parameters are unbounded, or get the value one.

Since all of the above problems are NP-hard, we focus on developing and analyzing approxima-
tion algorithms. We present hardness results, approximation algorithms, and characterize classes
of instances for which optimal solutions can be found efficiently. For the above packing problems,
we consider also the on-line version, in which the set of items to be packed is unknown in advance,
and the decision regarding the placement of an item needs to be taken upon arrival.






Notation and Abbreviations

PTAS — Polynomial time approximation scheme
FPTAS — Fully polynomial time approximation scheme
MK —  The multiple knapsack problem

BP —  The bin packing problem

CCMK — The class-constrained multiple knapsack problem
CCFP — The class-constrained fair placement problem
CCBP —  The class-constrained bin-packing problem
GCCP — Generalized class-constrained packing

1 — A set of items

n —  Number of items in [

M —  Number of distinct classes in the input

N —  Number of knapsacks in a packing instance
s(u) —  Size of an item u € |

p(u) —  Value of an item u € [

K; —  The jth knapsack

v; —  Size (volume) of K;

c; —  Number of compartments in K;

|4 —  Total volume of the N knapsacks

o — An input sequence (in online problems)
SPAC — Scheduling with parallelism and machine allotment constraints
SAC — Scheduling with machine allotment constraints
m —  Number of machines in a scheduling instance
M; —  The 7th machine

u; —  Rate of M;

J; —  The jth job

t; —  Length of J;

p; —  Parallelism parameter of J;

a; —  Allotment parameter of .J;

w —  The makespan






Chapter 1

Introduction

1.1 Class-constrained Packing

1.1.1 Problem Statement

In the well-known bin packing (BP) and multiple knapsack (MK) problems, a set of items of
different sizes and values has to be packed into bins of limited capacities; a packing is legal if the
total size of the items placed in a bin does not exceed its capacity. We consider the following
class-constrained variants of these problems. Suppose that each item has a size, a value, and «
class (color); each bin has limited capacity, and a limited number of compartments. Items of
different colors cannot be placed in the same compartment. Thus, the number of compartments
in each bin bounds the number of distinct colors of items it can accommodate. A packing is legal

if it satisfies the traditional capacity constraint, as well as the class constraint.

Formally, the input to our packing problems is a set of items, I, of size |I| = n. Each item
u € I has a size s(u) € Z*, and a value p(u) € Z*. Each item in [ is colored with one of M
distinct colors. Thus, I = I UI5---U I3, where any item u € I; is colored with color 7. The items

need to be placed in bins, where each bin 7,7 =1,2,..., has volume v; and ¢; compartments.

The output of our packing problems is a placement, which specifies for each bin j which items
from each class are placed in j (and accordingly, the classes to which j allocates compartments).
A placement is legal if for all 7 > 1, bin j contains items of at most ¢; colors, and the overall size

of the items placed in 7 does not exceed v;. We study two optimization problems:

The class-constrained multiple knapsack problem (CCMK), in which there are N bins
(to which we refer as knapsacks). A placement determines a subset I’ = I]UI}---U I}, of I, such
that I} C I; is the subset of packed items of color ¢. Our goal is to find a legal placement which
maximizes the total value of the packed items, given by Zf\il Zuel: p(u);



The class-constrained bin-packing problem (CCBP), in which the bins are identical, each
having size 1 and ¢ compartments, and the items have sizes s(u) < 1. Our goal is to find a legal
placement of all the items in a minimal number of bins.

We also consider a generalized version of class-constrained packing (GCCP), where each item,
u, has a size s(u), a value p(u), and a set C'(u) € {1,..., M} of colors, such that it is legal to color
u in any color in C'(u). Thus, if some bin allocates compartments to the set C; of colors, then any
item u € I added to this bin needs to satisfy C'(u) N Cy # 0. (In the above CCMK and CCBP
problems, we assume that Yu € I,|C'(u)] = 1). In another generalization of class-constrained
packing, the color of each item depends on the knapsack in which it is placed. That is, each item
u € [ has a size s(u), a value p(u) and an N-vector, ¢&,, where &,(j) is the color of u when it is
placed in the knapsack K;, 1 <j < N.

Some of our results are specific for the case where all the items have the same (unit) size
and the same value, that is, for all w € I, s(u) = p(u) = 1. This case is of special interest,
since these instances of the problem are generated in the application of storage management for
continuous-media data (see Section 1.1.2). For this case we study an additional optimization
problem:

The class-constrained fair placement problem (CCFP), where the objective is to maximize
the value of 0 < ¢ < 1 such that, V1 <i < M, |I';] > ¢ |L].

For the case of unit-sized items we assume that 32 |I;] = Zj.vzl vj, that is, the total number
of items in [ is equal to the total sum of the knapsack volumes. We look for a perfect placement,
in which both the CCMK and the CCFP problems are solved optimally. Indeed, such a placement
yields the maximal utilization of the knapsack capacities, i.e., the total occupied volume is V =

N . . .
>_i=1Vj, and maximal fairness, i.e. ¢ = 1.

The assumption |I| = V simplifies the presentation of our results; moreover, any input for the
storage management problem, which motivated our study of this problem, satisfies this assump-
tion. It is important to note, however, that our results hold for general instances, i.e., for any
relation between |I| and V. We elaborate on that in Section 2.5.

In Chapter 4 we study the online versions of CCMK and CCBP, where in each step we get
a single item, a € I, having size 1 and color 7 € {1,..., M}; we need to pack a before we know
any of the subsequent items. Formally, I is given as a sequence ¢ = a1, as, ... of length n, such
that Vk,ax € {1,..., M}. For each k, the algorithm can base its decision regarding the packing
of a; solely on the knowledge of a4, ...a;_;. The decisions of the algorithm are irrevocable, that
is, packed items cannot be repacked at later times, and rejected items (in the knapsack problem)
cannot be packed later.

We study also a generalization of online class-constrained packing, in which items may leave
the system after a while. Formally, the input sequence may consist of two types of events: (i)
arrival of an item a of color 7 € {1,..., M}, and (i7) departure of an item that was packed earlier.
The resulting temporary packing problems are denoted by CCBP* and CCMK®. Generally, a



departure event is associated with specific item (of specific color, placed in specific bin). We
consider also the special case in which a departure event is associated with a color, so we may
choose which item of that color to remove. In the CCBP? problem, our objective is to minimize
the overall number of bins used throughout the execution of the algorithm. In CCMK" our goal
is to maximize the total number of items packed by the algorithm.

In some cases, we will be interested in the performance of an online packing algorithm on a
specific set of inputs. In particular, we will be interested in the sets S.,(k, k), where for given
c,v, the set S.,(k, h) consists of all the input sequences, o, in which the number of colors, M,,
satisfies kc < M, < (k+1)c, and the length of o satisfies hv < |o| < (h+1)v. Our refined analysis
for sets of inputs will yield tighter performance bound, which depend on v, ¢, |o| and M, .

1.1.2 Applications

The above packing problems capture an important set of resource-allocation problems, in which
utilities (e.g., processors, storage devices) need to allocate to clients some resource (e.g., processing
time, data streams). Each utility has a limited amount of resources. In addition, there is a bound
on the number of different types of clients that each utility can service/support. These class-
constraints reflect restrictions that often arise in real systems (e.g., machines with limited number
of configurations, disks with limited storage capacity). In particular, our research applies to the

following problems.

Storage management in multimedia systems: In a multimedia-on-demand (MOD) system
(see, e.g.,[56, 23]), a large database of M video program files is kept on a centralized server. Each
program file, ¢, is associated with a popularity parameter, given by p; € [0, 1], where Zﬁ‘ilpi =1.
The files are stored on N shared disks. Each of the disks is characterized by (¢) its storage capacity,
that is, the number of files that can reside on it, and (7¢) its load capacity, given by the number
of data streams that can be read simultaneously from that disk. Assuming that {pi,...,pa} are
known, we can predict the expected load generated by each of the programs at any time. We
need to allocate to each file disk space and some fraction of the load capacity, such that the load

generated due to access requests to that file is satisfied.

The above storage management problem can be formulated as a special case of the CCMK
problem, in which s(u) = p(u) = 1 for all v € I: a disk j, with load capacity ¢; and storage
capacity c;, is represented by a knapsack K, with capacity ¢; and ¢; compartments, for all
7=1,...,N. The ith file, 1 <17 < M, is represented by a set I;, the size of which is proportional
to the file popularity. Thus, n = |I| = Z;-V:l ¢; and |I;| = p;|I| (For simplicity, we assume that
pi| | is an integer; otherwise we can use a standard rounding technique [33]). A solution for the
CCMK problem induces a legal assignment of the files to the disks: K allocates a compartment
to items of color ¢, iff a copy of the 2th file is stored on disk j, and the number of items of color 2
that are packed in K is equal to the total load that file 7 can generate on disk j.



When the requests for resources arrive online, we get instances of online CCBP and online
CCMK. The temporary CCBP and CCMK problems reflect the nature of user requests, to hold
the resource for a limited amount of time (which is often unknown in advance). In Section 4.3.2
we discuss a model where we allow a departure of any item from a specified color. This model
represents the flexibility of real systems, in providing service from any idle device which is in a
suitable configuration.

Consider, for example, the transmission of movies, residing on a centralized server, to a set of
clients, on demand. Upon request for a movie, any non-overloaded disk, which holds the movie
file, can provide the service. In particular, suppose that some movie, f;, is played from the disks
dy, ds, to service the requests of the users uq, us; the disk d is overloaded while d; is underloaded.
When the system completes the transmission from d;, it may continue servicing u, from d;, thus
reducing the load on d,. In terms of online class-constrained bin-packing, we may choose the bin
from which we omit an item, as long as we take an item of the specified color (i.e., use a copy of

fi).

Production planning: Our class-constrained packing problems capture also a production plan-
ning problem which arises in computer systems and in many other areas. Consider a set of ma-
chines, the jth machine has a limited capacity, v;, of some physical resource (e.g., storage space,
quantity of production materials). In addition, hardware specifications allow machine j to pro-
duce items of only ¢; different types. For example, suppose that the N machines are printers,
each capable of producing 60 pages per minute, and can be loaded with four different types of
pages — of specific colors and sizes. The system receives orders for products of M distinct types.
Each order u is associated with a demand for s(u) units of the physical resource, a profit, p(u),
and its type ¢ € {1,..., M}. In our example, a printer job would be the file ‘f;” that has to be
output on ten green-A4 pages.

We need to determine how the production work should be distributed among the machines
(that is, we need to determine the color and size of the papers that will be loaded on the trays of
each printer, and which printer, out of those that has a tray with green-A4 pages will print the file
‘f1’). When the goal is to obtain maximal profit from a given set of machines, we have an instance
of the CCMK. When we seek the minimal number of machines required for the completion of all
orders, we have an instance of the CCBP. When each order can be processed under a few possible

configurations (in our example: ‘f;” can be printed also on blue pages), we get an instance of

GCCP.

1.1.3 Related Work

Packing Problems: Thereis a wide literature on the bin packing (BP) and the multiple knapsack
(MK) problems (see, e.g., [35, 8, 32, 16, 10] and detailed surveys in [47, 28, 46]). Since these
problems are NP-hard, most of the research work in this area focused on finding approximation



algorithms. The special case of MK where N = 1, known as the classic 0-1 knapsack problem,
admits a fully polynomial time approximation scheme (FPTAS). That is, for any € > 0, a (1 —¢)-
approximation for the optimal solution can be found in O(n/e?), where n is the number of
items [34, 22]. In contrast, MK was shown to be NP-hard in the strong sense [19], therefore
it is unlikely to have an FPTAS, unless P = N P. It was unknown until recently, whether MK
possessed a polynomial time approximation scheme (PTAS), whose running time is polynomial in
n, but can be exponential in % Chekuri and Khanna [10] resolved this question. They presented
an elaborated PTAS for MK, and showed that with slight generalizations this problem becomes
APX-hard. Independently, Kellerer developed in [42] a PTAS for the special case of the MK,

where all bins are identical.

It is well known (see, e.g., [49]) that bin packing does not belong to the class of NP-hard
problems that possess a PTAS. However, there exists an asymptotic PTAS (APTAS), which uses
(14e)OPT(I)+ k bins for some fixed k. Vega and Lueker presented an APTAS, with £ =1 [54].
Alternatively, a dual PTAS, which uses OPT(I) bins of size (1 4 ¢) was given by Hochbaum and
Shmoys [29]. Such a dual PTAS can also be derived from the recent work of Epstein and Sgall
[15] on multiprocessor scheduling, since BP is dual to the minimum makespan problem.

Other related work deal with multi-dimensional packing problems (also known as vector pack-
ing): Frieze and Clarke [18] gave a PTAS for the case N = 1; Chekuri and Khanna presented
in [9] a PTAS for the case where N > 1 and the knapsacks have d equal-sized dimensions. Note
that for the special case in which I contains a single item in each color, the CCMK reduces to
a special case of 2-dimensional packing: the knapsack K; has size v; X ¢;, and each item u € [
has size s(u) x 1. This cardinality-constrained packing problem, in which the number of items
packed in each knapsack is constrained, was studied in [44] and recently in [43]. For N = 1, an
FPTAS for the cardinality-constrained 0-1 knapsack problem is given in [7]. Indeed, an instance
of our class-constrained packing problem may contain many items in each color. In terms of
2-dimensional packing, it means that the jth knapsack is of size v; X ¢;; however, the size of an

item u € [; is s(u) X 1 if u is the first item of I; in K, and s(u) x 0 if K; already holds items
from I;. Thus, we have not been able to adapt any of the approximation techniques developed

for multi-dimensional packing for solving our class-constrained packing problems.

In Section 2.2, we present an algorithm for CCMK with unit-sized items. When all the knap-
sacks have the same v/c ratio, this algorithm always packs at least a 1 — 1/(1 4 ¢nin)-fraction
of all the items. Following our work [50], Golubchik et al. [24] derived a tighter analysis of our
algorithm, and showed that it actually packs at least a 1 — 1/(1 4 /c)*-fraction of |I|, and that
this is optimal for any algorithm for this problem. They also gave a PTAS for CCMK with unit
sizes and values, and showed that this special case of the CCMK is strongly NP-hard, even if all
the knapsacks are identical. We strengthen these hardness results in Section 5.1 (The results are

given in terms of scheduling problems, but they hold also for packing).

Online bin-packing has been studied since the early 1970’s, starting with the works of Garey
et al. [21] and Johnson [36]. The performance of first-fit (FF) and best-fit (BF) was analyzed in

9



[38], where it was shown that rgp, rgr < 1.7. The first lower bound for any online bin packing
algorithm was given by Yao in [57]. He showed that r4 > 1.5, for any algorithm A. The current
best lower bound, 1.540, is due to van Vliet [53]. Detailed surveys on online packing can be found

in [5, 17]. The online cardinality-constrained bin-packing problem is studied in [3].

Multimedia on Demand Systems: Multimedia on demand systems were studied intensively in
the recent years. However, the assignment problem received only little attention in this context.
Specifically, most of the previous work discuss the problem of load balancing on the disks, in
which the goal is to have the total broadcast load on the system distributed evenly among the NV
disks.

The first solution proposed for the load balancing problem was disk striping [11]. In this
solution the file data is distributed over multiple disks; Thus, the heavy load caused by a popular
program is shared among these disks. In [56] dynamic algorithms were suggested for balancing the
load in the system. The paper also addresses the problem of determining the number of copies of
each file that should be kept in the system; the goal is to have the total storage capacity allocated
to f; reflect its popularity. We show below that this criterion can yield poor results when used for
solving our optimization problems (see in Section 2.1.3). In [45] the load on the disks is balanced
dynamically by replications and deletions of video program files. The replication policy is based

on the (changing) popularities of the files.

Better performance of the MOD system can be achieved also by data sharing techniques. i.e.,
data retrieved for one request can be used to service additional requests. Several approaches
have been explored in previous work. Data sharing techniques can be categorized as follows: (i)
batching [12, 55], that is, delaying requests with the hope that more requests for the same data will
arrive during the batching interval; the entire group is then serviced using a single data stream.
(73) buffering [39], that is, closing the temporal ‘gaps’ between successive requests through the
use of buffer space, and (ii7) adaptive piggybacking [1, 25] i.e., adjusting consumption (broadcast)
rates of requests in progress, for the same data, until their corresponding data streams can be
merged into one. Each of these techniques can be applied independently of the resource allocation
scheme used in the system, and therefore, they are not directly relevant to this work. However,
the use of data sharing techniques together with our static assignment algorithm can improve the

overall performance of the system.

1.1.4 Main Results for Packing Problems

In Chapter 2 we consider instances in which all the items have the same (unit) size and the same
value.

e We show that the CCMK and the CCFP problems are NP-hard.

e We show that for some instances a perfect placement (in which both the CCMK and the
CCFP problems are solved optimally) always exists and can be found in polynomial time.

10



Three simple conditions for the existence of a perfect placement are given. For each condi-
tion, we show how the CCMK and the CCFP can be optimally solved, when this condition
is satisfied.

e When the conditions are not met, we derive approximate solutions. The approximation
ratio depends on the “uniformity” of the knapsacks. Specifically, given r > 0 and o > 1
such that Vj, r < % < -7, we give an algorithm which achieves i—approximation for both

Cj

the CCMK and the CCFP.

o We show that if the number of compartments in each knapsack is at least b, for some b > 1,
ie,C; >b,V1 < j<N,then the CCMK can be approximated to within a factor b/(b+ 1).

In Chapter 3, we study the general case, in which different items may have different sizes.

e We give a dual polynomial time approzimation scheme (PTAS) for CCBP, which packs any
instance, I, with a fixed number of distinct colors, into at most O PT'(I) bins whose size is
at most 1 + €.

e We derive a PTAS for CCMK, for any instance in which M, the number of distinct colors,
is a fixed constant. The running time of our PTAS depends on the number, ¢, of bin types
in the instance. Specifically, we distinguish between the case where ¢ is some fixed constant

and the general case, where t can be as large as V. In both cases, the profit is guaranteed
to be at least (1 —)OPT(I).

e We show that the 0-1 class-constrained knapsack problem (CCKP) admits a fully polynomial
time approximation scheme (FPTAS). For the case where all items have the same value, we
give an optimal polynomial time algorithm. Our FPTAS is based on a two-level dynamic
programming scheme. Our results for the CCKP are suitable also for instances in which the
number of distinct colors depends on the input size.

e We show that the generalizations of class-constrained packing are APX-hard. This holds
for the generalization in which each item is associated with a set C'(u) of colors, such that it
is legal to color u in any color in C'(u), and also for the generalization in which the color of
an item depends on the knapsack in which it is placed. In both cases, the GCCP problem is
APX-hard, already for instances where all the items have the same size and the same value.

In Chapter 4, we study the online CCBP and CCMK problems. Most of the results are for
the case where all the items have the same size and the same value.

e We present a general lower bound on the competitive ratio of deterministic algorithms.
specifically, we show that any deterministic algorithm, A;, has competitive ratio r; > 2.
We also derive an exact lower bound for any set S, (k, h) of instances. For any deterministic
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1.2

algorithm, A4, and for any 1 < ¢ < v, k > 0, and h > k — 1 + max{[-£;], [5<H]}, the

competitive ratio of A, on instances from S.,(k, h) is rq4(S.,(k,h)) > 1+ Rl e

ht1
show that a variant of the first-fit algorithm, adapted to class-constrained packing, achieves

the above lower bounds. Another greedy algorithm, based on partitioning the items into
color-sets, is shown to be efficient as well.

We show that some any-fit algorithms, as well as the greedy nezi-fit, have competitive
ratio v/c. This should be contrasted with the good performance of these algorithms in the
classical BP problem (where they achieve approximation ratio of at most 2)[37, 38].

For the CCBP? problem, we show a v/c lower bound on the competitive ratio of any deter-
ministic algorithm, and that all any-fit algorithms achieve this bound.

It may seem that online algorithms perform better when departure events are associated
with a color, rather than specific item. Indeed, in this case each departure event allows
some re-packing of the items. However, we show a lower bound of min(v/c,c— 1) on the
competitive ratio of all any-fit algorithms. This implies the same ratio of v/c, obtained
for departures of specific items, when v < ¢ — ¢. Also, the color-sets algorithm, which is
optimal when no departures are allowed, is shown to achieve the worst possible ratio of v.

We show that under the traditional performance measures of competitive ratio, there is
no advantage in knowing a-priori the number of items to be packed, and/or the number of
distinct colors in the input sequence. This holds for all the problems that we consider.

For the online CCMK we show a lower bound of ¢/v on the competitive ratio of any deter-
ministic algorithm, and that any greedy algorithm, which never rejects an item that can be
packed, achieves this bound, regardless of the way it packs the items. We also show that
there is no competitive algorithm for CCMK®.

Scheduling with Machine Allotment and Parallelism Con-
straints

1.2.1 Problem Statement

A continuing trend in modern computer systems is to distribute computation among several

physical processors. This enables to speed up the execution of heavy applications. Ideally, the

work required by such applications could be shared by any number of processors. However, setup

and communication costs and the maximal level of parallelism within each application, bound the

number of machines to which it can be allotted, and the number of machines by which it can be

processed simultaneously.
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The resulting scheduling problem can be stated as follows. Suppose that n jobs need to be
scheduled on m machines; each machine, M;, 1 < ¢ < m, runs at specific rate, u;; each job, J;,
1 < j < m, is associated with a processing time, t;, an allotment parameter, a;, and a parallelism
parameter, p;. Thus, the execution of J; ban be shared by at most a; machines, and at most p;
machines can process J; simultaneously. Our objective is to schedule the jobs on the machines,
such that the allotment and parallelism constraints are satisfied, and the overall completion time
of all jobs (or the makespan) is minimized. We call this problem scheduling with parallelism
and machine allotment constraints (SPAC). The multiprocessor scheduling problem(also known
as non-preemptive scheduling), where each job can run on a single machine (namely, p; = a; =
1, ¥ 1 < j < n),is aspecial case of our problem; thus, our problem is strongly NP-hard. We note
that in SPAC we allow preemptions while processing a job, .J;, on some machine. However, when

V3, pj = a; =1, such preemptions are redundant.

Note that the allotment parameter, a;, bounds also the number of machines that can process
J; simultaneously. Thus, w.l.o.g., we assume that V3, p; < a;. We study also the special case of
SPAC, in which parallelism constraints do not affect the schedule. That is, Vj, p; > a;. We refer

to this case as the problem of scheduling with machine allotment constraints (SAC).

Denote by wopr(I) the length of an optimal schedule of an instance I. Note that w* =
>o;ti/ > uwi is a lower bound for wopr(f). When each job can be allotted (possibly, to run in
parallel) to any number of machines, this lower bound is obtained by a simple greedy algorithm,
based on McNaughton’s rule [48]: it starts by scheduling the first job on the first machine; then
it proceeds to the next job (whenever the current job, .J;, was allocated ¢; processing units), or
to the next machine (when the current machine runs for w* time units). The resulting schedule
incurs at most » + m — 1 allotments of jobs to machines. However, we cannot predict how the
machines will share the execution of the jobs. thus, even if ). a; > n 4+ m — 1, we may not be
able to obtain the lower bound.

The next example shows how allotment/parallelism constraints come into play in finding a
schedule which minimizes the makespan.

M, Js \ Js \ Ja M, Js Ja \
M, Jr ‘ Ja M, Ji A ‘
0 8 11 Time 0 8 10 11 12 Time

(a) (b)

Figure 1.1: Scheduling with parallelism and machine allotment constraints

Example 1.2.1 Consider a system with two identical machines My, My, whose rates are w, =
uy = 1, and four jobs with t, = t, = 8,13 = 4,t4 = 2, and p; = 1, V1 < 57 < 4. Figure
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1.1(a) presents the schedule produced by a greedy algorithm. The makespan of this schedule is
Zj ti/ > iu = 22—2 = 11. Assume now that a; = a3 = a3 = 1, and ays = 2. Note that the overall
number of allotments allowed in the system is equal to the number of allotments incurred by the
greedy algorithm; however, since only the execution of J, can be shared by two machines, the best

possible schedule has the length 12 (Figure 1.1(b)).

1.2.2 Motivation

As mentioned earlier, the SPAC problem has important application in scheduling on multipro-
cessors, and in distributed computing. In distributed systems, load balancing and computation
speedup are achieved by partitioning large applications to run on several machines; this is done
through process migration (see, e.g., [52]). Therefore, the resources required by each job, J;, are
classified as either (i) machine dependent (e.g., peripheral devices), which can be allocated to .J;
once it is scheduled to run on specific machine, or (ii) machine independent (e.g., shared data),
which can migrate with segments of the job from one machine to another, along its execution.
The limited amount of machine-dependent resources sets a bound, a;, on the number of machines
that can share the execution of .J; (i.e., the number of machines to which .J; can be allotted
throughout the schedule); the limited amount of machine-independent resources sets a bound, p;,

on the number of machines that can run J; in parallel.

Another application is production planning. Production processes [13] typically involve the
usage of consumable resources (i.e., special materials) which cannot migrate from one machine to
another, and mobile resources (e.g., human supervision), which allow flexibility in the choice of
machines. The maximal amount of consumable resources determines the allotment parameter of a
production process; the available amount of mobile resources determines its parallelism parameter.

1.2.3 Related Work

The problem of scheduling a set of jobs on parallel machines with the objective of minimizing the
makespan has been studied extensively (Comprehensive surveys appear, e.g., in [28, 6]). The non-
preemptive scheduling problem is known to be strongly NP-hard [20], and admits a PTAS: the
papers of Hochbaum and Shmoys and of Alon et al. ([29, 2]) give PTASs for identical machines;
PTASs for uniform machines were developed by Hochbaum and Shmoys and by Epstein and Sgall
([30, 15]).

For non-parallelizable jobs it was shown by McNaughton [48] that a simple greedy algorithm
achieves the minimal makespan for preemptive scheduling, on identical machines. The paper of
Horvath, Lam and Sethi [31] presented the first optimal algorithm for uniform machines. Another
optimal algorithm for uniform machines, that minimizes also the total number of preemptions in
the schedule, is presented in the paper [26] of Gonsalez and Sahni. Previous works on parallelizable
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jobs (see, e.g., [4, 14]) assume an even partition of the processing of a job .J; among machines
that run J; in parallel.

1.2.4 Main Results for Scheduling Problems

Unless specified otherwise, all of our results hold for uniform machines. Note that although in
the SPAC problem we allow preemptions while processing a job on some machine, the algorithms
presented in this work do not use such preemptions (while the hardness results cover also schedules
in which such preemptions are allowed).

e We study the complexity of the SPAC problem. In particular, we show that SPAC is strongly
NP-hard, already for instances with no parallelism constraints (i.e., the SAC problem) and
weak allotment constraints. Specifically, SAC is strongly NP-hard in the following cases.

1. On identical machines, where each job can be allotted to at least ¢ machines, for any
fixed ¢ > 1.

2. On identical machines, where the total number of allotments is unbounded.

3. For identical jobs, where the total number of allotments is at least gm

These hardness results strengthen the hardness result in [24], which holds for identical jobs
with >, a; = m.

e We present a max;(141/p;)-approximation algorithm for the SPAC problem. Our algorithm
proceeds in two steps: (i) finding a non-feasible schedule of optimal length, where a job .J;
may be processed by p; + 1 processors. (i¢) transforming this schedule into a feasible one.
The running time of the algorithm is O(max(nlogn, mlogm)). For identical machines we
modify this algorithm to obtain a max;(1+ 1/(2p; — 1))-approximation ratio.

e We give a PTAS for the SAC problem. Our PTAS is suitable for instances in which the
maximal allotment parameter of any job is some fixed constant.

e We explore the relation between the solvability of the classic preemptive scheduling prob-
lem, and the amount of machine allotments/parallelism allowed in the schedule. The classic
preemptive scheduling problem belongs to the set of instances in which p; < a;, Vj. We call
such instances parallel-dominated. We show that the SPAC problem is strongly NP-hard
for these instances, even when the jobs are identical and Vj, a; = p; + 1, and solvable by
an O(mlogm) algorithm, when the jobs are identical and Vj, a; > p; + 1. This implies,
for example, that the preemptive scheduling problem (in which p; = 1, for all 1 < j < n)
becomes strongly NP-hard, when the execution of each job can be shared by at most two

machines. We also show an interesting distinction between the solvability of our problem in

15



the uniform and the identical machines environments. In particular, SPAC can be solved op-
timally in polynomial time for parallel dominated instances when the machines are identical;
however, as mentioned above, on uniform machines the problem is strongly NP-hard.
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Chapter 2

Class-constrained Multiple Knapsack
with Unit-sized Items

In this chapter we study the CCMK and the CCFP problems on instances in which all the items
have the same (unit) size and the same value. In the class-constrained multiple knapsack problem
(CCMK), we wish to maximize the total number of packed items; in the class-constrained fair
placement problem (CCFP), our goal is to place the same (large) portion from each set. We look
for a perfect placement, in which both problems are solved optimally. We first show that the two
problems are NP-hard; we then consider some special cases, where a perfect placement exists and
can be found in polynomial time. For other cases, we give approximate solutions. Finally, we give
a nearly optimal solution for the CCMK. Our results for the CCMK and the CCFP are shown to
provide efficient solutions for two fundamental problems in multimedia storage sub-systems.

2.1 Definitions and Notation

Given N knapsacks with the volumes vy, ..., vy, the packing potential of the knapsacks, denoted
by V, is the total number of items that can be placed in the knapsacks, i.e., V = Zj\;l v;. For a
universe [ of unit size items, partitioned to the sets Iy,..., I}, a solution to the CCMK or the
CCFEP can be represented as two M x N matrices:

1. The indicator matriz, R, a {0,1}-matrix, R; ; = 1 iff a compartment of K; was allocated to

items of type I;.

2. The quantity matriz Q, Q; ; € {0,1,...,v;}, Q; ; is the number of items of I; that are placed
in K;.

A legal placement has to satisfy the following conditions:
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e ,; =0= @, ; =0. This condition reflects the fact that items of I; can be placed in K;

only if a compartment of K; was allocated to items of type .

e For each knapsack K, >°,Q;; < v;, that is, the total number of items placed in K; does
not exceed its capacity.

e For each knapsack K, 3, R; ; < ¢;, that is, the number of different types of items placed
in K; does not exceed the number of compartments in K.

The matrices R and ) determine a subset of items I’ = I{ U ...U [}, which is placed into the

knapsacks.

Definition 2.1.1 Given a solution for the CCMK (CCFP), the packed quantity of I;, denoted
by Q;, is the total number of items packed from I;. Thus, Q; = |I';] = Z;V:l Qi ;-

2.1.1 Utilization of a Placement

Our first measure for the quality of a placement is utilization:
Definition 2.1.2 The utilization of a placement is Y1, Q;.

The maximal possible utilization of a placement is V', meaning that all the packing potential
of the knapsacks is exploited. Since S |I;| = V, it also means that all the |J;| items of the set

I; are packed. Other placements may utilize only part of the overall packing potential:
Definition 2.1.3 A placement is y-utilized if its utilization equals v -V, for some v € [0, 1].

Our main questions here are: “Can the maximal possible utilization be found in polynomial

i

time?”, “Can we find an efficient approximation?”

The CCMK aims at maximizing the utilization of the packing potential: in Section 2.3 we
present a dual approzimation algorithm for the CCMK. In a dual approximation algorithm we
approximate the feasibility of a solution for a given problem, rather than its optimality; traditional
approximation algorithms seek feasible solutions that are suboptimal, where the performance
of the algorithm is measured by the degree of suboptimality allowed. In dual approximation
algorithm the objective is to find an infeasible solution that is superoptimal; the performance
of the algorithm is measured by the degree of infeasibility allowed. The dual approximation
algorithm we present in Section 2.3 is superoptimal for the CCMK. Our algorithm allows a small

degree of infeasibility, that is, at most one compartment is added to each of the knapsacks.
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2.1.2 Fairness of a Placement
Our second criterion for measuring the quality of a placement is fairness:
Definition 2.1.4 A placement is y-fair if for every set I;, Q; > v - |I;|, for some v € [0, 1].

An optimal placement is 1-fair. In a 1-fair placement, for each i, exactly |I;| items from the
set I; are packed. Since Zf‘il |I;] =V, it also means that the packing potential of the knapsacks
is fully exploited.

Several questions arise when looking for a fair placement: “Does a 1-fair placement exist for

i

any instance of the problem?” “Can we find it efficiently?” “When a 1-fair placement does not

exist, can we find (or approximate) an optimal placement efficiently?”

2.1.3 Combining Utilization and Fairness
The Perfect Placement Problem

We first explore the relation between the CCMK and the CCEFP.

Definition 2.1.5 A perfect placement is a placement in which all the items of all the sets are
packed, and all the knapsacks are full.

Clearly, any perfect placement is 1-fair and 1-utilized.

We now show that for some instances a perfect placement does not exist. Consider a simple
system consisting of two knapsacks, with ¢; = ¢ = 1 and v; = vy = 10, and two sets of items:
|I;| = 15 and |I3] = 5. The only legal placements are:

1. Each set is packed into a different knapsack. Ten items of I; and five items of I, are packed.

2. Both compartments are allocated to I, or both compartments are allocated to I,. Clearly,

these placements are 0-fair.

Note, that by increasing ¢; to 2 we obtain an instance, for which a perfect placement exists: now
we can place items of I; into both knapsacks and choose @)1 1 = Q21 =5 and (), » = 10.

When a perfect placement does not exist, we would like to find the best possible one. However,
the two goals of utilization and fairness may conflict. Consider an instance with two knapsacks:
vy = 20, ¢; = 2; v, = 10, ¢y = 1; and three sets of items: |I1| = 14, || = 14, |I3| = 2.

A placement which achieves the maximal utilization is presented in Figure 2.1(a): 28 items

are packed, i.e., this placement is %—utilized. However, it is 0-fair - no item of I3 is packed.

Figure 2.1(b) presents the best possible placement with respect to fairness. It is %—fair and
2

3—g—utilized. Generally, any y-fair placement is at least ~y-utilized.
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Figure 2.1: Maximal utilization versus maximal fairness

Simple Algorithms

In this section we show that two simple greedy algorithms are not suitable for the CCMK and
the CCFP. The first algorithm (presented in [56], in the context of MOD systems) can be used
for the CCFP: the algorithm attempts to guarantee “fairness” by allocating to each set of items
a number of compartments, that is proportional to its size. Specifically, using an apportionment
procedure, the algorithm first determines the number of compartments, R;, that will be allocated
to I;, 1 <1 < M; then it selects a subset of R; knapsacks that will store items from I;. Finally,
the volumes of the knapsacks are split among the sets, so as to achieve maximal fairness.

To realize that this algorithm is not suitable for any of our knapsack problems, consider an
instance which consists of three sets, |I1| = 6, |I5] = |I3] = 3, and eight knapsacks, with ¢; =1
for 1 < 7 < 8. The volume of the first knapsack is v; = 5, and the volumes of the remaining
knapsacks are v, = v3 = ... = vg = 1; thus the packing potential of the knapsacks is V = 12.
The total number of compartments is eight, therefore, by the ‘number of compartments’ criterion,
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since half of the items belong to I, four compartments should be allocated to this set, while I,
and I3 should be placed into two knapsacks each. Clearly, no fair placement exists under these
conditions: the set whose items are stored in the first knapsack is allocated extra volume, while
the other two sets are “discriminated”.

In the CCEFP our goal is to find placements in which ¢);, the packed quantity of I;, reflects
its size. Note that in the above example, if the number of compartments allocated to each set of
items is not determined prior to the placement, then a perfect placement exists: for example, we
can place the items of I; into K; and K, items of I, into K3, K4, and K5; and items of I3 into
K¢, K7 and Kg. Indeed, items of I; are placed into only two knapsacks, but since one of these
knapsacks is large (K), all the items of I; can be packed.

The second algorithm is based on the Longest Remaining Time First (LRTF') algorithm [27].
LRTF provides a (% — %)—approximation for the makespan problem, where n is the number of
machines. When LRTF is adapted to the CCFP, we place items from the largest remaining set

into the knapsack with the largest remaining volume.

Note that this algorithm can yield poor, non-fair placements. Consider an instance with two
knapsacks: vy = L +1,¢; = L and v, = L,cy = 1, for some L > 1; suppose that there are L + 1
sets, |[I1] = L + 1, and in the L remaining sets |I;] = 1. The optimal placement packs the L
items of the small sets into K; and L items of I; into K5. This is an LL_H—fair and 2ii1
placement. The LRTF algorithm first chooses )11 = L 4+ 1 and one more item from another set

-utilized

is placed in K. Then no available compartments are left in K. The resulting placement is 0-fair

Li2

TRS] -utilized.

and

Alternatively, consider a variant of the LRTF, which sorts the knapsacks by the ratio =2. Then
items from the largest remaining set are placed into the knapsack in which the (updated) ratio =
is maximal. Note that this algorithm also yields inefficient solutions for the CCFP. Consider, e.g.],
two knapsacks with v; = 7,¢; = 1 and vy = 12, ¢, = 2; and three sets with |I;| = 10,|l,| = 7, and
|I3] = 2. In the optimal placement I is placed in Ky, while I; and I5 are placed in K,. The above
algorithm initially packs seven items of I; into K, and cannot complete the packing of all the
items. In particular, it is O-fair for I5. Using slightly different rule, which places items from the
set with the largest remaining ‘unpacked fraction’, into the knapsack with the largest (updated)
. ratio, may increase fairness, with a corresponding decrease in utilization. A more complicated
ajlgorithm, which combines sorting by the ratios v;/c; with other ideas, can be useful in obtaining
approximation algorithms for the CCMK (We elaborate on that in Section 2.3).

2.1.4 Hardness of the Perfect Placement Problem
The next question we consider is whether we can detect efficiently if a perfect placement exists.

Theorem 2.1.1 Given N knapsacks with volumes v;, and c; compartments in knapsack j, and
sets of items I, ..., Iy, it is NP-hard to determine if a perfect placement exists for this instance.
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Proof:  We show a reduction from the partition problem, which is known to be NP-hard [20].
The partition problem consists of a finite set A, and size s(a) for each @ € A. The problem is to
determine if there exists a subset A" of A such that 37, 4, 5(i) = > ;a4 8(7)-

Given an instance for partition, consider the placement problem consisting of two sets |I;| =
|I5|, and |A| knapsacks with ¢; = 1 and v; = s(a;),V1 < j < |A|. For this problem, every perfect
placement induces a desired partition and vice-versa. |

Any perfect placement is both 1-fair and 1-utilized. Therefore, the above reduction is suitable
for the CCMK and the CCFP; we conclude that each of these problems is NP-hard.

2.2 Finding a Perfect Placement

2.2.1 Simple Conditions for the Existence of a Perfect Placement

In this section we present simple conditions for the existence of a perfect placement. The first
one considers inputs in which the ‘number of compartments’ constraint can be ignored. Formally,
if for all the knapsacks, ¢; > v;, then a perfect placement exists, and can be found in polynomial
time (Observe that if ¢; > v; for all 1 < j < N, then we can greedily place the sets into the

knapsacks, until all the items are packed).

The next simple condition considers the sizes of the different sets.

Theorem 2.2.1 Let 0 < ¢ < 1 be the mazimal number such that for all 1 < i < M, |I;| > %
If, for all the knapsacks, c; > % + 1, then there exists a perfect placement which uses at most
M + N — 1 different compartments.

Proof: Consider the simple greedy algorithm, which packs the sets of items by filling the
knapsacks one after the other. Specifically, the knapsack K; is filled until it contains v; items,
we then continue to pack into K4, and so on. Since 37, |;| = |I| =V = 7, v;, the algorithm
terminates when the last knapsack, K is filled with the last item of Ij;. Thus, all the packing
potential of the knapsacks is exploited and all the items are packed. Intuitively, the conditions
indicate that even the smallest sets are large enough to fill any knapsack. Formally, |I;| > #
implies that any subset of ¢; — 1 sets includes at least (¢; —1)|I|- 3 = (¢; — 1)V - 57 items. Since,
c; > % + 1, the subset’s total size is at least v;. The additional compartment is needed for
small number of items of the first set placed in K - for this set, the size is not predicted, since

some of its items were already placed in previous knapsacks.

If all the items of one set are placed in one knapsack, we use only one compartment for this set.

If it is placed in k different knapsacks, we use & compartments for this set. Since the algorithm
makes at most NV —1 splits, the total number of compartments used by this algorithm is M+ N —1.
|
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2.2.2 Uniform Capacity Ratio

In this section we present an alternative condition for the existence of perfect placement. We
require that the volume and the number of compartments in a knapsack be correlated - knapsacks

with high volume should have many compartments and vice-versa.

Definition 2.2.1 For any 1 < j < N, the capacity ratio of K; is =~. The set of knapsacks
Ki,...,Ky has a uniform capacity ratio if there exists a constant r > 0, such that = = r,
v1<j3<N.

Intuitively, the capacity ratio of a knapsack K gives the average number of items contained in
each compartment when the volume of Kj is totally utilized. We show that, for a set of knapsacks
with uniform capacity ratio, if Z;V:l c; > M+ N —1, then a perfect placement exists and can be
found efficiently. This holds for any distribution on the sizes of the sets I, ..., I3.

Theorem 2.2.2 [f the capacity ratio is uniform and Zj»vzl c; > M+ N —1, then a perfect place-
ment ezxists and can be found in O(max(N log N, M log M)) steps.

Proof: We present a polynomial time algorithm which terminates with a perfect placement.
The algorithm, denoted by A,, proceeds by placing exactly v; items of at most ¢; different sets
into each of the knapsacks. We assume that the sets are given in a non-decreasing order of their
sizes, i.e., || < || <,..., < |Iy].

In each step we keep the remainders of the sets in a sorted list, denoted by L. The list,
L[1],...,L[m],1 <m < M, is updated during the algorithm, that is, we remove from L sets that
were fully packed, and we move to their updated place, sets that were only partially packed. L
is the volume request list, that is, each entry of L represents the request for volume, which is the
number of unpacked items, of some set I;. The knapsacks are given in a non-decreasing order of

the number of compartments they have, i.e., ¢; < ey <,..., < ey.

The main idea in the algorithm is to keep the average size of the requests in L large enough.
Specifically, for each 1 < £ < N, we will show that when the knapsack K is filled, either the
average request size is at least r, or a trivial greedy algorithm can be applied to pack the remaining

requests in the remaining knapsacks.

The algorithm uses two knapsack-filling procedures: some of the knapsacks are filled using the
greedy-filling procedure; the other knapsacks will be filled using the moving-window procedure.

We now describe the two procedures.

Greedy-Filling:
The greedy-filling procedure fills a knapsack with items, starting from the smallest set, L[1], and
continuing until the knapsack is saturated, that is, until it contains exactly v; items. The last
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Greedy-Filling(j)
141
repeat
Allocate one compartment of K for items of the set I, corresponding to L[z].
Place items of I, in K;: Qg ; = min{L[é], v;}
v v — Qi j
11+ 1
until v; =0
Remove from L the sets that were fully packed into K.
Update the size of the new smallest set that was only partially packed into Kj;.
Remove K; from the knapsack list.

Figure 2.2: The greedy-filling procedure

set may split, that is, only part of its items will be packed into K;. A formal description of the
greedy-filling procedure is given in Figure 2.2.

Moving-Window:

The moving-window procedure fills a knapsack, K;, with the first sequence of ¢; sets whose total
size is at least v;. We search the list L using a moving window of size ¢;. Initially, the window
covers the set of the smallest ¢; sets. In every iteration we replace the smallest set in the window
by the next set in L, until the number of items that are contained in the window is large enough
to saturate K;. If the subset of the ¢; largest sets includes less than v; items, then we cannot
saturate K;. However, we show below that this never happens. A formal description of the
moving-window procedure is given in Figure 2.3. Note that the window advances until it covers ¢;
sets, such that v; > L[i —1]+...4+ L[i+¢; —2] and v; < L[i]+...+ L[i +¢; — 1] (see Figure 2.4).
At this stage we can clearly place in K all the items in the sets L[i], ..., L[i4¢; — 2], and saturate
K; by adding some of the items in the set L[i 4+ ¢; — 1].

The Algorithm A,: The algorithm proceeds in iterations, in the jth iteration we fill K; by the

following rules:

1. If there are less than ¢; sets, or if the subset of the ¢; smallest sets contains more than v,
items, then fill K; using the greedy procedure.

2. If the subset of the ¢; smallest sets contains at most v; items, then fill K; using the moving-

window procedure.

We now show that the algorithm terminates with a perfect placement. We distinguish between
two phases in the execution of A,:
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Moving-Window ()
141
a=L[]+...+ L]
while (@ < v; and |L| > ¢; + 1)
a <+ a— L1+ L[c; + 1]
11+ 1
Fill K;:
Allocate compartments of K; to all the sets corresponding to the requests
LA, ..., L[i4+¢; —1].
Foreach k, i1 <k <i+¢; —2
Place in K; L[k] items of the corresponding set.
Qui=v; — (LA + ...+ L[i+¢; —2]).
Place in K; Q ; items of the set I corresponding to L[i + ¢; — 1].
Update the list L:
Remove from L the sets L[i],..., L[i +¢; — 2].
If the set [} corresponding to L[i + ¢; — 1] is not completely packed,
Move L[i 4+ ¢; — 1] to its appropriate new place in the sorted list L.
Remove K from the knapsack list.

Figure 2.3: The moving-window procedure

1. In the first phase, each knapsack K; that is filled contains ¢; — 1 or ¢; sets of items. This
phase includes executions of the moving-window procedure and some executions of the

greedy procedure.

2. The second phase starts when, for the first time, the number of sets placed in K, for some
1 < j < N,is smaller than ¢;. This can clearly happen only when the greedy procedure is

used.

Note that for some inputs, one of the phases may not occur. For each of the two phases, we
show that any knapsack K that is filled during this phase will contain exactly v; items of at most

c; different sets.

We use the following notation:

e (% is the total number of compartments that are available after & knapsacks are filled.
e M¥* is the number of sets that are not fully packed after k£ knapsacks are filled.

e N*is the number of empty knapsacks after k¥ knapsacks are filled (N* = N — k).
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Figure 2.4: The window scanning the set-list L

e ris the capacity ratio, that is, Vj, = = r.
We now consider the first phase.

Lemma 2.2.3 Fach of the knapsacks that are filled during the first phase of A, will contain

exactly v; items that belong to at most c; different sets.

Proof: = We show the following invariant for the ratio between the number of remaining sets,
knapsacks, and compartments, during the first phase. Let K, be the first knapsack filled in the

second phase: b can be any number between 1 and N.
Claim 2.2.4 For every 0 < k < b, C* > M* + N* — 1.

Proof:  The proof is by induction on k, the number of knapsacks that were already filled.
Base: k = 0. It is given that Zj\;l ¢; > M+ N —1. Thus, using our notation, C° > M°+ N°—1.
Induction Step: Consider the kth iteration, in which K} is filled.

1. After this iteration K, is no longer available, therefore C* = C*~1 — ¢,.

2. By the definition of the first phase, we fully pack in this iteration ¢, —1 or ¢ sets. Therefore,
MF = M* ' — (e, — 1) or M* = M*' — ¢;,. Hence, M* < M*~' — (¢, — 1), that is,
]\4k_1 Z Mk—i-Ck -1

3. Clearly, N* = N*-1 1,

By the induction hypothesis, C*~! > M*~1 4+ N*~1 — 1, therefore

Ck = Ck_l—Ck
Z Mk_l-l—Nk_l—l—Ck
> Mite—14+N4+1-1—¢

MF + N* -1
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Claim 2.2.5 For every 1 < k < b, the average set size when we fill K; is at least r.

Proof:  Using Claim 2.2.4, after £ — 1 knapsacks are filled, the average set size is

number of remaining items - _remaining packing potential
number of remaining sets = number of remaining sets

r_ck—l T'(Mk_1+Nk_1— 1)
= Mk-1 2 ME-1 Z T

Recall that at the beginning ", |I;| = Zjvzl vj. Therefore, at any phase, the number of non-
packed items is at least the remaining packing potential. Also, N*=1 > 1 since at least K}, is still

empty after £ — 1 knapsacks are filled. |

We conclude that, for every & < b, the largest ¢, sets after (k — 1) iterations contain at least
r - ¢, items, which is equal to v,. This means that if the moving-window procedure is applied, the
window never reaches the end of I (the largest sets) without saturating K. Knapsacks that are
filled by the greedy procedure are clearly saturated, since the greedy procedure is applied when
even the smallest ¢, sets are large enough to saturate K. |

We now analyze the second phase of the algorithm. Note that we reach the second phase when
the smallest ¢, — 1 sets together contain more than v, items.

Lemma 2.2.6 Fach of the knapsacks that are filled during the second phase of A, will contain
exactly v; items that belong to at most c; different sets.

Proof: Let L, be the set list at the end of the first phase. We first show that for every j > b,
K can be saturated by any subset of ¢; — 1 sets from L.

Claim 2.2.7 At the beginning of the second phase, for every j > b, any subset of ¢c; — 1 sets

contains more than v; items.

Proof: By definition, K is the first knapsack filled in the second phase. Therefore less than
¢, — 1 sets are packed into K. This can happen only if the subset of the ¢, — 1 smallest sets
contains more than v, = r - ¢, items. Therefore the average size of the smallest ¢, — 1 sets is larger

than 2. Consider a knapsack Kj;,j > b. The knapsacks are sorted such that ¢; > ¢;, and the
sets are sorted in a non-decreasing order of their sizes, therefore the average size of the smallest

r-Ch

c; — 1 sets is larger than . In addition, since ¢; > ¢,
cp—1 J = ?

r-Cy r-C;
> J

Cy — 1~ C; — 1 '
This means that the total number of items in the smallest ¢; — 1 sets is larger than

(¢j—1)-

T'Cj

:T"Cj:’l]j.

Cj—l
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Clearly, if the smallest ¢; — 1 sets in L; contain more than v; items, then any ¢; — 1 sets in L,
contain more than v; items. |

We now use Claim 2.2.7 to show that any knapsack filled after K} contains at most ¢; — 1
different sets, and is saturated by additional items packed from one set of L,.

By the greedy-filling procedure, K, is filled until v, items are packed. The last set packed
into K, may include some more unpacked items. The fraction left from the split set is now the
smallest set in L, (since even before the split it was part of the smallest available set). In other
words, the fraction is L[1]. We now turn to fill K,;;. Consider the smallest ¢,;; sets. These sets
are composed of L[1] and additional ¢, — 1 sets. By Claim 2.2.7 the additional ¢, — 1 sets
include more than v,y items, therefore (no matter what the size of the fraction L[1]), the smallest
cpy1 sets include together more than v,y items, and the greedy-filling procedure is used: v,44
items of at most ¢,y sets are placed in K,yi. Again, the last set may be only partially packed.
The same argument holds until we reach a knapsack Kj, such that less than ¢; sets are left. Since

SV L] = SN, v; at the beginning, and since all the knapsacks before K; were saturated, the
total number of non-packed items equals the total left volume. Hence, we can fill K; using the
greedy procedure. This argument holds for all the remaining knapsacks, until Ky is saturated
and no sets are left. |

Combining Lemmas 2.2.3 and 2.2.6 we conclude that each of the knapsacks K;, 1 <j <N,
is filled by exactly v; items of at most ¢; different sets. Thus, the algorithm terminates with a
perfect placement.

We now turn to compute the running time of A,. The algorithm A, can be implemented
in O(max (M log M, NlogN)) steps: O(M log M) + O(N log N) steps are required for sorting.
Given that the knapsacks and the sets are sorted, the total time for filling the knapsacks is
O(M + N) + O(Nlog M). The first phase of the algorithm, in which we fill the knapsacks by
scanning the list L with the moving-window, can be implemented in O(M) + O(N log M) steps.
The idea is that there is no need to scan the list L from the beginning for each knapsack. Note
that the each knapsack K, j > 1is filled by items from exactly ¢; sets. Thus, the location in L of
these ¢; consequent sets must encircle the largest set with at most =2 items. Since L is sorted, we
can find this set (e.g., using skip-lists) in O(log M) steps. We can now find in O(c;) steps the set
of ¢; sets that will fill K;. Finally, after we fill K;, we have to reposition in L the ¢;th set in the
window according to its remaining size. Since L is sorted, this can be implemented in O(log M)
steps.

Let P, denote the set of knapsacks filled in the first phase. Recall that when the list L includes
less than ¢; sets (when K is the next knapsack to be filled), we move to the second phase. Thus,
YKk,ep, ¢ < M, and therefore, the total time for locating the windows and fill all the knapsacks
in P, is O(NlogM) 4+ O(M). During the second phase of the algorithm, we fill the knapsacks
greedily, in O(M + N) steps. [
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2.2.3 Approximating a Perfect Placement

When the knapsacks do not have uniform capacity ratio, the degree of non-uniformity is measured
by the minimal « such that, for some r > 0,

. v;
Vi, r <L <a-r. (2.1)
€
(When a = 1 we have uniform capacity ratio, in any other case a > 1). In this section we show
how a perfect placement can be approximated. The approximation ratio is proportional to a.

Theorem 2.2.8 Let a > 1 be the minimal number satisfying (2.1). If Z;.Vzlcj >M+ N -1,
then a 1/a-utilized placement can be found in polynomial time.

Proof:  Consider the following instance, A’, of the placement problem: for each knapsack Kj,

1 <j < N, the volume of K; in A" is v} = [r-c;]. Let V' = Z;V:l v;. For each set, [;, the set size

of I; in A’, denoted by |I!| is determined by solving the following MAX-MIN problem:

1! al
Maximize min ||]Z||, such that Z |[I]| =V', |I| integer. (2.2)
i i=1

First, note that any legal placement of A’ induces a legal placement for the original instance.

This follows from the next claim:
Claim 2.2.9 For each 1 < j < N, vi <wv;.

Proof: Foreach1 < j < N, v;isan integer. Therefore, for the knapsack achieving the minimal
capacity ratio, v; = r-¢; = [r-¢;] = v}. For each knapsack K such that = > r, there exists
some € > 0 such that v; = (r4+¢)-c; = [(r+¢)-¢;] > [r-¢;] = v}, n

Next, we show that a perfect placement exists, and can be found efficiently for A’. Note that
the knapsacks in A’ do not necessarily have uniform capacity ratio, however, the non-uniformity
is small enough to show that the algorithm A, presented in Section 2.2.2 is suitable for A’. We
follow the proof of Theorem 2.2.2 to show that A, fills each knapsack with exactly v} items of
at most ¢; sets. It is easy to verify that the Claims 2.2.4 and 2.2.5 hold for A’. Let Kj be a
knapsack filled during the first phase of A,. By Claim 2.2.5, the average set size when we fill K},
is at least r. Indeed, v; may be larger than r - ¢;, however, since the number of items included in
the window is an integer and since v} = [r - ¢;] is the smallest integer not smaller than r - ¢;, we
conclude that whenever the moving-window procedure is applied, the window does not reach the
end of I, without saturating K. Similarly, for the second phase of A,, Claim 2.2.7 holds for A’
and we conclude that all the knapsacks are saturated. By Claim 2.2.9, a legal placement in A’ is
a legal placement for the original instance. Since V' > iV, a perfect placement in A’ induces a
placement that is i—utilized for the original instance. |
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Remark 2.2.1 For solving the CCMK, any choice of set sizes that satisfies Vi, |I!| < |I;| and
SSM Il = V' can be applied here. The solution of (2.2) also solves efficiently the CCFP: for
each set I, |I/| > 1] — 1.

In order to achieve a good approximation we would like to have « as close as possible to 1.

Ck
Ck—l7

In Section 2.4 we show that if compartments can be moved among the knapsacks, then oo =
where K} is the knapsack having the maximal capacity ratio. This model is relevant to MOD

storage sub-systems, in which storage resources can be moved among the disks.

2.3 Approximation Algorithm for the CCMK

In this section we present a dual approximation algorithm for the CCMK. Specifically, we show
that it is sufficient to add one compartment to each knapsack, in order to eliminate the gap
between the performance of an optimal, probably exponential time algorithm, and a polynomial
time algorithm. Recall that a dual approzimation algorithm finds an infeasible solution that is
superoptimal. Its performance is measured by the degree of infeasibility allowed. The proposed
algorithm is allowed to place items of ¢; + 1 (instead of ¢;) different sets into K;, 1 < j < N.

Theorem 2.3.1 Given an instance A of the CCMK, by adding a single compartment to each
knapsack, we can find in polynomial time a placement, whose utilization is at least the maximal

possible utilization for A.

Proof: Let A be an instance of the CCMK. Denote by A* the instance generated from A by
adding one compartment to each knapsack. We present a polynomial time algorithm which finds
a legal placement in A*. The algorithm, denoted by A,, proceeds by filling K; with at most v;
items of at most ¢; + 1 different sets, ¥1 < j < N. The total number of items packed from A* by
A, is at least the total number of items packed from A by an optimal algorithm.

As in the uniform-ratio case (Section 2.2.2), we assume that the sets of items are given in non-
decreasing order of their sizes, i.e., the sets satisfy |I,| < |5 <, ..., < |[Iy|. We keep the remaining
sets in a sorted list, denoted by L, which is updated during the algorithm. For simplicity, we use
L[i] to denote both the set in position 7 in L and the size of this set. A, uses the two knapsack-
filling procedures: greedy-filling and moving-window introduced in Section 2.2.2. However, the
moving-window procedure is slightly changed: now the window covers ¢; + 1 sets (instead of ¢;).
Also, if the subset of the ¢; 4+ 1 largest sets includes less than v; items, then we cannot saturate
K;, and we do the best we can: we fill K; with these ¢; + 1 sets (in the uniform-ratio case this
never happens). The knapsacks are given in a non-increasing order by their capacity ratio, i.e.,
mo> va» o> U

c1 — ca — — ¢n

The Algorithm A,: At first, the algorithm uses the moving-window procedure to fill the knap-

sacks one after the other, that is, in the jth iteration we fill K;. Note that the moving-window
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procedure places in K; items of exactly c; 41 sets. Sometimes, it is not possible to pack from that
amount of sets (see below). When this happens for the first time we turn to fill all the remaining

knapsacks using the greedy-filling procedure.

The following rules are used when A, fills K;.

o If there are less than ¢; 4 1 sets in L or if the subset of the ¢; smallest sets in L contains at
least v; items, fill sequentially K; and all the remaining knapsacks using the greedy-filling

procedure.
e Otherwise (the subset of the ¢; smallest sets in L contains less than v; items), fill K; with

items from c; 4 1 different sets, using the moving-window procedure.

Optimality: Denote by G = {K,,, K,,, ..
A,, and denote by wi, ws,, ..., w, the resulting waste of volume in each non-saturated knapsack,

., K, } the set of knapsacks that are not saturated by

i.e., the volume of K, is not fully exploited and only v,, —w; items are placed in K,,. We show that
there is no legal placement of A in which the total utilization exceeds Z;V:l vj— (w1 wa+. . .4 w,).
Let K, be the first knapsack that is filled greedily. We distinguish between two phases of A,:

1. The knapsacks K1, ..., K,_; are filled (using the moving-window procedure).

2. The knapsacks Ky, ..., K, are filled (using the greedy-filling procedure).

For the first phase we show that the total waste of volume for AT is at most the total waste
of volume in an optimal placement of A. For the second phase we show that there is no waste,
and all the knapsacks filled during this phase are saturated.

For simplicity, assume that whenever the moving-window procedure is executed, the list L is
scanned from left to right, that is, the smallest set, L[1], is the leftmost set and the largest set is
the rightmost in L. During execution of the moving-window procedure, the window moves from

left to right. There are two possible scenarios:

1. Saturating: in which K is saturated, meaning that there exists some ¢, which is the index

in L of the smallest set in the window, such that
(i) ¢>land v; > Lli— 1]+ ...+ Lli4+¢; —1]) or (i=1and v; > L[1]+ ...+ L[¢;]).
(i) v; < L[e)+ ...+ Lii+ ¢].
At this phase, we can clearly place in K; the ¢; sets L[i],..., L[i 4+ ¢; — 1], and saturate K
by adding some of the items of L[i+¢;]. The sets L[i],..., L[i+¢; — 1] are removed from L,
and the fraction left from the set L[i + ¢;] is moved to its updated place in the list L. Note

that since some of the items of this set are packed, the position of that fraction in L is left

to its original position.
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2. Non-saturating: in which the window reaches the rightmost position in I, but the subset
of the ¢; 4 1 largest sets covered by the window contains less than v; items. All items in
the sets L[], ..., L[i 4 ¢;] are packed, and these sets are removed from L.

In both cases we can consider the removed sequence of sets as a hole in L. In a saturating
execution, K creates a hole of ¢; sets in L, and one additional set (the fraction left from the last
set) is moved left of the hole. In a non-saturating execution, K creates a hole of ¢; 4 1 sets in L.

We examine the sequence of holes created in L during the first phase of the algorithm. We

first show that the last non-saturated knapsack, K, , creates at the right end of L, a hole which

gn)
is the union of the holes in L created by the knapsacks in G and other holes created by other

knapsacks.

Claim 2.3.2 There exists a set S C {Ky,..., K, }, such that G C S and the hole created by K,
unites the holes created by the knapsacks in S, into a single hole positioned at the right end of L.

Proof:  Consider the hole in L that contains the ¢, 4 1 sets packed in K, , and all the holes
that are united when these c,, + 1 sets are removed from L. Let H denote this united hole. Since
each knapsack K;, j < g, creates a hole of ¢; consecutive sets in L, then for each such knapsack,
either all or none of these ¢; sets is contained in H (we ignore the (¢; +1)th set: K; may be filled
with only some of the items in this set, in which case the set is not removed from L).

Let S be the set of all the knapsacks, K, that contribute ¢; or ¢; 41 sets to H. By definition,
the hole H unites the holes created by the jobs in S into a single hole. In addition, any non-
saturated knapsack, K, € &, was filled before K, and the hole it created includes the rightmost
available set in L (at the time it was filled). Thus, the hole created by K, is right to the hole
created by K, . Finally, since K, is not saturated, H must include the largest ¢, + 1 available
sets, and in particular the rightmost one, thus, it unites all the holes created by previous knapsacks
from G. We conclude that G C S and that H is positioned at the right end of L. |

Lemma 2.3.3 Let K,_; be the last knapsack filled by A, during the first phase, then the total
number of items placed in K., ..., Ky_, is at least the number of items placed into K, ..., Ky_;
in an optimal algorithm for the instance A.

Proof: By Claim 2.3.2, the knapsacks in . are filled with at least all the items of the )y .4 ¢;
largest sets. Also, since G C S, knapsacks that are not in S are saturated. Thus, it is sufficient
to show that there is no placement of the instance A, in which the total number of items packed
in the knapsacks in S is larger than the total number of items in the } . . ¢; largest sets.

Clearly, in any legal placement of the instance A, for any j, items from at most ¢; different
sets are placed in K;. Moreover, for any set .S of knapsacks, items from at most )y . ¢; different
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sets are placed in the knapsacks of S. Thus, the total number of items in the )y g c; largest
sets is an upper bound for the total number of items packed in the knapsacks in S. |

For the first phase we have shown that the total volume wasted in knapsacks filled during this
phase does not exceed the waste of volume in these knapsacks under an optimal placement for
A. We complete the proof of optimality by showing that all the knapsacks which are filled during
second phase of A, are saturated.

Lemma 2.3.4 Fach of the knapsacks that are filled during the second phase of A, contains exactly
v; items, which belong to at most c; + 1 different sets.

Proof:  The second phase consists of successive executions of the greedy-filling procedure. A,
reaches the second phase if, for the next knapsack, K, the list L contains at most ¢, sets, or if
the subset of the ¢, smallest sets contains at least v, items.

In the analysis of the second phase, we have to consider two issues: that all the knapsacks are
saturated, and that at most ¢; + 1 sets participate in the filling of K.

In order to realize that the knapsacks are saturated, note that at the beginning of the algorithm
SY L] = Zj.vzl v;, that is, the total number of items is equal to the total available volume. Since
during the first phase, no knapsack is filled by more than v; items, the sum of the sizes of the
remaining sets always exceeds the total remaining volume. This assures that the greedy procedure

will never terminate because it run out of items.

Clearly, in the greedy filling of K, at most ¢, sets are used. The last set from which items
are packed into K, may split. The fraction that is left is now the smallest set (since even before
the split it was part of the smallest available set). In other words, the fraction is L[1] (note that
if the subset of the ¢, smallest sets in L contains exactly v, items, then we have no fraction at all.
In this case, the size of the new L[1] is at least the size of each of the sets that are removed from
L). We now turn to fill greedily the remaining knapsacks. In order to show that for any 7 > b, at
most ¢; + 1 sets participate in the filling of K;, we first prove the following claim:

Claim 2.3.5 After K, is filled greedily by the smallest sets, then for any j > b, the list L includes
at most ¢; sets, or the subset of the c; sets L[2],..., L[c; + 1] contains at least v; items.

Proof: Assume that z sets participate in the greedy filling of K,. Clearly, < ¢,. Thus,
the largest set among these z sets must contain at least 2> > 2 > Z—j items. When the list L
is updated, the smallest z — 1 sets are removed, and the fraction of the largest (zth) set turn
to be L[1]. Since the sets in L are sorted by non-decreasing order of their sizes, each of the sets

L[2],...,L[e; + 1] (assuming |R| > ¢;), contains at least = items, meaning that the subset of

Cjy
these c¢; sets contains at least v; items. [ ]
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Consider a knapsack Kj;,j > b. If, after the filling of K,, the list L includes at most ¢;
sets, then, clearly, K; will be filled by at most ¢; sets. Otherwise, note that if the ¢; sets
L[2],..., L[e;+1] are large enough to fill K, then any ¢; sets, which do not include L[1], are large
enough for K;. We show that the greedy algorithm never uses more than ¢; 4 1 sets to fill K;:

After K, is filled, we turn to fill K;,;. Consider the subset of the ¢, 1 + 1 smallest sets. It
consists of L[1] and additional ¢,;; sets. By the above discussion, the subset of the additional
cpy1 sets includes at least vy, items, therefore, no matter what the size of the fraction L[1], the
smallest ¢,;1 41 sets include together at least v,y items, and we can pack into K,y exactly vy
items from at most ¢,y + 1 sets. Again, the last set may split. The same argument holds for all
the remaining knapsacks. That is, every knapsack K; will contain exactly v; items, that belong
to at most ¢; + 1 sets. [ |

By combining Lemmas 2.3.3 and 2.3.4 we conclude that the total amount of wasted volume for
the instance At does not exceed the total amount of wasted volume under an optimal placement
of A. In particular, if there exists a perfect placement of A, then our algorithm finds a perfect

placement of At.

The running time of A, is O(M + N)log(M + N). It can be achieved when the list L is kept
as a skip-list, as detailed in the proof of Theorem 2.2.2. |

The dual approximation scheme yields the following approximation algorithm for the CCMK:

1. Find an optimal solution, assuming ¢; =¢; +1,V1 < j < N.
Let R', Q' be the resulting indicator and quantity matrices.

2. Let R=R',Q = Q"

3. For each knapsack K;,j =1,...,N: if >,Q,; = ¢; + 1 (i.e., ¢; + 1 compartments are
used), let I, be the set from which the quantity placed in K; is minimal, that is, Q,; =
mini<;<pr @5 > 0, then @, ; = 0.

In other words, we turn the non-feasible placement into a feasible one, by using only the ¢;
fullest compartments in each knapsack. Note that this way we omit from the subset of packed

vi

AT 1tems.

items at most

Corollary 2.3.6 Given an instance A of the CCMK, let U,,, be the utilization obtained by an

optimal placement of the items, then we can find in O(M + N)log(M + N) steps a placement
N v

which achieves utilization U = U,,, — € for e = 27:1 T
o 3

In particular, if the number of compartments in each knapsack is at least b, for some b > 1,

that is, ¢; > b for all 1 < j < N, then the above approximation algorithm achieves utilization
(1 = @)Upp; for a = 55
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2.4 Application to MOD Systems

In this section we show how our results for the CCMK and the CCFP apply to storage management
in multimedia systems. Consider a system having N disks: the storage capacity of disk j is ¢;,
and its load capacity is vj, 1 < 7 < N. The database associated with the MOD system consists
of M video program files {fi,..., far}, with the corresponding popularities {p;,...,py}. The
popularity parameter of f; reflects the portion of the total load generated due to access requests
to f;. Knowing these popularities and the total load capacity of the system, we can determine
the average load generated by each of the files.

As mentioned in Section 1.1.2, the problem of assigning files to disks can be formulated as
an instance of our packing problems, with the disks represented by knapsacks, and the files — by
sets of items. The popularities of the files determine the set sizes, such that S0, |I;| = Zj\;l ;.
When our objective is to maximize utilization, we need to solve the CCMK; when the goal is
to maximize fairness, we need to solve the CCIFP. A solution for any of our two variants of the
knapsack problems will induce a legal static assignment. In terms of the matrices R and @:

o IR; ; = 1iff a copy of the file 7 is stored on the disk j.

o ()i; €{0,1,...,v;} is the total load that file ¢ can create on the disk j.

Thus, our results in Section 2.2 yield efficient algorithms for finding a perfect assignment of
files to the disks, in which the load capacity of the system is totally utilized, and the requests to
each of the files can be satisfied.

2.4.1 Approximating Uniform Capacity Ratio

We now consider a slightly different model, in which the storage sub-system consists of N disk
arrays, Dy, ..., Dy: D; has a fixed load capacity, v;, and, in addition, there is a limit, C, on the
total number of storage units that can be allocated to the disk arrays. We would like to find an
allocation of the storage units to the disk arrays. That is, for any 1 < j < N we need to determine
c;, the storage capacity of D;, such that Zj\;l c; = C. This model reflects the situation in which
several disk arrays are used for storing the files. The storage capacity of a disk array is the sum
of the storage capacities of the individual disks. Thus, the storage capacity of a disk array (with
a fixed load capacity) can vary, depending on the storage capacities of the disks composing the
array. We show below that in such a system, the overall storage capacity can be distributed
among the disk arrays, so as to achieve a nearly uniform capacity ratio. This enables us to find
an almost perfect assignment of the files to the disks.

Let V = Zj’vﬂ v; be the total load capacity of the system. Indeed, it is easy to determine the
storage capacity of each disk array, so as to obtain a ‘uniform capacity ratio’: in particular, we
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can choose ¢; = C' - v;/V. This yields a uniform capacity ratio with » = V/C. However, since
we require that each disk array holds an integral number of files, we need to round the ¢;’s in a
way that minimizes the violation of uniformity. Formally, we need to solve the following integer
programming problem:

. maXi i< ¢ - .
Minimize o = —————%, such that ch =C, c¢; integer. (2.3)

Minge ey 22’
1<GEN cj j=1

This problem can be optimally solved in O(N log N 4+ N log C') steps, by using, e.g., the algorithm
‘SOLVE-FAIR’ (see Chapter 6 of [33]). The solution provides an allocation of the storage units
to the disks such that for some r > 0,
vy, rgﬁga-r, (2.4)
€

and « is minimized. By Theorem 2.2.8 we have:

Corollary 2.4.1 If storage units can be distributed among the disks, a 1/a-utilized assignment
can be found in O(M log M+ N log N+ N log C) steps, where « is the value of the optimal solution

of (2.3).

To observe that « is small (that is, close to 1), note that in any optimal solution of (2.3), the
capacity ratio of D; satisfies

], VI<j<N.

This immediately yields a bound of 2 on a. More accurately, a < [£]/| €] .

2.4.2 Achieving Almost Optimal Utilization

In Section 2.3 we presented a dual approximation algorithm for the CCMK. In terms of MOD

systems, it means that we can achieve the optimal utilization of a system by adding one storage

unit to each disk. Indeed, for a given MOD system, such changes in configuration may be

impossible, however, we can use the approximation algorithm derived from algorithm A, , and the

result in Corollary 2.3.6. This implies that if each of the disks can store at least b files, for

some b > 1, that is, ¢; > b for all 1 < j < N, then the above approximation algorithm achieves
1

utilization (1 — a)Uyy, with a = 3.

2.5 The Case where |[I| £V

We now show the validity of our results for general instances of the CCMK and the CCFP
problems, in which the total number of items is not necessarily equal to the sum of volumes of

36



the knapsacks, namely, |I| # V. Note that the definitions of utilization and fairness, as given
in Sections 2.1.1 and 2.1.2, do not depend on the ratio between |I| and V. This ratio, however,
influences the definition of perfect placement. When |I| # V, the maximal possible utilization is
min(|I|,V). When the objective is to maximize fairness, an optimal placement is min(1, %)—fairl.
For a general instance, a placement is perfect if it is optimal with respect to utilization as well as
fairness. Formally,

Definition 2.5.1 A perfect placement is a placement that is min(1, V/|I|)-fair, in which one of
the following is satisfies: (i) all the items are packed, or (it) all the knapsacks are full.

We now argue, that all the results presented in Section 2.2 hold for general inputs:

o if V' > |I], then add one dummy set of size V — |I| to obtain an instance in which V' = |[|.
After placing the items in the knapsacks, omit the ‘dummy’ items.

o if V < |I], a perfect placement is =-fair. For each set 7, determine |I}| = |VT||IZ| (rounded
to integers, such that 3, |I*| = V). The resulting instance fulfills |I*| = V.

All the algorithms presented in Section 2.2 can be applied to the above adjusted instances, to
produce perfect placements for the original instances. Special tuning is needed in the proof of
Theorem 2.2.1: when V' > |I|, the added dummy set may not satisfy the condition |I;| > % To
solve this potential problem, the algorithm has to consider the dummy set first: note that one
(arbitrarily small) fraction of a set is allowed in each knapsack, hence, the dummy set can serve
as the fraction placed in the first knapsack.

Our results in Section 2.3 also hold for general inputs, namely, the statements of Theorem 2.3.1
and Corollary 2.3.6 remain valid. In fact, the algorithm A,, used in the proof of Theorem 2.3.1, can
be applied for any instance of the CCMK. It is sufficient to show the validity of and Lemmas 2.3.3
and 2.3.4. First note that only the proof of Lemma 2.3.4 assumes that |I| = V. We now show
how the proof of this lemma can be modified to argue that all the knapsacks filled during the

second phase are filled optimally also when |I| # V. We consider separately two cases:

(i) if |[I| > V, then as in the case |[I| = V, the sum of the sizes of the remaining sets always
exceeds the total remaining volume.

(ii) if V' > |I|, then all the knapsacks filled during the second phase are saturated until L is
empty, or until all the knapsacks are filled. If L is empty (no requests are left), it means
that we packed all the items of I, which is clearly optimal. If we run out of knapsacks,
then, as in the case where |I| > V, it means that all the knapsacks filled in this phase are
saturated. Thus, the only waste of volume is the inevitable w = w; + wy + ... + w, (from
the first phase).

'Standard rounding techniques [33] can be applied here to determine the exact number of items to be packed
from each type.
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In both cases the utilization achieved by A, is at least the maximal possible utilization for the
original instance.
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Chapter 3

Class-constrained Packing of Items
with Arbitrary Sizes

In this chapter we study the CCMK and the CCBP problems on instances in which items may
have arbitrary sizes and values. In the class-constrained multiple knapsack (CCMK) problem, our
goal is to maximize the total value of packed items, whereas in the class-constrained bin-packing
(CCBP), we seek to minimize the number of (identical) bins, needed for packing all the items.

We give a polynomial time approzimation scheme (PTAS) for CCMK and a dual PTAS for
CCBP. We also show that the 0-1 class-constrained knapsack admits a fully polynomial time
approximation scheme, even when the number of distinct colors of items depends on the input
size. Finally, we introduce the generalized class-constrained packing problem (GCCP), where each
item may have more than one color. We show that GCCP is APX-hard, already for the case of a

single knapsack, where all items have the same size and the same value.

3.1 A Dual Approximation Scheme for CCBP

In this section we derive a dual-approximation scheme for the CCBP problem. Let OPTg(I) be
the minimal number of bins needed for packing an instance I. For a given € > 0, we present an
algorithm, A%, which packs I into O PTs(I) bins; the number of different colors in any bin does
not exceed ¢, and the sum of the sizes of the items in any bin does not exceed 1+&. The running
time of A% is polynomial in n and exponential in M, E% We assume throughout this section that

the parameter M > 1 is a fixed constant.

We note that even if M > 1 is some fixed constant, we cannot adopt the technique commonly
used for packing (see, e.g., [29, 41, 54]), where we first consider the large items (of size > ¢), and
then add the small items. As we show below, in the presence of class constraints, one cannot
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extend even an optimal placement of the large items into an almost optimal placement of all items.

Formally,

Fact 3.1.1 For any0 <e < %, there exists an instances of CCBP, for which an optimal packing
of the large items (i.e., u € I, such that s(u) > €) cannot be extended to a (1 + €)-approzimation
to the optimal.

Proof:  We assume that % is an integer. Consider the following instance of the CCBP problem
(demonstrated in Figure 3.1, for ¢ = 1).

o [ =1,UIl,Ul; (that is, M = 3). I, consists of two items of size % and % — 4 items of size

<3 I, consists of one item of size €, and I3 consists of one item of size ¢.

e The bins have capacity 1 and two compartments, that is, ¢ = 2.

Figure 3.1: Packing large items first

An optimal packing of I uses two bins (see Figure 3.1(a)): in each bin we pack one item of

size % and % — 2 small items of I, and the single item of I, or I3. The size sum of the items in

cach bin is therefore § + (L —2)2 4+ & =1. A possible optimal packing of the large items of I (of
size > ¢) is presented in Figure 3.1(b). The first bin is filled with the two large items of I; and
the second bin includes the two items of I, and I5. Since there is no available compartment for
I; in the second bin, and no additional place for all the small items of I; in the first bin (even if
we allow an overflow of €), we need to ‘open’ an additional bin for the small items, resulting in a
3

* ratio. [

Our algorithm operates in two stages. In the first stage we eliminate small items, i.e., we
transform [ into an instance I' which consists of large items, and possibly one small item in

each color. In the second stage we pack I'. We show that packing I’ is much simpler than
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packing I, and that we only need to slightly increase the bin capacities, by factor 1 +¢. We show
that a natural extension of known packing algorithms to the class-constrained problem, yields a
complicated scheme. The reason is that without elimination, we need to handle the small items
of each color separately. The elimination technique presented below involves some interaction

between small items of different colors.

Various techniques can be used to approximate the optimal solution for I’. We adopt the
technique presented by Epstein and Sgall [15]. Alternatively, we could use interval partition
([41, 54]).

Note that when there are no class constraints, our elimination technique can be used to convert

any instance I into one which contains a single small item.

3.1.1 Eliminating Small Items

We now describe our elimination technique, and show that the potential ‘damage’ when solving
the problem on the resulting instance, is small. For a given parameter, § > 0, denote by small
the subset of items of sizes s(u) < §. Other items are considered large. Our scheme applies the

following transformation to a given instance [.

1. Partition [ into M sets by the colors of the items.

2. For each color 1 < ¢ < M, partition the set of small items of color ¢ into groups: the total
size of the items in each group is in the interval [4,24); one group may have total size < 4.
This can be done, e.g., by grouping the small items greedily: we start to form a new group,
when the total size of the previous one exceeds é.

The resulting instance, I’, consists of non-grouped-items, which are the original large items of
I, large grouped-items of sizes in [§,28), and at most M small grouped-items (one in each color).

From the way I’ is constructed, we have

Fact 3.1.2 For each color 1 < 1 < M, the total size of the items of color i in I' is equal to the

total size of the items of color v in I.

Given a packing of I, we can replace each grouped item by the set of small items from which
it was formed. In this process, neither the total size of the items nor the set of colors contained

in each bin is changed. Hence,

Fact 3.1.3 Any legal packing of I' into m bins induces a legal packing of I into m bins.
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Now, we need to bound the potential damage from solving the problem on I’ (rather than
the original instance ). We show that any legal packing of I induces a packing of I’ into a bit
larger bins. Note that in the transformation from I to I’ we cannot use a simple replacement,
since small items who belong to the same group in I’ may be packed in different bins. Let S(A)
denote the total size of a set A of items.

Lemma 3.1.4 Given a packing of I in m bins of size 1, we can pack I’ into m bins of size 1+ 24.

Proof:  First, replace all the large items of I with their corresponding non-grouped-item in [’.
The remaining items are small, and need to be replaced by grouped items. For these items (only)
we show that such a replacement exists. In fact, we prove a stronger claim. For a bin B, let Sp
denote the set of small items packed in B. For a set C; C {1,..., M} of colors, let S§" denote the
subset of Sp of items with colors in C. Denote by C(/, B) the set of colors of small items of 1
placed in B, and by C(I’, B) the set of colors of the grouped items of I’ placed in B. We show
that the small items of I can be replaced by all the grouped items of I', such that

(¢) for any bin B and a set of colors 4, the items in SSt are replaced by grouped items in I’
whose colors are in C}, and whose total size is at most S(Sg") + 29;

(22) for any bin B, C'(I',B) C C({, B).

The proof is by induction on m, the number of bins used for packing I.

Base: m = 1, that is, all the items of I are placed in one bin, B. By Fact 3.1.2, for each color
1 <1 < M, the total size of the items of color 7 in I’ is equal to the total size of the items of color
7 in I. Hence, we can replace all the items of I by all the items of I,

Induction Step: Assume that the claim holds for any instance with m’ < m bins. Given an
instance with m bins, let By, By be two arbitrary bins, which contain small items from I of total
size S(Sp,)+S5(Sp,). Consider an instance with m—1 bins, derived from our instance by replacing
B, and B, by one new bin B, .,,, which contains all the small items of B; and B,. By the induction
hypothesis, we can replace the small items of I by the grouped items of I’, such that () and (i7)
hold. The solution for the new instance induces a solution for the original instance: bins other
than B; and B, are filled as in the new instance. The grouped items that are placed in B, split

between B; and B, as follows.

1. Let C, =C(1,By) \ C(I, By); place all the C-colored grouped-items from B,,.,, in B;.
2. Let Cy = C(I, By) \ C(I, By); place all the Cs-colored grouped-items from B, in Bs.

3. Let C3 = C(I, By) N C(I, By); place arbitrary Cs-colored grouped-items from B, in Bi,
until it first reaches the capacity S(Sg,); place the remaining Cs-colored grouped-items from
Brew in Bsy.
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By the induction hypothesis, B,,., contains C-colored grouped-items of size at most S(Sgll) + 24,
thus, the overflow in B; after step 1 is at most 2§. Similarly, the overflow in B, after step 2 is
at most 24. In addition, the total overflow in B; after step 3 is at most 2§, since the size of each
grouped-item is at most 26 and we stop filling B; as soon as its contents exceed S(Sg,). Finally,
the overflow in B, after step 3 is at most 24§, since by the induction hypothesis the total size of
the items in B, is at most S(Sg,) + S(SB,) + 20. [ |

In particular, for an optimal packing of I, we have:

Corollary 3.1.5 Let OPTg(I,v) be the minimal number of bins of size v needed for packing an
instance I, then OPTg(I',1426) < OPTg(1,1).

Note that our proof induces a replacement of the small items of I by grouped items, such that
the total overflow (when summing over all bins) is at most 26. However, we cannot predict how
this overflow will split among the bins.

3.1.2 Packing the Grouped Instance
The PTAS of Epstein and Sgall

Epstein and Sgall [15] presented PTASs for multiprocessor scheduling problems on m uniform
machines. When each job is represented by an item and each processor is represented by a
bin, their general approximation schema can be modified to yield a dual PTAS for bin packing.
Specifically, for a given parameter § > 0, the dual PTAS packs any instance [ into the optimal
number of bins, with the size of each bin increased at most by factor 1 + & (This can be done
using binary search on m, the minimal number of bins, as in [29]).

The PTAS in [15] is based on partitioning the set of jobs, I, into O(55) subsets. The jobs
in each subset have the same length (the original lengths are rounded). The short jobs are
replaced by a few jobs of short, but non-negligible length. This partition can be represented as
a configuration vector of length O(é%) Any vector whose entries are at most the entries of this
vector is a configuration vector of some set S C [ of jobs. The algorithm constructs a graph
whose vertices are a source, a target and one vertex for each possible configuration vector. There
is an edge connecting the two configurations n’ and n" if a schedule of n’ on ¢ machines can be
extended to a schedule of n” on 141 machines. The weight of an edge (n’, n”") reflects the price of
moving from the configuration n’ to the configuration n”, that is, the time needed for the (i 4 1)th

machine to process the jobs in n” — n'.

Having the weights defined in such a way, the problem of finding a good schedule is reduced
to the problem of finding a good path in the graph. We seek a path of length m from the
source (whose configuration represents an empty set of jobs), to the target (whose configuration

represents the set of all jobs). The evaluation of a path depends on our objectives. For example,
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when minimizing the makespan, a good path is a one that minimizes the maximal weight of
some participating edge; when minimizing the sum of the completion times, a good path is a one
that minimizes the total weight of the participating edges. The time complexity of the algorithm
depends on the size of the graph, which is dominated by the total number of configurations. For
a given 4, the graph has size O(nf) where f = .

When this scheme is used for bin-packing, each configuration represents a set of items. An
edge connecting the two configurations n’ and n” implies that a placement of »’ in 7 bins can be
extended to placement of n” in ¢ + 1 bins. The weight of the edge is the total size of items in
n” —n' - that are supposed to be placed in the (i 4+ 1)th bin. For a given value of m, if there is a
packing of I into m bins of size 1, then there is a path of length m from the source to the target
with all edges having weight at most 1+ § (recall that we use binary search to find the minimal
value of m).

The Algorithm Agg:

A natural extension of Epstein-Sgall’s algorithm for the CCBP problem is to refine the configu-
rations to describe the number of items from each size set and from each color. Such extension
results in a graph of size O(nf) where f = M (2M +1)*/6%. The value of f increases from 81/4% to
M (2M + 1)*/8* since the small items of each color are handled separately. In addition, the total
size of small items of each color is rounded to the nearest multiple of g Thus, if rounded items of
c colors are packed into the same bin, we may get in this bin an overflow of cg. Given that there
is only one small item in each color, as in I, we can use the actual sizes of the small items. This
decreases significantly the possible number of configurations and prevents any potential overflow
due to rounding.

Hence, given an instance I’, consisting of large items and at most M small items, each of
different color, we derive a simplified version of the PTAS in [15]. In this version, denoted by
AES:

1. Each set of items S C I’ is represented by a unique configuration of length O(éﬂz), which
indicates how many items in S belong to each color and to each size class. Note that there
is no need to round the total size of the small items: we only need to indicate which small
items are included in the set (a binary vector of length M). In terms of [15], this means
that we do not need to accumulate the size of small items in each configuration, and no
precision is lost because of small items.

2. To guarantee that each bin contains items of at most ¢ colors, we connect in the configuration
graph only vertices representing configurations which differ by at most ¢ colors. In other
words, there is an edge connecting the two configurations n’ and n” only if n”/ —n’ is positive
in entries that belong to at most ¢ colors.
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We summarize in the next Lemmas:

Lemma 3.1.6 Let m be the minimal number of bins of size v needed for packing I', then, for a
given § > 0, Aps finds a packing of I' into m bins of size v(1+ 8). The running time of Aps is
O(nf) where f= 2%,

3.1.3 The Algorithm A5

Let § = v =1+ 24. The algorithm A3 proceeds as follows.

o
1. Construct I’ from I, using the algorithm in Section 3.1.1.

2. Use Agg for packing I’ into bins of size v(1+ §). Let m be the number of bins used.

3. Ungroup the grouped items to obtain a packing of I in m bins of size v(1 + 4).

Theorem 3.1.7 The algorithm A% uses at most OPTg(I) bins. The sum of the sizes of the

16M
g2

items in any bin does not exceed 1 +¢. The running time of A% is O(n') where f =

Proof: We first show that the sum of the sizes of the items in any bin does not exceed 1 + &:
Combining Fact 3.1.3 and Lemma 3.1.6, we conclude that each of the m bins is filled up to capacity
v(1468). Clearly, for any ¢ < 2, § < 1 (otherwise, we can choose a smaller value for ), thus,

v(1+0)=(1+25)(14+6)<14+46=1+4c¢.

Next, we show that the number of bins used by A% is at most OPTg([,1): By Lemma 3.1.6,
I' is packed by Ags in m bins of size v(1 + §), such that m < OPTg(I’,v). Then, we use these
m bins to pack I. From Corollary 3.1.5, OPTgs(I',v) < OPTg(I,1). Therefore m < OPTg(1,1).
Finally, setting & = £, the running time of A% follows directly from the running time of Aps. ™

We note that our assumption that M is fixed is needed only in the second step, when packing
I’. Hence, this assumption can be relaxed when our technique, for eliminating small items, is

used for other purposes.

3.2 Approximation Schemes for CCMK

3.2.1 The PTAS of Chekuri and Khanna

Chekuri and Khanna developed in [10] a PTAS for MK. Let P(U) denote the value of aset U C I,
and let OPT(I) be the value of an optimal solution when packing /. The PTAS in [10] is based
on two steps: (i) Guessing items: identify a set of items U C [ such that P(U) > (1 —¢)OPT(I)
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and U has a feasible packing. (i7) Packing items: given such U, find a feasible packing of U’ C U,
such that P(U'") > (1 —¢)P(U).

For sake of completeness, we summarize the implementation of the guessing items step as
given in [10]. For a guessed value P satisfying (1 — )OPT (/) < P < OPT(I), discard all the
items u € I with p(u) < eP/n. Then, divide all the profits by e P/n, and round each down to the
nearest power of (1+¢). The resulting instance, I’, has h < [log,,. 2] = O(®2) distinct profits.
Thus, we assume that the items of I are partitioned into A sets I',..., I" with items in each set
having the same profit. Let D be a subset of items which gives a solution with profit P, and let
D7 be the subset of items in D in the jth profit class.

We proceed to guess an h-vector, ]g, of integers, 1 < k; < h/e?; k; reflects the contribution of

D7 to the overall profit in some optimal packing, in multiples of azTP, ie.,

ezpP
T

e’P ,
kS < P(DY) < (s + 1)
We seek a vector k = (K, . = ky) satisfying 2?21 k; < &. As shown in [10], the number of such
vectors is O(n?(*/<7)), thus, k can be guessed in polynomial time. Given the contribution of each
profit set I7 in an optimal packing, we select for the set U the items of I with smallest sizes
whose total profit accumulates to the required contribution. These small items can clearly replace

any set of items with the same contribution from D?. Thus, U is feasible.

3.2.2 Our PTAS for CCMK - An Overview

In the following we adopt the guessing approach in [10], for obtaining a PTAS for CCMK. For
some t > 1, assume that there are ¢ types of bins, such that bins of type j have the same capacity,
vj, and the same number of compartments, ¢;. Let ¢ = max;c; be the maximal number of
compartments in any type of bins. We denote by B; the set of bins of type j; let m; = |B;| be
the number of bins in B;. Our schema proceeds in three steps:

1. Guess a subset U C [ of items that will be packed in the bins, such that P(U) > (1 —
e)OPT(I), and U has a feasible class-constrained packing in the knapsacks.

2. Guess a partition of the bins to at most

e /M )
r:Z(f):O(M) (3.1)

=1

color sets, i.e., associate with each subset of bins the set of colors that can be packed in
these bins. We call a subset of bins of the same type and color set a block; thus, the resulting
number of blocks is T" <t - r.

3. Find a feasible packing of U’ C U in the bin blocks, such that P(U’) > (1 — ) P(U).
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As in [10], the overall scheme is more involved since we iterate between the guessing and
packing steps. This is due to the fact that OPT(I) is not known in advance. However, the
maximal number of guessing-packing iterations is bounded by the maximal number of guesses for
a value P, such that

(1-£)OPT(I) < P <OPT(I). (3.2)

To bound this number, we show a y-approximation for the problem for some constant 0 < v < 1.

Claim 3.2.1 Let ¢,, = min; ¢; be the minimal number of compartments in any type of bins, then

the CCMK problem has a polynomial time 2 -approzimation algorithm.

Proof:  The following algorithm, A, is a $#-approximation algorithm for CCMK:

1. Ignore the colors and find a %—approximate solution for MK for the input 7 (such an algorithm
is given is [51]).

2. For each knapsack, K, find the ¢; most valuable colors in the resulting packing and remove
all the items which are not in these colors.

Let z; be the optimal profit for the non class-constrained problem, and let z, be the profit
obtained in step 1 of A. Let z* be the optimal profit for the class constrained problem, and let z
be the profit obtained by A.

Note that since we pack in each knapsack items of at most ¢; colors, A produces a valid
packing. In addition,

C
mo_x

Cm Cm
> —zy > ——2z > zZ".
LM E M T o

Thus, A is a $z-approximation algorithm for the CCMK problem. |

Having a $#-approximation for OPT(I), we can find a P satisfying (3.2) using binary search

over the resulting range.

Corollary 3.2.2 The number of guessing-packing iterations for finding P which satisfies (3.2) is
at most [log(#4)].

€

In Sections 3.2.3, 3.2.5, and 3.2.6 we describe in detail the implementation of each of the
steps in our PTAS. The implementation of the second and the third steps varies, depending on
t, the number of bin types. As a result, the time complexity of our PTAS depends also on that
parameter.
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3.2.3 Guessing Items

We now show that the first step, of guessing items, can be generalized to the class-constrained
version. This generalization is straightforward: after reducing (to h) the distinct number of profits
in I (this is detailed in Section 3.2.1), we further partition each profit set I into M color sets
If, .. .,Ifg, with the items in each set having the same profit and the same color. For a subset of
item, D, whose packing gives the profit P, denote by D! the subset of items in D in the jth profit
class and in color 7. We now guess an h x M-matrix, K = {k; ;}, of integers, 1 < k; ; < hM/e?;

k; ; reflects the contribution of D! to the overall profit in some optimal packing, in multiples of
e?P

i.e.,

e’pP ; e’pP
i i—— < P(D}) < (ki; +1)—=. 3.3
S < PDI) < (kg ) (33
We seek a matrix K = {k; ;} satisfying Z;»Zzl D k; ; < ML Given the contribution of each

g2

k

profit-color set Il»j in an optimal packing, we select for U the items of Ig with smallest sizes whose
total profit accumulates to the required contribution.

In order to show that the above algorithm finds in polynomial time a set U C I as required
in the guessing step, we need to show the following claims:

Claim 3.2.3 Solving the problem for the rounded profit instance I' rather than I, can decrease
the optimal profit by a factor of at most (1 — ¢).

Proof:  The proof follows from the fact that for any subset U of I, U is transformed into a set
U’ C I' whose profit satisfies

P P(UNeP
(1-eyp) < 2O PUIEL )
1+¢ n
In particular, this holds for an optimal subset of packed items. |

Claim 3.2.4 There exists an h x M-matriz, K, of integers, 1 < k; ; < hM/e?, such that the set
U induced by K has a feasible class-constrained packing and P(U) > (1 —*)P.

Proof: Let D be the subset of items as defined above. Recall that U is the subset of items
induced by the matrix K; then, from the right inequality in (3.3) we get that

M h M 2
; e*P
P=PD)= P(D]) < ki i——+¢e*P = P(U) +¢*P.
m=EEron S v
This yields the claim. |

Claim 3.2.5 The number of possible quesses for the matriz K is n®Cs m(/<),
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Proof: Note that the total number matrices K is the number of hM-tuples whose coordinates

sum to hM/e?, given by (MiLh?%_l). Now, for any n > 1> 0, (7) < (2)". Hence, we get that

hM
(hM + 5= - ) < (3_e)hM _ M MIn(iE) _ L 0(Mn(1/e))

hM —1 e?
This completes the proof. |
Combining Claims 3.2.3, 3.2.4, and 3.2.5, we have

Corollary 3.2.6 For a given P, a set U such that P(U) > (1 — )P, and U has a feasible

class-constrained packing in the knapsacks, can be found in n®C% m(1/9) gyesses.

3.2.4 Reducing the Number of Distinct Item Sizes

Using the restricted number of distinct profit values we can also reduce the number of distinct
sizes in the set U to O(lnn/e?). This stage is similar to the corresponding step in [10], and
is based on the shifting technique introduced in the PTAS for bin-packing in [34]. Let A be a
set of @ items with identical profits, identical colors and arbitrary sizes. We order the items in
A in non-decreasing order by sizes and divide them into g = (1 + 1/e) groups A, ..., A, with
Ay, ..., A,_q containing |a/g] items each and A, containing the remaining items. We discard the
items in A,_; and for each 7 < g — 1 we increase the size of every item in A; to the size of the
smallest item in A;;;. Since A is ordered by size, no item in A; is larger than the smallest item
in A;yq for 1 <7 < g. Thus, if A has a feasible packing then the modified instance also has one.
We discard at most an ¢ fraction from the profit (of the items in A, ;) and the modified instance
has at most 2/e distinct sizes (g — 2 sizes of the items in A, ..., A,_» and at most ¢ distinct sizes
of the items in A;). Applying this to each profit-color class in U, we can now assume that U
consists of s < O(M Inn/e?) classes, i.e., U; U---UU,, and the items in Uy are of the same size,
the same profit,and the same color.

3.2.5 Instances with a Fixed Number of Bin Types

Assume that ¢ > 1 is a fized constant. In the second step we partition the bins into blocks. We
need to determine m;;, the number of bins of type j associated with the /th color set. Thus, the
number of guesses is O(n”) (since we need to determine the size of T blocks, and each block can
consist of at most n bins).

The third step of our scheme is implemented as follows. Let n, = |Uy| be the number of items
in the class Uy, 1 < k < s. We first partition U, to 1 < T’ < T subsets, where T” is the number
of distinct blocks in which the items of U, are placed. Clearly, the items of U, can only be placed
in blocks that include the color of the items in Uy in their color set. Denote by ny; the number

of items in the class U that are placed in the block b. For i =1,...,2T /e, let of = [%'\
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Claim 3.2.7 By considering only partitions of U, in which Vb, 3i, ny, , = of, we can decrease the

[

optimal profit gained by items of Uy at most by factor (1 —¢).

Proof:  First note that if <2+ <1 then clearly all possible integer values for n; ;, are considered.
If 2% > 1 then V1 <i < 2T/€

ek ieny (1 — 1)eny ieny (1 — 1)eny
k_ o = - 1M T Rk
7T i Iy R 9T
€nk 2€Tbk ENy

Consider any partition of Uy into the blocks. For any block b, if there is no ¢ such that ny , = of
then we can remove the less-profitable items until we reach some of. By (3.4) we remove at most
2 items. Thus, we remove a total of at most en;, items - with an overall loss of at most a factor

of € from the total profit of Uj. |

Therefore, we can assume that ny , is one of 27"/ values. We can now describe the partition
of Uy as a list of pairs (b,7), where 1 < b < 7T and 1 < ¢ < 27'/e. The number of such subsets of
pairs for Uy is at most 2°7°/)and as we need to consider all the classes, U, ..., U,, the overall
number of guesses is 2°77/¢ = 90(MInn/e*)(T?/e)) — pOMT?/<*),

By the guessing items step of our scheme, the set U has a feasible packing. In particular,
there exists a partition of the U,’s among the T blocks which corresponds to a feasible packing.
We show that we can pack U’ C U such that P(U’) > (1 — ¢)P(U). In fact, for each block, b,
we have guessed a set of items that has a feasible packing in b. Since the bins in each block are
identical, we can use, for each block separately, any known PTAS for bin packing (see, e.g., [41]
whose time complexity is O(n/e?)) and take for each block the m;,; most profitable bins. Since
such a PTAS packs all the guessed items in at most (1 4 €)m;,; bins, we discard at most ¢ of
the profit. If m;; < [1] then we can use a PTAS for a constant number of bins (given in [18]).
Thus, for a given partition of the Uy’s to the blocks, we can find a packing with profit at least
(1—¢e)P(U) in O(Tn/e?) steps.

We summarize in the next result

Theorem 3.2.8 The CCMK with a fized number of distinct colors, M > 1, and a fized number
O(M In(1/e )+ MT ).

of bin types, t > 1, admits a PTAS, whose running time is O(T

Proof:  The proof follows from a combination of (i) number of guesses of the value of P; (i)
the number of guesses of the matrix K; (7i7) the number of guesses of the partition of U to bin

blocks, and (iv) the complexity of the PTAS for bin packing, for each guess.

Thus, we get that the overall running time is at most

2M M - a8y T
[log(=—)] L O(nOHm/e) | yOMT? /%) 5?)
which yields the statement of the theorem. |
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3.2.6 Instances with Arbitrary Number of Bin Types

Suppose that the number of bin types is t = O(logn). Recall that m; = |B;| is the number of
bins of the jth type. We need to determine for all 1 < j <t#, 1 </ < r the number m;; of bins of
type 7 associated with the [th color set. A naive implementation of this step of our scheme results
in O(n°t9m)) guesses. Thus, we limit the possible partitions of the bins to blocks as follows. For
i=0,...,2r/e, let 7 = [%]

2r

Claim 3.2.9 By considering only partitions of m; in which ¥l,3i, m;; = 57, we can decrease the

optimal profit gained by items packed in the bins of B; by a factor of at most (1 —¢).

Proof:  First note that if =+ < 1 then clearly all possible integer values for m;; are considered.

If =2 > 1 then, as in the pr(;of of Claim 3.2.7, V1 < i < 2r/e,

Bl - g, < (3.5)

r

Consider any partition of m; among the r color sets. For any color set /, if there is no 7 such that

mj; = ﬁf then we can add bins of type 7 until we reach some ﬁi From (3.5) we add at most =
bins. Thus, summing over all color sets, we add a total of at most em; bins. Once the placement
is completed we can pick for each j the m; most profitable bins with an overall loss of at most a

factor of € from the total profit. |

Hence, we can consider only partitions in which the number of bins allocated to the /th color
set is a multiple of em;/2r, and the total number of bins of type j is at most (1+4¢)m;. Since m;,
is one of 2r /e values, we can describe the partition of m; as a list of pairs (/,¢), where 1 <1 <r
and 1 < i < 2. We get that the number of guesses is 200*/<) . The overall number of guesses,

when taking all bin types, is 90(5 logn) — O(r*/e),

In the third step we adapt the packing steps in [10], with the bins partitioned to blocks, as
defined above.

Indeed, in the general case, ¢ can be as large as N. The packing steps in [10] assume that
there are O(log(n/e)) subsets of bins such that the capacities of bins from the same subset are in
the range [v, v(1+¢)) for some v. In the following we show that the set of bins can be partitioned

in a way that fits this assumption.

Lemma 3.2.10 Any set of bins with t bin types can be transformed into a set with O(log(n/¢c))
subsets of bin types, such that the bins in each subset have the same number of compartments and
their capacities are in the range [v,v(1+ ¢€)) for some v, and for any U C I that has a feasible
packing in the original set, there exists U C U that has a feasible packing in the transformed set,
and P(U") > (1—-¢)P(U).
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Proof: Let v,,,, denote the maximal capacity of a bin. Consider the set of bins whose capacities
are in the range [EUmas/n%, Umas]. We partition this set of bins into subsets, A%, A', ... such
that A’ consists of the bins whose capacities are in the range

[ Smaz () 4 g)i, Z0mar (g 4 )it

n - n e«

Distinguishing between bins by number of compartments, we partition each A’ into at most ¢
subsets, A, ..., A/, We now have at most clog(n%/s) different subsets if bins.

Now, for any U C I that is packed in the original set of bins, we can add w < M bins, one for
each color 1 <1 < M, and pack, for each color, 7, all the items in color 7, previously packed in bins
of sizes smaller than evm(w/n%, in a single bin with a single compartment. The total capacity

2M
~1) < €Upae/n7e . Therefore, we can transform the

of the w added bins is at most 5vmax/n(%
given instance to an instance, where all the bins, except for w < M, are of sizes in the range

[5vmax/n%, Umac ), arranged in the sets {A{} defined above.

Since the set U is unknown in advance, we have to guess w < M and the partition of the extra
capacity of the small bins (which is at most Evmm/n¥) among the w new bins. The capacity
of each of the new bins will be a multiple 1 < k£ < n of the minimal size svmax/n¥. Thus, the

overall number of guesses is n* < n®M),

Finally, after the items of U are packed in the transformed set of bins, we need to eliminate
the extra w bins. Clearly, we can remove any set of w bins with larger capacities and at least one
compartment. Consider the set of bins of T" = log(n¥/€) types with largest capacities. The
number of bins in the set is at least 7", and

2M 1
T'+w < ?logn—}—logg—l—]\/l

IA

2M 1
(1—|—5)?10gn—|— (1—}—5)logg
(1+e)T".

INA

That is, we increase the number of bins in this set at most by factor (1+4¢). Since the smallest
bin size in this set is evm(w/n¥, we can select the 7" most profitable bins. The set of items, U",
packed in the bins that were not omitted from the instance has profit at least (1 —¢)P(U). n

We can now proceed to apply the above PTAS to the resulting set of bins. Thus,

Theorem 3.2.11 For any instance I of the CCMK, in which M > 1 is fized, there is a PTAS
which obtains a total profit of (1 — e)OPT(I) in time O(nO& M(1/)4r* <4 n(1/)/%)) yhere v is
defined in (3.1).

Proof: We get the overall complexity of our PTAS by combining the following steps: ()
guessing a value of P; (i7) guessing the matrix K; (7¢7) guessing the partition of U to bin blocks;
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(1v) guessing the partition of the extra capacity among the new bins, and (v) packing the items [10].
Thus, we have that the overall running time is at most

2M

T)“ X O(nO(% ln(1/2)+r2/s+M+ln(1/s)/as))

[log (

which yields the desired result. |

3.3 The Class-Constrained 0-1 Knapsack Problem

In this section we consider the class-constrained 0-1 knapsack problem (CCKP),in which we need
to place a subset U of [ in a single knapsack of size v > max{s(u)|u € I'}. The objective is to
pack items of maximal value from I in the knapsack, such that the sum of the sizes of the packed
items does not exceed v, and the number of different colors in the knapsack does not exceed c.

Throughout this section we assume that the numbers ¢ and M are given as part of the input
(Otherwise, using an FPTAS for the classic 0-1 knapsack problem, we can examine all the (ACJ)

possible subsets of ¢ colors). We handle separately instances from three categories:

1. Instances with wuniform value, in which all the items have the same value (regardless of
their size or color). In the context of production planning (see in Section 1.1.2), such in-
stances reflect systems in which the revenue is proportional to the number of items produced

(regardless of their types and demands for resources)

2. Instances with color-based values, in which the items in each color have the same value (and
arbitrary sizes), i.e., for 1 < ¢ < M, the value of any item in color 7 is p;. This class reflects
systems in which the revenue depends on the product type, regardless of its demand for

resources

3. Instances with arbitrary values, independent of the item sizes and colors.

For uniform-value instances we present a polynomial time optimal algorithm. Note that
the problem becomes NP-hard when we have to pack the items into two (or more) knapsacks.

Formally,

Theorem 3.3.1 The CCMK problem with N > 1 knapsacks is NP-hard for uniform-value in-

stances.

Proof: = We show a reduction from the Partition problem, which is known to be NP-hard [20].
The partition problem consists of a finite set A of 2k items with integral sizes aq,as, ..., ag.
The problem is to determine, if there exists a subset A’ of A such that [A'| = k and 37, 4 a; =

ZjeA\A' a;.
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Given an instance for partition, A = {a;,as,..., a5}, let 2]2];1 a; = 25 (if the sum is odd
then clearly no partition exists). We construct an input for the CCMK with two knapsacks with
v =S5 and ¢ = k. The items to be packed are of M = 2k colors. There are 2k items, one in each
color: the 7th item has size a; and value p; =1, 1 < i < M. It is easy to verify that there is a
packing with value 2k if and only if there exists a desired partition. |

When dealing with uniform-value instances, packing a subset of items of mazimal value is
equivalent to packing the mazimal number of items. Intuitively, we would like to pack small items
first: indeed, when ¢ > M the color constraints can be ignored, and the resulting problem can be
solved optimally, by a greedy algorithm which adds to the knapsack the smallest available item,
until no item can be added. However, when ¢ < M, the greedy approach ceases to be the optimal.

In fact, we show that this simple greedy algorithms, A,, can perform poorly, even for instances

g9
with uniform value. Formally, A, proceeds as follows.

1. Sort the items by sizes (small items first).

2. Repeat as long as possible: if the knapsack contains items of less than ¢ colors, add to the
knapsack the smallest available item, otherwise, add the smallest available item from one of
the ¢ colors that are included in the knapsack.

Claim 3.3.2 A, has an unbounded approzimation ratio.

Proof:  For some a > 1, consider an instance consisting of items of M = 2¢ different colors:
c colors with one item of size ¢ < = and additional item of size v; and ¢ colors with a items of
size =~ each. The optimum packs ca items of the last ¢ colors, while the algorithm A, packs the
¢ smallest items of the first ¢ colors, resulting in approximation ratio of a. |

For non-uniform values, we present an FPTAS for the CCKP. OQur FPTAS has different time
complexity when applied to instances with color-based values, and to instances with arbitrary
values. Note that for instances with non-uniform values the problem is NP-hard. Indeed, when
¢ = M = n, i.e., there is one item in each color and no color-constraints, we get an instance of
the classic 0-1 knapsack problem. Note that the above also implies that the problem is NP-hard
for instances with color-based values.

Asin the FPTASs for the non class-constrained problem [34], and for the cardinality-constrained
problem [7], we combine scaling of the profits with dynamic programming (DP). However, in the

class-constrained problem we need two levels of DP recursions, as described below.

3.3.1 An Optimal Solution Using Dynamic Programming

Assume that we have an upper bound, 15, on the optimal value of the solution to our problem.
Given such an upper bound, we can formulate an algorithm, based on dynamic programming, to
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compute the optimal solution. The time complexity of the algorithm is polynomial in ]5, n and

M.

For each color i € {1,..., M}, let n; denote the number of items of color 7 in the instance
I. Thus, n = "X n;. Let fi(a,f) denote the smallest size sum of items with total value a of £

distinct colors out of the colors 1,...,7, where : = 1,..., M; a:O,...,P; l=1,...,c.

Dynamic Programming for Instances with Color-Based values

When packing instances with color-based values, in any optimal solution, we can replace the
packed items of color 7 by the smallest items of color 7, for all 1 < ¢ < M. Thus, we consider
below only solutions in which we pack the smallest items of each color. For each 1 < j < n;, let
s;(j) denote the size sum of the j smallest items of color i. Recall that p; is the value of the items

in color 1.
The dynamic programming recursion is defined as follows. We initialize

0 a=0and £=0
400 otherwise

fola, ) :{

and f;(a,0) = 400 V1 < ¢ < M, Ya > 0. Then, for ¢ = 1,..., M, the entries of f; can be
computed from those of f;_; by using for £ € {1,...c}, a € {0, ..., P} the formula

) fi-i(a, 0)
fi(a7£):mm{ min (fi_1(a_jpi7£_ 1)+Si(j))

1<j<ni, a<jp:

The first line considers the case in which color 7 is not included in the packing. The second
line considers the cases in which color 7 is included and j items of color 7 are packed.

The value of an optimal solution for the problem is given by

max  {a: furla, ) < v}.

a=0 £=0,...,c

The time complexity of the algorithm is O(Y 1, n; Pe) = O(nPec).

For the special case of uniform-value instances, we can assume w.l.o.g., that Vu € I, p(u) = 1.
Since we pack at most n items, we can bound the maximal profit by P= n, and we get an optimal
O(n?c) algorithm.

Dynamic Programming for Arbitrary Values

When the items have arbitrary values, the algorithm consists of two stages. In the first stage we
calculate for each color 7 the value h; ;(a), which denotes the smallest size sum of items with total
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value a, out of the first k items of color ¢ (the items in each color are given in arbitrary order).
h; k(@) is calculated for k =1,...,n;, and a =0, .. ., P.

For each color ¢ = 1,..., M, the DP algorithm calculates h; as follows. We initialize h; o(0) =0
and h;o(a) = +oo for @ > 0. Denote by pj, s, the value and size of the kth item of color i,
respectively.

For k =1,...,n;, the entries of h; , can be computed from those of h; ,_; by using the formula

hix(a) = { hi x—1(a) if a < pj,

min(h; x—1(a), h; x_1(a — pi) + si) otherwise
The time complexity of computing the table h; is O(Pn;), which gives a total of O(Pn) for
the calculation of all the tables h;, V1 <1 < M.

In the second stage of the algorithm, we calculate the tables f;, V1 < i < M. The table f;
can be calculated using the tables h;, V1 < ¢ < M. We initialize

fola, ) = {

and f;(a,0) = 400 V1 < ¢ < M, Ya > 0. Then, for ¢ = 1,..., M, the entries of f; can be
computed from those of f;_; by using for £ € {1,...c}, a € {0, ..., P} the formula

. fi—l(a7€)
fi(a,£) = min min (fi_i(a—a,0—1)+ hi,n,(a/))

1<a’<a

0 a=0and £=0
400 otherwise

The first line considers the case in which color 7 is not included in the packing. The second
line considers the cases in which color ¢ is included in the packing and contributes a’ to the total
value.

The value of an optimal solution for the problem is given by

max  {a: fula,6) < v}
a=0,...,P; £=0,...;c
The time complexity of the recursion is O(McP?). Adding the time needed to construct the
tables h;, which is O(Pn), we have a total of O(McP? 4 nP).

3.3.2 FPTAS for Non-Uniform Values 0-1 Knapsack Problem

By using the pseudo-polynomial algorithm above we can devise an FPTAS for instances with non-
uniform values. First, we need an upper bound on the value, z*, of an optimal solution. Such an

upper bound can be obtained from the ;3;-approximation algorithm, A (given in Section 3.2.2).

Let z be the profit obtained by .A. Then, clearly, QQJZ is an upper bound on the value of z*.

We scale the item values by replacing each value p; by ¢; = [22], where 1 — ¢ is the required

approximation ratio. Now, we need to scale accordingly the upper bound, P, on the profit.
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Lemma 3.3.3 P = ZMal 4+ n is an upper bound for the scaled problem.

c €

Proof: Recall that 2quz is an upper bound for the non-scaled instance. Since we pack at
most n items, the rounding of the ¢;’s can add at most n to the total scaled value. Thus, if we
can achieve profit larger than P in the scaled problem, the same items achieve profit larger than

2Mnjze > 2M > in the non-scaled instance. n

Finally, we apply the DP scheme and return the optimal ‘scaled’ solution as the approximated
solution for the non-scaled instance. (In color-based instances, the scaled values are used in the
calculation of f; in arbitrary-value instances, the scaled values are used in the calculation of the
tables h;). As in [34] and [7] this scaling technique yields an FPTAS for CCKP.

Theorem 3.3.4 The above algorithm is an FPTAS for CCKP, whose running time is O(Mmn?/¢)
Jor instances with color-based values, and O(2M?n*(1+ X)) for instances with arbitrary values.

Proof: = We first show that the returned solution value is at least (1 —¢)z*. Let R* and R
be an optimal item set for the original and for the scaled problem, respectively. The sizes of the
items and the knapsack are not influenced by the scaling, thus, R} is a feasible solution for the
original problem. For a set U, let ¢(U) = 3,1y q(j) be the total ‘scaled” values of the items in U.
R is optimal for the scaled problem, thus,

q(R;) > q(R"). (3.6)
By definition, for any value p;, we have,
ze z€
—(a = 1) <pi < —q (3.7)

Using Equations 3.6 and 3.7 we get that

p(R) = p(R) < “(a(RY) = (a(R}) = |R}])) € —|Ri| < 22 < 2°c.

n

The time complexity is obtained by setting P = %[ﬂ 4+ n in the time complexities of the
pseudo-polynomial algorithms. For instances with color-based values, the time complexity of the
algorithm is O(ncP) = O(Mn?/e). For arbitrary values we get O(McP? + nP) = O(LM?n?(1 +

MYy, ]

For the CCMK problem it is now natural to analyze the greedy algorithm, which packs the
knapsacks sequentially by applying the above FPTAS for a single knapsack to the remaining items.
Recently, this algorithm was analyzed for the MK [10]. Let Greedy(e) refer to this algorithm,
with error-parameter € in the FPTAS for a single knapsack. It turns out that the analysis for
MK is suitable also for CCMK. The main idea is that for any knapsack, K, the set of items that
are packed in K; in some optimal placement and are not packed at all by Greedy, is available
for Greedy when it fills K;. The fact that this set is available and feasible is valid also in class-
constrained packing, thus, the whole proof presented in [10] is applied here and we get:
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Theorem 3.3.5 Greedy(c) yields a (2 + €)-approzimation for CCMK.

Since MK is a special case of CCMK, it follows from [10] that the bound is tight; also, the
performance of the algorithm cannot be improved by ordering the knapsacks in non-increasing

order by their capacities.

3.4 Generalized Class-Constrained Packing

We consider two generalizations of class-constrained packing. For both, we show that the resulting
problem is APX-hard, that is, there exists £; > 0 such that it is NP-hard to decide whether an

instance has a maximal profit P, or if every legal packing has profit at most (1 — &) P.

We use an approximation-preserving reduction from the maximum 3-bounded 3-dimensional
matching problem (3DM-3), defined as follows.

Input: A set of triplets 77 C X X Y x Z, where |X| = |Y| = |Z| = n; the number of occurrences
of any item of X UY U Z in T is at most 3. The number of triplets is |T'| > n.

Output: A 3-dimensional matching in T" of maximal cardinality, i.e., a subset 7" C T, such that

any item in X,Y, 7 appears at most once in T’; and |7T”| is maximal.

Kann showed in [40] that 3DM-3 is APX-hard, that is, there exists ¢, > 0 such that it is
NP-hard to decide whether an instance has a matching of size n, or if every matching has size at

most (1 —gq)n.

3.4.1 Class-constrained Packing with Color-sets

In the first generalization we consider, each item u € I is associated with a set C'(u) of colors.
Denote by C'(Kj) the set of colors to which the knapsack K allocates compartments (|C'(K;)| <
¢;j). Then, u can be packed in K; iff C'(u) N C(K;) # 0. We show that the resulting GCCP;4
problem is APX-hard. This hardness result holds even for a single knapsack, and for instances,
I, in which all the items have the same size and the same value. Moreover, for each item u € I,
the cardinality of C'(u) is a constant (at most 4).

Theorem 3.4.1 The GCCP; problem is APX-hard, even for a single knapsack and instances
with uniform value and size.

Proof:  Given an instance of 3DM-3, we construct the following instance I for the generalized
class-constrained 0-1 knapsack problem. The knapsack has capacity 3n, and n compartments.
There are 3n items: for each item 7 of X we have an item z;, and similarly y; for each 7 € Y and
zx for k € Z. All the items u € I have the same size s(u) = 1, and the same value p(u) = 1. Let
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t be the cardinality of T', and denote by e4,...,¢e; the triplets in T. The color sets of the items
are as follows.

Clz;) ={zi} U{ei € e/}
Cly;) ={y;} U{edls € er}
Cz) = {z U {eclk € e}

Note that the reduction is polynomial, and since the 3DM instance is 3-bounded, |C(u)| < 4 for
each u € I.

Clearly, colors of type z;, y;, 2x can contribute at most one to the total profit, while colors of
type e, can contribute at most three. For a given packing, each color of type e, which contributes
three to the profit, induces a triplet in T', and since each item can be packed only once, the set of
these triplets form a matching in the 3DM-3 instance.

Let t* be the size of an optimal matching, and let p* be the maximal profit from packing I.
Claim 3.4.2 For anye;, > 0, if p* = 3n then t* = n, and if p* < (1 —e1)3n then t* < n(1 — 2ey).

Proof:  First, if p* = 3n, then by the above discussion, each of the n compartments must be
allocated to a color of type e, and a matching of size n is induced. Thus, t* = n. Assume that
t* > n —z, for some 0 < x < n. Then we can pack three items of each of the n — z colors of type
e, participating in the matching, and at least z additional items of other colors - one of each color.
Thus, p* > 3(n — 2) + = 3n — 2z. In particular, for z = 2ney, we get that if p* < (1 —¢)3n
then t* < n(1 - 2¢y). n

Thus, if for any €; > 0 we could decide whether a given instance, I, has maximal profit P,
or if every packing has profit at most (1 — ;) P, then, taking e, = %50 we could contradict the
APX-hardness of 3DM-3. |

Remark 3.4.1 Note that the GCCP; instance constructed in our reduction has M = 3n + ¢
distinct colors. The question whether GCCPy is APX-hard when M is a constant remains open.

3.4.2 Class-Constrained Packing with Knapsack-Dependent Colors

In this section we consider another generalization of class-constrained packing, in which the color
of each item depends on the knapsack in which it is placed. That is, each item u € I has a size
s(u), a profit p(u) and an N-vector, &,, where €,(¢) is the color of u when it is placed in the
knapsack K,, 1 < £ < N. This generalization is motivated from production systems in which the
configuration required for processing a task may be different on different machines.

Theorem 3.4.3 The class constrained packing problem with knapsack-dependent colors is APX-
hard, even for instances with uniform value and size, and identical knapsacks.
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Proof: Given an instance of 3DM-3, we construct the following instance I for the class-
constrained problem with knapsack dependent colors. Let ¢ be the cardinality of T'. There are
N =t knapsacks with v, =3, ¢, = 1,V1 < £ < t. For each item ¢ of X we have an item z;, and
similarly y; for each 7 € Y and z; for k£ € Z. There are 2t additional items, arranged in pairs
wi,wi, V1 < h <t

All the items u € I have the same size s(u) = 1, and the same value p(u) = 1.

Denote by e4,...,e; the triplets in T. The color vectors of the items are as follows.

i
@ﬂg:{ef HTIEC l<i<N, 1<i<n
Z; otherwise -~ -~

. .
e MIEC g cy<N 1<j<n
y;  otherwise

*(5):{64 fhee  ylcrenN 1<k<n
2k otherwise
)

G () =Ca(O)=w, VI<L<N, 1<h<t

That is, the fth triplet of T has a unique color, e,, and an item in this triplet is colored with
e, if and only if it is placed in K,; otherwise, the item is colored with a unique color. In addition,
each pair of the additional items has a unique color (independent of the knapsack in which it is

placed).

Note that the reduction is polynomial, and since the 3DM instance is 3-bounded, each item

has at most 4 distinct colors.

Let t* be the size of an optimal matching, and let p* be the maximal profit from packing I.
Claim 3.4.4 Forany0 <z <mn, p* =2t +n—z if and only if t* =n — x.

Proof:  Since each knapsack has a single compartment, it can accommodate three items if and
only if they compose a triplet in T. Also, since we can always place in a knapsack one pair of
the “additional” items, in any optimal packing each knapsack includes at least two items. Thus,
there is a maximal matching of size n — z iff in an optimal packing there are n — 2 knapsacks
with three items in each and ¢ — (n — ) knapsacks with two items in each. That is, * =n — 2
iff p*=3(n—2)+2¢t—-(n—2))=2t+n—=z. n

In particular, for 2 = gyn, we get that

p* € [2t+n—¢egn,2t+ n] if and only if ¢ € [(1 —&o)n,n]. (3.8)

Let 1 = 355 Note that ¢t < 3n, since the number of occurrences of any item of X UY U Z

in T is at most 3. Thus, €, is a fixed constant.
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Assume that for any € > 0 we could decide whether a given instance, I, has maximal profit
2t 4+ n, or if every packing has profit at most (1 — €)(2¢ 4+ n). In particular, this holds for &;.
However, since (1 —¢1)(2¢t+n) = (1 — 32%)(2t +n) = 2t + n — g¢n, using (3.8) we can contradict

the APX-hardness of 3DM-3. [ |
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Chapter 4

Online Class-Constrained Packing

In this Chapter we study the online versions of CCMK and CCBP, with unit-sized item. We
are given a set of bins, each having a capacity v and ¢ compartments, and n items of M classes
(colors) and the same (unit) size. The items arrive as a sequence, one at a time. In each step we
get an item, ¢ € I, having size 1 and color i € {1,..., M }; we need to pack a before we know any
of the subsequent items. We need to fill the bins with items, subject to capacity constraints, and
such that items of different classes are placed in separate compartments. In the class-constrained
bin-packing problem (CCBP), our goal is to find a legal placement of all the items in a minimal
number of bins; in the class-constrained multiple knapsack problem (CCMK ), we wish to maximize

the total number of packed items.

We derive tight bounds for the online variants of CCBP and CCMK. For CCBP we present a
lower bound of (1 + &) on the competitive ratio of any deterministic algorithm, where o € (0, 1]
depends on v, ¢, M and n. We show that this ratio is achieved by the algorithm first-fit. We then
consider the temporary CCBP, in which items may be packed for a bounded time interval (which
is unknown in advance). We obtain a lower bound on the competitive ratio of any deterministic
algorithm, and show that it is achieved by all any-fit algorithms. Finally, tight bounds are derived
for the online CCMK and temporary CCMK problems.

4.1 Preliminaries

For a given (possibly partial) packing, a bin is denoted full if it contains v items. Other bins
are non-full. In addition, a bin is denoted occupied if it contains items of ¢ distinct colors, while
other bins are non-occupied. Thus, a bin can be in one of four states: full and occupied, full and
non-occupied, etc. For a bin B, we denote by C(B) the set of colors contained in B. Initially,
VB, C(B) = (. During the placement of the items, whenever B allocates a compartment to some
color ¢, the color ¢ is added to C'(B).
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Let 0 = ay, as,... be a sequence of items to be packed. Clearly, upon arrival, an item a; of
color i has to be placed in some bin B such that: (i) B is not full, and (ii) i € C(B) or B is
not occupied. A bin fulfilling these two requirement is possible for a;. Thus, an online placement
algorithm needs to determine in which possible bin a; will be placed. It could be either a bin
which already holds some items, or a new (empty) bin, which is always possible. In CCMK, an
item can also be rejected.

We first give a simple lower bound on N, (o).

Claim 4.1.1 For any v > ¢ > 1,0, N,y () > max{[2], [#=]}.

Proof: The total size of the items in ¢ is |¢] = n. Thus, even if all the bins are full, the
capacity bound for each bin implies that at least [n/v] bins are used. Similarly, the total number
of compartments needed for all the items of o is at least M,. Thus, even if all the bins are

occupied, at least [M,/c] bins are used. n

Note that when ¢ = 1 we must pack items of different colors in separate bins, and the greedy
algorithm is optimal for CCBP. Hence, throughout the discussion of the CCBP problem, we
assume that ¢ > 1. An upper bound on N,, (o) follows from the approximation algorithm
presented in Section 2.2.2.

Property 4.1.2 For any v > ¢ > 1,0, Ny (o) < max{[2], [Maz11},

An algorithm is called any-fit if it never opens a new bin for an item that can be packed in
one of the open bins. Any-fit algorithms may differ in the way they choose the bin in which the

item will be placed.

The first-fit algorithm always packs an arriving item into the first (lowest indexed) possible
bin. That is, we place a new item, a € I;, in the first non-full bin, B, which is non-occupied, or

i € C'(B). If no such bin exists, we open for ¢ a new bin.

Note that since all items have size 1, the non class-constrained versions of our problems,
can be solved optimally by a greedy algorithm, which packs each arriving item in the ‘currently
filled’” bin. For the BP problem, this algorithm uses [n/v] bins, which is clearly optimal. For
the MK problem this algorithm packs min(n, mv) items, which is also optimal. Since we are
interested in instances in which the value of ¢ imposes a restriction on the packing, we assume
that ¢ < min(M,v).

4.1.1 Performance Measures

Let A be an online algorithm for CCBP. We denote by N4(o), N,p:(0), the number of bins
used by A, an optimal (offline) algorithm, for packing the items in . By standard definition
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(see, e.g., [5]), we say that A is p-competitive, for some p > 1, if for any input sequence, o,
ra(0) = Na(0)/Nop(0) < p. Another measure of interest is the asymptotic worst-case ratio,
given by

ra=lim Nsipoo(mgax{NA(U)/No | Nopi(o) = No}).

In some cases, we will be interested in the performance of a packing algorithm, A, on a set of
inputs. Formally, for a set S, r4(S) denotes the competitive ratio of A on inputs from .S, that is,
Vo € S, Na(o) < r4(S)N,pi(o). In particular, we will be interested in r4(S.,(k, h)), where for
given ¢, v, the set S, ,(k, k) consists of all the input sequences, o, in which the number of colors,
M, , satisfies ke < M, < (k4 1)c, and hv < |o| < (h 4+ 1)v. Our refined analysis for sets of inputs
will yield tighter performance bounds which depend on v, ¢, |o| and M,.

4.2 Deterministic Algorithms for CCBP

In this section we consider deterministic algorithms for CCBP. We first present a general lower
bound on the competitive ratio of any deterministic algorithm. Then, we show that first-fit
achieves this lower bound. Another greedy algorithm, based on partitioning the items into color-

sets, is also shown to be efficient.

The deterministic algorithms that we analyze do not use the values of n, M,, while our lower
bound holds for any deterministic algorithm, even one that knows n and M, in advance. We
therefore conclude that a-priori knowledge of these parameters cannot improve the performance

of a placement algorithm.

4.2.1 A Lower Bound for any Deterministic Algorithm

Recall that for given ¢, v, an input sequence, o, is in S.,(k,h) iff ke < M, < (k+ 1)c, and
hv < |o| < (h+ 1)v. In other words, [M,/c] =k+ 1 and [|o|/v] =h+ 1.

Theorem 4.2.1 For any deterministic algorithm, Ay, and for any v > ¢ > 1, k > 0, and
h >k =1+ max{[ 5], [#H]},

c—1 v

k41— [kt
Se.(k,h) > 14 —m—+—
ralSnlh ) > 1+ L
Proof: = We show that there exists an input sequence, o € S, ,(k, h), such that A, uses at least
k+h+2— [££1] bins to pack o, while N, (0) = h+ 1. The sequence o is constructed online by
the adversary according to the way A, packs the items. We denote by Bj, Bs, ... the sequence of
bins used by Aj,.
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Let ¢ = h — k+ 1 — [5] > 0. The length of ¢ is n = (k+ z)v + ke + 1, thus [2] =
k+z+ [kcv—“'\ = h+ 1. The number of distinct colors in ¢ is ke + 1. Therefore, o € S, , (k, h).
We assume that this is known to the algorithm in advance; thus, A; can use the values h, k in

making its deterministic decisions. The sequence ¢ is constructed as follows.

Step 1. For 7 =1 to kc:
pack items of color ¢, until for the first time, an item of color 7 is placed in one of the bins

Bk+r+17 Bk+x+27 RS

Step 2. Pack items of color ke + 1, until |o] = (k4 z)v+ ke + 1.
Claim 4.2.2 A, uses at least h + k + 2 — [’“U—'H} =2k +x + 1 bins to pack o.

Proof: Clearly, if Bsgiy41 is used in Step 1, then at least 2k + 2 + 1 bins are used for the
whole sequence. Otherwise, the claim is proved by the following facts (See Figure 4.1):

o After Step 1, each of the bins By yzi1, Biisya, - - -, Bakye contains exactly ¢ items of different
colors. This holds since the adversary moves to the next color whenever an item is placed
in one of these bins, for each of the kc colors 1,2,..., kc.

e The items packed in Step 2 cannot be placed in Byisy1, Betot2,-- -, Barye (which are
occupied by items of colors different than kc + 1); therefore, they must go to the bins
B17 B27 ] Bk+x or B2k+x+17 B2k+x+27 R

e Since |o| = (k+a)v+kc+1 and exactly kcitems are placed in the bins By yzy1, Bryoia, - - -5 Bokie,
the remaining (k+z)v+1 items must be placed in By, By, ..., Biys OF Bogyoy1, Bakyoras .- -
Even if we fill each of By, Bs, ..., Biis, at least one item must go to Bagygpy1-

Claim 4.2.3 For any h > k— 14 [£], Ny (o) = h+ 1.

Proof: The length of o is n = (k + z)v 4+ ke + 1. The number of distinct colors in o is
M, = kc+ 1. By Property 4.1.2, N,,;(0) < max{[2],[#==1]}. We have [2] = h+ 1, and

c—1

[Me=1] = [£2]. Given that b > k — 14 [-£], we get h+ 1 > [£&]; that is, N,y (o) <h + 1. ®

c—1 c

Combining Claims 4.2.2 and 4.2.3 we conclude that for any ¢, v, k and h > k—l—l—max{[ﬁ}, [’“U'H} 1
Fa(Se(k, b)) > 14 EHEIEEL "
Recall that r; = lim supy, _, . (max,{Nq(0)/Ny | Nopt(0) = No}). Forany Ny > 1,let k =h =
Ny — 1, and consider an instance with bins having ¢ > k4 1 and v > kc+ 1. Let ¢ be the input
sequence constructed by the adversary for S.,(k, h). Note that & > k — 14 max{[-£;], [£<H]}.

By Claims 4.2.2 and 4.2.3, A, uses at least £+ h + 2 — [5¢H] = 2N, — 1 bins to pack o, while
Nopt(0) = h+ 1= Ny. That is, ry(o) > 21\1’\‘;—0_1

Corollary 4.2.4 For any deterministic algorithm, Ay, rq > 2.
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]
B B
B, Bk+rk+r+1 B2k+2rk+g:+1

Figure 4.1: The placement produced by A, (in proof of Theorem 4.2.1)

4.2.2 First-fit, an Optimal Deterministic Algorithm

In this section we consider the first-fit algorithm, Ap. Clearly, the following property holds for
AFI

Property 4.2.5 At any time during the execution of Ap, each bin, except maybe for the last one,

is either full or occupied.

Note that, given a placement of the items by Ap, for each bin, B, and color, ¢ € C(B),
B allocated a compartment to 7 only if all the previous bins that contain items of I; are full.
Moreover, as long as B is not full, any a € I; can be placed in B. Hence, we get the next result.

Property 4.2.6 In any placement produced by Ar, each non-full bin, B, holds the last item of
each of the colors in C'(B).

We show that the competitive ratio of Ap for any input sequence, o, and for any values of v, ¢
is less than 2. Moreover, for any ¢, v, k, b, the competitive-ratio of Ar on S.,(k, h) matches the

lower bound given in Theorem 4.2.1.

Theorem 4.2.7 For any c,v, k, h,

k41—t

rp(Seo(k,h)) <1+ i

Proof: Let o € S.,(k,h) be an input sequence for Ar. Assume that there are m, full bins and
my non-full bins in the placement produced by Ap for 6. By Claim 4.1.1, Ny (o) > [2] = h + 1.
Thus, rp(o) < mEp2,
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By Property 4.2.5, all the non-full bins, except maybe for the last one, are occupied. Therefore,
the length of ¢ is n > myv+ (ma —1)c+1 (The last non-full bin contains at least one item). Since
o€ Seylk,h),h+1=T12]>m+ [Lm—_vlw] The coefficients of m; and m, in this inequality
are 1 and £ < 1; thus, m; + ms is maximized when m, gets a maximal value. This value can be
bounded as follows.

Claim 4.2.8 m, < k+ 1.

Proof: By Properties 4.2.5 and 4.2.6 each non-full bin, except maybe for the last one, contains
items of ¢ distinct colors. The last non-full bin contains items of at least one additional color.
Thus, in order to have k + 2 or more non-full bins we need items of at least (k+ 1)c+ 1 distinct

colors; however, M, < (k+ 1)c. [
Setting ms = k+1, we get my < h+1— [kcv—“] Thus, mqy+ms < k+1+h+1-— [kcv—“'\, and

_ rketl
rr(o) =1+ % n

For a given ¢, let S.(k) denote the set of input sequences such that o € S.(k) iff ke < M, <
(k+ 1)c (that is, [¥=] =k +1).

Theorem 4.2.9 For any k>0 and ¢ > 1, rp(S.(k)) <2 - klﬁf’“v—“'\

Proof: Let o € S.,(k, h) be an input sequence for Ap. If b > k, then by Theorem 4.2.7,
k41— [hetl b — [ketl
k+1-1%51 14 k+1-1%51 —9 1 [kc +1

<1 -
re(o) <1+ h+1 = E+1 E+1' v

].

If h < k, then by Claim 4.1.1, N, (0) > max{h+ 1,k + 1} = k+ 1. Assume that there are m,
full bins and ms, non-full bins in the placement produced by Ap for o. Thus, rp(o) < % As
in the proof of Theorem 4.2.7, we have that m; + m, gets its maximal value when m, = k + 1,

and my < h+41— [2H] < k41— [2¢H]. Therefore, my + my < 2(k 4 1) — [5<H]. n

4.2.3 Other Deterministic Algorithms

Recall that an any-fit (AF) algorithm never opens a new bin for an item which can be packed
in one of the open bins. Different AF algorithms differ in the way they choose the bin in which
the item will be placed. Since AF algorithms open a new bin only if none of the open bins
are possible, any AF algorithm fulfills Property 4.2.5. In the presence of class-constraints, we
distinguish between two levels of AF algorithms.

1. Weak Any Fit in which we are allowed to allocate a new compartment for an arriving item
of color 7, even if some possible bin holds items of color 1.
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2. Strong Any Fit in which we never allocate a new compartment for an arriving item of color

1 if some possible bin holds items of color 7.

Theorem 4.2.10 For any algorithm A that fulfills Property 4.2.5, and for any instance with bins

having volume v and ¢ compartments, r, < =.

Proof: =~ We show that for any sequence o, Ny(0) < 2N, (0) + 1. By Property 4.2.5, when A
terminates, each bin, except maybe for the last one, contains at least c items. Thus, Ny(o) < 2+1.
By Claim 4.1.1, N,y (o) > 2. Thus, Ny(0) < 2N,y (0) + 1, which implies that r, < 2. [

We show that this bound is tight for some AF algorithm. This distinguishes the class-
constrained problem from the classic BP problem, for which all these algorithms have the constant
competitive ratio 2 [37, 38].

Theorem 4.2.11 There exists AF algorithm, A, such that r, > *.

Proof: Consider the weak AF algorithm, A,, that places a new item in the last (highest
indexed) bin into which it can fit. Given ¢, for any j = 0,1,2,..., let 0; be the sequence of the
c requests ¢+ 7,1,2,...,¢c— 1. For any Ny, consider the sequence o of length Nyv consisting of
09,01, ... (the last subsequence may be partial). A, packs o as follows: the ¢ items of o, are
placed in the first bin; a new bin is opened for the first item of o;, which cannot fit into the first
bin. All other items of ¢y can fit into both the first and the second bin, however, A,, places them

all in the second bin. Similarly, for each 7, the items of o; are placed in a new bin. That is, A, uses

Matt),

[2] > 2 bins. On the other hand, for long enough sequences, by Property 4.1.2, (N, >

n v

an optimal algorithm can pack o into [2] = Ny bins (see Figure 4.2). Thus, N, (o) > 2N, (o),

which implies that r, > . |
4 6
3 5
2 2 2 1 2
1 1 2
3 4 5 6 1 2

Ay Optimal

Figure 4.2: Lower bound for AF algorithms (v =5,¢ =3, and Ny = 2)

Theorem 4.2.12 First-fit is the only strong-AF algorithm.
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Proof: First note that Ap is an any-fit algorithm: we open a new bin for a new item only
if no possible open bin exists for it. Assume towards contradiction that Ap is not a strong-AF
algorithm. That is, assume that for some a € I;, the bin B;, which is the first possible bin for a,
does not have a compartment for I; while some other bin, By, with k£ > 7, has a compartment for
I;. Let b be the first item of I; placed in By. Clearly, B; was possible for b at the time it arrived.
This contradicts to the way Ar packs b. Thus, Ap is a strong AF algorithm.

Let A, be a strong AF algorithm. A, never allocates a new compartment if an arriving item
can be placed in some open compartment. Thus, for each color, at each moment, there is at most
one open possible bin. Being the only possible bin, this bin is also the lowest indexed bin among
the possible ones. Thus, the execution of A, is identical to the one of Af. |

The Color-Sets Algorithm:

Consider a simple algorithm, Acs, which partitions the M, colors in ¢ into f%] color-sets and
packs the items of each color-set greedily. Each color-set consists of ¢ colors (excluding the last
color-set that may contain fewer colors).

The partition into color-sets is determined online by the input sequence. That is, the first set,
(', consists of the first ¢ colors in o, the second set, C5, the next ¢ colors in ¢ and so on. At any
time there is one active bin for each color set. When an item a of color ¢ € C; arrives, it is placed
in the active bin of C;. If the active bin contains v items, we open a new bin for @ and this is
the new active bin of C;. Since |C}| < ¢, the color constraints can be ignored, and the resulting
placement is legal.

Theorem 4.2.13 For Acg, the color-sets algorithm, reg < 2.

Proof: Assume that, when Acs terminates there are £ active bins, including i, 4, ..., 2,
items. Since we open a new active bin for some color-set only when the current active bin of that
color set is full, we have

n—(zy+zat,...,2)

v

1
Nes(o) = +E< U1 )

v

The above expression is maximized when £ is. Since £ < [%1, we have

n Mo 1 1 Ma
Nes(o) < - +[— .

Thus, res < 2. ]
The Next-fit Algorithm:

The well-known next-fit algorithm, denoted by Ay, always packs a newly arriving item into the

currently active bin. If the item cannot be placed in the active bin, then the currently active bin
is closed (and never used again) and an empty bin is opened and becomes the new active bin.
Since An never opens a new bin if the active bin is non-full and non-occupied, it fulfills Property
4.2.5. By Theorem 4.2.10, ry < 2. We show that this bound is tight.
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Theorem 4.2.14 ry > *.

Proof: Recall that ry = limsupy, . (max,{Ny(c)/No | Nop:(0) = No}). Given v,c, for
any Ny > 1 consider an input sequence o, of length n = Nyv, consisting of repetitions of the
subsequence 1,2,...,c+ 1. Thatis, c =1,2,...,¢+1,1,2,...,¢+1,...,1,2,.... Note that Ay
must close each active bin after exactly c items. Thus, Ny(o) = [2] > 2. On the other hand,

since M, = ¢+ 1 and Ny > 1, an optimal algorithm packs o in * = Ny bins (see Figure 4.3).
Thus, Ny(0) > 2Ny (o), which implies that ry > 2. m

= T e T =
N DN DN DN DN
W W W w w

2 1 3 2 1 2
3 2 3 2 3
Next-Fit Optimal

Figure 4.3: Lower bound for next-fit (v =5,¢ =2, and Ny = 3)

4.3 Online Class-Constrained Packing of Temporary Items

In this section we consider a generalization of online class-constrained bin-packing to the case
where items may leave the system after a while. We first consider the case in which a departure
event is associated with specific item (of specific color, placed in specific bin). In Section 4.3.2 we
discuss the case in which a departure event is associated with a color; thus, we may choose which

item of that color to remove.

4.3.1 Departures of Specific Items

For the model where only arrival events are allowed, we showed (in Section 4.2.2) that first-fit is
superior to other any-fit algorithms, and that its competitive-ratio is less than 2. When items
can leave, this is no longer true. We show a lower bound of v/c on the competitive ratio of any
deterministic algorithm. Then, we show that all any-fit algorithms achieve this bound. Note that,

as in Section 4.2, we conclude that a-priori knowledge of n, M, cannot help.

Theorem 4.3.1 Let A be an any-fit algorithm; then r, > .
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Proof: Given v, ¢, for any Ny such that k£ = %(NO — v+ ¢) is an integer, we construct an
input sequence, o such that N,(c) = kv, while N,,;(0) = k¢ + v — ¢ = Ny. The construction of
o is done in k iterations. In the jth iteration, 1 < 7 < k, we add and remove items of the colors
(7 — De+1,..., je. Specifically, the jth iteration in o consists of:

1. Arrivals of v? items that fill the bins (j —1)v+1,..., jv, such that each of these bins contain
at least one item of each of the colors (j —1)c+1,...,jc. This can be done, for example, by
repeating v times a sub-sequence of arrivals of (j —1)c+1, ..., je, followed by v — ¢ arrivals
of additional items of these colors.

2. Departures of (v — ¢) items from each of the bins (7 — 1)v 4+ 1, ..., jv, until each of these
bins is left with one item of each of the colors (j — 1)c+1,..., jc.

Note that after each iteration, 1 < j < k, each bin contains ¢ items of ¢ different colors. Thus,
the arriving items in each iteration, that are of new colors, must be packed in new bins. It follows
that after the jth, 1 < j < k, iteration, A, uses jv bins, each with ¢ items.

Consider now an optimal algorithm, A,,;, which knows the whole sequence, and in particular,
the items that will leave during the second part of each iteration. A,,, will pack the ve items
that will not be removed in the first available ¢ bins, and the items that will leave, in the next
v — ¢ bins. Thus, after the first part of iteration j, 1< j <k, A,y uses (7 — 1)e+ v full bins,
and during the second part of the jth iteration it retreats to jc full bins. The maximal number
of active bin during the execution of A,,; is (kK — 1)c+ v, in use after the first part of the last

iteration.
We get that ra(o) = kcig_c. Recall that k& was selected such that Ng = ke 4+ v — ¢. Thus,
ra(o) = w = (1 - %), and limsupy, . (max,{Na(c)/No | Nopi(0) = No}) = ©. -

We now show a lower bound of v/c on the competitive ratio of any deterministic algorithm.
Clearly, this bound is valid also for any AT algorithm; however, the sequences we use in the proof
below are much longer than those used in the proof of Theorem 4.3.1.

Theorem 4.3.2 For any deterministic algorithm Ay, r4 > .

Proof: Given v, ¢, for any Ny such that k£ = %(NO — v+ 1) is an integer, we construct an
input sequence, o such that N,(o) = kv, while N,,;(c) = ke 4+ v — 1 = Ny. The construction of
o is done in kc iterations. In the jth iteration, 1 < j < ke, we add and remove items of color j.
Specifically, the jth iteration in o consists of:

1. Arrivals of v(v — 1) + 1 items of color j. These items must be placed in at least v different
bins.
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2. Departures of v(v—2)+ 1 items of color j, selected such that each of the v remaining items

of color j is placed in a different bin.

Note that after the iteration ke, there are vkc items in the bins. Since the items of each color are
placed in different bins, each bin holds at most ¢ items. Thus, A; uses at least kv bins.

Consider now an optimal algorithm, A,,;, which knows the whole sequence, and in particular,
the items that will leave during the second step in each iteration. For each color, A,,, will pack
the v items that will not be removed in the first available bin, and the v(v — 2) 4+ 1 items that
are about to leave, in the next v — 1 bins. Thus, after the first step of iteration 7, 1 < j < ck,
Aopt uses (7 — 1) + v bins, and during the second step of the jth iteration it retreats to j full bins.
Hence, the maximal number of bins used by A, is ke + v — 1.

We get that r4(0) = kcfz_r Recall that & was selected such that Ny = kc+ v — 1. Thus,
rq(o) = ‘(NDT—D”JFU =%(1- %), and limsupy, . (max,{Ny(a)/No | Nop:(0) = No}) = 2. -

Theorem 4.3.3 If A is an any-fit algorithm, then for any instance with bins having volume v

and ¢ compartments, 14 < %

Proof: Let ¢ be an input sequence for A. Let N4 be the number of bins used by A when
packing o. When analyzing the competitive ratio of A, we can assume w.l.o.g. that o ends

when bin number N, is opened. Indeed, after this point, the number of bins used by an optimal
NA(U)
. . . . NOpt(o) .
A is an any-fit algorithm, when N, is opened, all the other bins must be full or occupied, and

algorithm can only increase, and we are interested in bounding the largest ratio. Since

therefore each open bin contains at least ¢ items. Let n be the number of packed items at that
time. It follows that N,(o) <2 +1. By Claim 4.1.1, N,y () > 2. Thus, Ny(0) < 2Ny (o) + 1,
and ry < 2. |

4.3.2 Departures of Items of Specific Colors

We show that any-fit algorithms achieve a poor ratio, even if departure events are associated only
with a color, and the algorithm is free to select the item that will be removed from that color.

Our result holds for any removal policy.

Theorem 4.3.4 If A is an any-fit algorithm, then r, > min(%,¢— 1).

Proof:  Given v,¢, let 2 = v — ¢+ 1, and let z = max([2¢],[-%]). For any N, such that
k = I(No+ z — z) is an integer, we construct a sequence, o such that Ny(o) = kx, while

Nopt(0) = kz —z+ 2 = N,.

The construction of o is done in k iterations. In the jth iteration (1 < 7 < k) we handle items
in the v colors (j — 1)v+1,..., jv. Specifically, the jth iteration in o consists of:
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1. Arrivals of zv items that fill the z bins (7 —1)z+1, ..., jz in the following way: For i = 1 to
z: o includes a sub-sequence of arrivals of (¢—1) items in colors (j—1)v+1,..., (j—1)v+c—1,
followed by v — ¢+ 1 arrivals of items of color (j — 1)v+ ¢+ ¢ — 1. Since A is any any-fit
algorithm, there is at most one possible open bin for each item as it arrives, thus, the bins
(j— Dz +1,...,j2 are filled sequentially one after the other.

2. Fori=1to z: remove v —c items of color (j — 1)v+c+7—1. Now, regardless of the removal
policy of the algorithm, we end up with each of the z bins (5 — 1)z 4+ 1, ..., jz containing
exactly ¢ items, one in each of the colors (j — 1)v+1,...,(j — 1)v+ ¢ — 1, and one item
whose color is'in (j — 1)v+e¢,...,jv.

Note that after each iteration, 1 < j < k, each bin contains ¢ items of ¢ different colors. Thus, the
arriving items in each iteration, which are of new colors, must be packed in new bins. It follows
that after the jth (1 < j < k) iteration, A uses jz bins, each with ¢ items.

Claim 4.3.5 An optimal placement of o uses Nog — kz — z + x bins.

Proof:  Consider an optimal algorithm, A,,;, which knows the entire sequence, and in partic-
ular, the items that are will leave during the second step of each iteration. For each iteration,
A,y can pack the items that are not removed in the first available bins. We show that these
permanent items can be packed in z bins. Note that this set of items consists of zc items of
z+c—1 colors. We distinguish between two types of colors: (i) repeated, from each of which there
are z items (in the jth iteration, these are the (¢ —1) colors (j — 1)v+1,...,(j—1)v+c—1), and
(77) single-items, from each of which there is only one item (in the jth iteration, these are the z
colors (j — Nv+¢,...,jv).

Assume that [2¢] > [-%-], then A,,, can pack the permanent items in [2¢] bins as follows: at
first, each bin contains ¢ — 1 items of single-items colors, and z = v — ¢+ 1 items of some repeated

color. After all the singles are packed, we fill the remaining bins greedily with the remaining items
of the repeated colors. Since all the bins are filled to capacity v, A,,; uses [Z¢] bins.

Assume that [2¢] < [-%=], then we can pack the permanent items in [-*] bins as follows:

at first, we pack in each bin ¢ — 1 single items, and x = v — ¢+ 1 items of some repeated color.
Once all the items of the repeated colors are packed, we use the remaining bins greedily to pack
c single items in each. Since each bin contains at least ¢ — 1 single items, and there are 2 such

xrc

items, all the single items are packed. Also, since [£¢] < [-Z

c—1

], there is enough capacity for the
other items.

Thus, after the first step of iteration j, 1 < j < k, A, uses (j — 1)z + = bins, and during
the second step of the jth iteration it retreats to jz full bins. The maximal number of bins is
(k—1)z+4 z = Ny, used during the last iteration. n

We get that r4(0) > 22—, and ry = limsupy,__, . (max,{Ncs(c)/No | Nope(0) = No}) >
|

kz—z4z?
2 > min(%,c—1).
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The Color-Sets Algorithm:
We now show that any algorithm which is based on color-sets packing achieves the worst possible

ratio, which converges to v, even if departure events are associated only with a color. Our result
holds for any removal policy and any algorithm which packs items by color-sets.

Theorem 4.3.6 Let Acg be a color-sets algorithm with any removal policy; then, rcs > v.

Proof:  Recall that Acg partitions the M, colors of o into [%} color-sets, where the jth set,
(', contains the jth set of ¢ colors in . The items of each color-set are packed greedily, since the
color-constraint can be ignored.

Given v, ¢, for any Ny, let k = Ny — v+ 1. We construct a sequence, o such that N, (o) = kv,
while Ny (o) = k+v—1= Ny. W.lo.g., the colors are numbered by the order of their (first)
appearance in o; thus, foreach 1 < j <k, C; ={(j — 1)e+1,...,jc}. The construction of o is
done in k iterations. In the jth iteration, 1 < j < k, we add and remove items whose colors are
in C;. Specifically, the jth iteration consists of two steps:

1. Arrivals of v? items whose colors are in C;. This sequence consists of repeating v times a
sub-sequence of arrivals of a single item of color ¢j followed by v — 1 arrivals of items of
colors (j — 1)c+1,...,jc— 1. This sequence must contains at least one item in each of the
colors in C; (so Acs can define C).

2. Departures of the v(v — 1) items in the colors (5 —1)e+1,...,j¢— 1.

Note that in the first step of iteration j, Acs fills the bins (j — 1)v 4+ 1,...,jv and after the
second step of iteration j, regardless of the removal policy of Acg, we end up with each of these
bins containing a single item (of color ¢j). However, these bins cannot be used by Acg in the
next iterations, since the arriving items belong to different color-sets. Thus, in each iteration, the
arriving items must be packed in new bins. It follows that after the kth iteration, Acs has kv
open bins, each contains a single item.

Consider now an optimal algorithm, A,,;, which knows the entire sequence, and in particular,
the items that will depart in the second step of each iteration. In each iteration, A,,; packs the
v items that are not removed in the first available bin, and the items that will be removed in the
next v — 1 bins. Thus, after the first step of iteration j, 1< j <k, A, has j — 1+ v full bins,
and during the second step of the jth iteration it retreats to j full bins. The maximal number of

bins is £ + v — 1, used during the last iteration.

We get that res(o) = kfy“_l. Since Ng = k+v —1, res(o) = N“”J_Vif” =v(l - ”j\,—D”), and

limsupy, o (max,{Ncs(0)/No | Nopi(0) = No}) = v. m
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4.4 The Online Class-Constrained Multiple Knapsack Problem

Recall that in the CCMK problem we have N identical knapsacks, of volume v and ¢ compart-
ments, and our goal is to maximize the number of packed items from the input sequence o. For
a placement algorithm A, and an input sequence o, let ns(o, N) denote the number of items in
o packed by A. Let n,, (o, N) denote the maximal number of items in o that can be packed in
N knapsacks. The competitive ratio of A is

.. Ny (07 N)
ra = min ————.
N Mgy (o, N)

We show a lower bound of ¢/v for deterministic algorithms. This bound is achieved by any
greedy algorithm, which never rejects an item that can be packed. That is, an arriving item is
rejected only if it cannot be packed in any of the knapsacks. We show that the competitive ratio
of any greedy algorithm matches our lower bound, regardless of the way we pack the items. For
the temporary CCMK problem, note that the number of packed items is not bounded by Nv. We
show that no deterministic algorithm is competitive.

Theorem 4.4.1 For any v > ¢, and any deterministic algorithm, Ay, for CCMK, rq < £.

Proof:  Consider the following sequence that is constructed online by the adversary, according
to the behavior of A,:

1. Forall : =1,..., N¢, repeat items of color 7 until one such item is packed, or until Nv items
of color 7 are rejected. In the later case, the sequence ends.

2. Nv items of color Nc+ 1.

Consider first the case where no color is rejected Nv times. An optimal algorithm can pack
the Nwv items of color Ne+ 1. On the other hand, each of the knapsacks filled by A; contains
exactly ¢ items of ¢ different colors, thus, only mc items can be packed by A4. If some color, 1, is
persistently rejected, then an optimal algorithm can pack the Nwv rejected items of color #, while

Aq packs only ¢ — 1 items of the colors 1,...,7 — 1. In both cases ry < % =< ]

A greedy algorithm never rejects an item that can be packed. That is, an arriving item is
rejected only if there is no possible knapsack for it. We show that the competitive ratio of any
greedy algorithm matches our lower bound, independent of the way we pack the items.

Theorem 4.4.2 For any greedy algorithm Ag, the competitive ratio of Ag is rg > <.
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Proof: For any N > 0 and sequence o, consider the knapsacks when o terminates. If
some knapsack contains less than ¢ items, then, since Ag is greedy, no item was rejected and
re(o, N) = 1. Otherwise, there are at least ¢ items in each of knapsack, and ng(o, N) > ¢N.

Since ny¢ (0, N) < vN, the ratio is immediate. [

Next we show that when temporary items are allowed, then no algorithm is competitive.

Theorem 4.4.3 For any v > ¢, any deterministic algorithm, Ay, for CCMK®, and any r > 0,

the competitive ratio of Ay isry > r.

Proof: Consider a sequence, o, that first blocks all the N knapsacks (as in the proof of
Theorem 4.4.1). After all the knapsacks are full or occupied, ¢ includes a sequence, of arbitrary
length, r, of pairs of arrival-departure of some item, (of a new color). Clearly, these repeated
arrivals can not be accepted by the algorithms, while an optimal algorithm can gain r packed

items. Any ratio can be achieved by picking a large enough value of r. |
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Chapter 5

Scheduling with Machine Allotment
and Parallelism Constraints

In this Chapter we study the SPAC problem. Recall, that given a set of n jobs and m uniform
machines, we need to assign the jobs to the machines subject to parallelism and machine allotment

constraints, such that the overall completion time of the schedule (or makespan) is minimized.

We present a (1 + a)-approximation algorithm for this problem, where o € (0, 1] depends
on the minimal number of machine allotments and the minimal parallelism allowed for any job.
Also, we show that when the maximal number of machines that can share the execution of a job is
some fixed constant, our problem has a PTAS; for other special cases we give optimal polynomial
time algorithms. Finally, through the relation of our problem to the classic preemptive scheduling
problem on multiple machines, we show that the power of preemption is dramatically reduced
when we limit the way the preemption may occur along the schedule.

5.1 Hardness of the SAC Problem

In this section we derive hardness results for the SAC problem. The case where V j, a; = 1 is
known to be strongly NP-hard. When V j, a; > 1, some preemptions are allowed for each of the
jobs, and we may expect that the problem becomes easy to solve (as the classic makespan problem
with preemptions). We show that the SAC problem is strongly NP-hard even for instances with
no parallelism constraints, ‘weak’ allotment constraints, and with identical machines/jobs. In

other words, unless P = N P, it cannot admit an FPTAS already for these instances.

We consider three classes of instances of the SAC problem. For each, we explain why it may

seem to be ‘easy-to-solve’ and follow this with a proof of hardness. The three classes are:
1. Identical machines, where each job can be allotted to at least ¢ machines, for any ¢ > 1.
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2. ldentical machines, where the total number of allotments is unbounded.

3. Identical jobs, where the total number of allotments is at least gm.

We derive our hardness results using reductions from 3-partition, which is strongly NP-hard
[20]. An instance of 3-partition is defined as follows.
Input: a finite set A of 3¢ elements, a bound B € Z*, and a size s(z) for each z € A, such that
each s(z) satisfies B/4 < s(z) < B/2 and such that )~ ., s(z) = ¢B.
Output: Is there a partition of A into ¢ disjoint sets, 5;,S55,...,95;, such that, for 1 < ¢ <
4, Y zes, () = B 7 (Note that the above constraints on the element sizes imply that every such

S; must contain exactly three elements from A).

5.1.1 Identical Machines and Any Number of Allotments per Job

We first consider instances with identical machines and any number of allotments per job. We
show that there is no constant ¢, such that if each job could be allotted to ¢ identical machines,

then SAC admits an FPTAS.

Theorem 5.1.1 The SAC problem is strongly NP-hard, even if V1 < j < n,a; > c, for any given

¢ > 1 and the machines are identical.

Proof: Let ¢ > 1 be an integer. Given an instance of 3-partition, we construct an input, I, for
the makespan problem with identical machines and V1 < j < n,a; > ¢, such that wopr(I) = 1 if

and only if A has a 3-partition.

The input for the makespan problem consists of m = (¢—1)3¢+¢ machines with the same rates:
Uy = Uy = ... = Ue_1)394q = B; and n = 3¢ jobs with t; = (¢ — 1)B + s(z;), a; = ¢, V1 < j < 3q.
Thus, we have that 3°,t; =3, u; = (¢ — 1)3¢B + ¢B. Since >~ t; = >~ u;, wopr () > 1.

Assume that A has a 3-partition to the sets Sy, 55,...,5,. This induces the following schedule
of I, whose makespan equals to 1. V1 < j < 3¢, J; is processed for a single time unit on arbitrary
vacant ¢ — 1 machines out of My, ..., M._1)3,. That is, (c — 1) B processing units are allocated to
c— 1 segments of .J;. In addition, if z; € S (k is the index of the triple to which z; belongs in the

partition), then the last (c-th) segment of .J; is allocated s(x;) processing units on M._1)3q4s-

Thus, to each job we allocate exactly t; = (¢ — 1)B + s(z;) processing units on ¢ different
machines. Since V1 < k < ¢, > ics, s(z;) = B, each of the last ¢ machines allocates exactly

u; = B processing units, and the makespan equals to 1.

Assume that a schedule whose makespan equals 1 exists for I. We show that A has a 3-
partition. For each machine, M;, let n; denote the number of jobs scheduled on M;, and let
JivyJiyy .oy i, be the list of these jobs, such that, w.l.o.g, iy <1y < ... < 1,,. The following

graph, G = (V, F), is induced by the schedule:
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V' : there is a vertex, J;, for each job, 1 <7 < 3q.

FE : each machine M; contributes to F the edges of the path .J;,,.J;,,...,J;

ny

Note that each machine contributes exactly n; — 1 edges to E. Therefore, the graph G has
St n; —m edges. Recall that J; can be executed by at most ¢; machines. In other words, J;
can appear on at most a; paths, meaning that >, n; <3, a;. Therefore, the number of edges in
G is at most ), a; —m = 3qc— (c— 1)3¢ — ¢ = 2q. Having n = 3¢ vertices and at most 2¢ edges,
G consists of at least ¢ connected components.

Assume that G has £ connected components: Dy, D,,..., D,. Consider a component D, =
(Vb,, Ep,). Vp, is a set of jobs. Dy is connected, therefore, for each machine, M;, the path
contributed by M; is either completely contained or not contained in Fp,. Thus, Fp, determines
the subset of machines which process the jobs in Vp,.

Claim 5.1.2 For each component Dy, V1 < k < {, there exists an integer r, > 0 such that
z:jeVDk ti = ((c=D)|Vp,| +ri)B.

Proof: Recall that 37, ¢; = >7; u;; thus, in any schedule with makespan = 1, no machine is
idle. It means that all the processing units of Fp, are allocated to Vp,. The rate of each machine
is B. Thus, the total number of processing units allocated to the jobs in Vp, is a multiple of B.
Since Vj,#; > (c— 1) B, there exists an integer r > 0 such that 37,c #; = ((c—1)|Vp,[+rs) B.

|

We now prove that £ = ¢, that is, G consists of exactly ¢ connected components.
Claim 5.1.3 The graph G has exactly ¢ connected components.

Proof:  From Claim 5.1.2 there exist positive integers rq, ..., r, such that ((c—1)|Vp,|+7r1)B+
oot ((e = D)|Vp,| + 1) B = ((¢ — 1)3¢+ q) B. There are 3¢ jobs, therefore, Y_, |Vp,| = 3¢, and
we get that Zle rry = ¢. Since the r,’s are positive integers and £ > ¢ we must have £ = ¢ and

rp=--=r,=1 [ |

Now, given that G consists of Dy U Dy U ---U D,, define the following partition: for all
1 <7 <3q 7 €S if and only if 5 € Vp,. By Claim 5.1.3, r, = 1, VI < k < ¢, thus,
Yjevp, ti = ((e=1)|Vp,| + 1) B, meaning that 37, ., s(z;) = B forall 1 <k <gq. n

5.1.2 Identical Machines and any Total Number of Allotments

For the preemptive scheduling problem on identical machines, an optimal schedule can be obtained
using at most m — 1 preemptions (For example, the greedy algorithm ‘splits’ only the last job
on each machine). It means that the total number of allotments of jobs to machines is at most
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n+ m — 1. In our second hardness result we show that, for any given ¢, even if the machines are
identical, and the total number of allotments may be larger than ¢(m+n), the makespan problem
is strongly NP-hard.

Theorem 5.1.4 The SAC problem is strongly NP-hard, even if 3~7_, min(m, a;) > c(n+m), and
the machines are identical *. This holds for any ¢ > 1.

Proof: For a given ¢, we show a reduction from the 3-partition problem, with |A| = 3¢ > 15c.
We construct an input, 7, for the makespan problem with identical machines and }; min(m, a;) >
c(n+ m), such that wopr(I) = 1if and only if A has a 3-partition.

The input I consists of m = ¢ machines with the same rates: u, = uy = ... = u,, = ¢°B + ¢;

and n = 4q jobs:

e 3¢ jobs with t; = ¢*s(z;), a; = 1, V1 < j < 3¢. We call these jobs integral.

e ¢ jobs with t; = q, a; = ¢, ¥3q < j < 4q. we call these jobs additional.

Note that )7, u; = ¢’ B 4 ¢* = 3_; ;. In addition, for this instance, }75_; a; = ¢* +3¢; m +n =
q+4q. Thus, 3=, min(m, a;) = ¢* +3q > ¢(5q), for any ¢ > 5¢. Since 3=, t; = 3=, u;, wopr (1) > 1.

We show that A has a 3-partition if and only if wopr(I) = 1. Assume that A has a 3-partition
to the sets 51,5, ...,5,. The following is a schedule whose makespan equals 1.

1. One processing unit of each machine M;,1 < 7 < m is allocated to each of the additional
jobs (i.e., overall M; allocates ¢ processing units). Thus, the execution of each additional

job is shared among a; = ¢ machines.

2. The remaining ¢*B processing units of M; are allocated to the integral jobs {.J;,, Ji., Ji.}
such that S; = {z;,, z:,, 2:,}.

Since Vi,} ¢, s(z;) = B, the total number of processing units allocated by M; in the second
step is ¢?B. Therefore, the above is a schedule whose makespan equals 1.

Assume that there exists a schedule whose makespan equals to 1 for 1.

Claim 5.1.5 In any such schedule, exactly q processing units of each machine are allocated to

additional jobs.

'We take the minimum between m and a; since we gain nothing if a job can be allotted to more than m machines.

This makes our result stronger.
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Proof:  Let n; denote the number of processing units of M; that are allocated to the additional
jobs. The remaining u; — n; processing units are allocated to integral jobs. The integral jobs
cannot split, thus, in any such schedule, u; — n; is a multiple of ¢?. Since u; = ¢*B + ¢ and the
total processing time of the additional jobs is ¢* we get that n; = ¢ for all i. |

Now, given that ¢ processing units of each machine are allocated to additional jobs, we conclude
that the remaining ¢?>B processing units of each machine are allocated to integral jobs, and a 3-
partition of A is induced by the schedule. |

5.1.3 Identical Jobs

When }°; a; = m and the jobs are identical, the SAC problem is strongly NP-hard: this can be
shown by a simple reduction from 3-partition (as mentioned in [24]). We show that SAC remains
strongly NP-hard, even if the jobs are identical, and the set of possible partitions is larger, more

([}

precisely, ). a; > am, for a =

Theorem 5.1.6 The SAC problem is strongly NP-hard even if the jobs are identical and }_; a; >
Proof:  Given an instance for 3-partition, we construct an input, I, for the makespan problem
with >, a; > gm, such that wopr(I) = 1if and only if A has a 3-partition. In this reduction we
adapt some ideas from the hardness proof given in [24].

The input I consists of m = 4¢ machines with the following rates: for the first 3¢ machines,
u, = K — s(z;), 1 <@ < 3q, where K > 3¢B is a large constant; for the other ¢ machines
u; = 3K + B, 3¢ <1 < 4q. There are n = 3¢ identical jobs with ¢t; = 2K,a; = 2, V1 < j < 3¢.
For this instance, ), ; = >, u; = 6¢K, and as needed, >, a; = 6 = gm. Since ). t; = >, us,
'wOPT(I) > 1

We show that A has a 3-partition if and only if wopr(I) = 1. Assume that A has a 3-partition
to the sets 1, Ss,...,5,. Let Sy = {4k, 24,, 24, }, V1 < k < ¢. The following is a schedule whose
makespan equals 1: V1 < £ < ¢, the four machines My, , My,, My,, Ms,., process the three jobs
Jirs Jiy, Ji, . Specifically, My, allocates K — s(z,) processing units to Jg,, 1 <17 < 3, and M5,
allocates K + s(z,) to Ji, 1 <@ < 3. Since s(zg,) + s(zg,) + s(zy,) = B, and uz,q = 3K + B,
the completion time equals to 1. Note also that the allotment constraints are preserved: for any
1 <j<3q,if z; €Sk, then J; is processed by the two machines M; and M5,y

Now, given a schedule whose makespan equals to 1, we find a 3-partition of A. Denote by
slow the set of the first 3¢ machines {M;,..., M5,}. Note that for any pair, M;,, M;
machines, the total number of processing units provided by M;, and M;, is less than 2K. Since

of slow

17 29

t; = 2K, if some J; is scheduled only on these two machines it cannot be completed on time.
Since a; = 2 for 1 < j < n, this implies that each job, J;, is processed by at most one slow
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machine. In addition, since there are 3¢ = n slow machines, and no idle time is possible (since
DU =D t;), each slow machine processes exactly one job. Assume w.lLo.g that V1 < ¢ < 3¢,
M, is the slow machine allocated to J; (for the whole duration of the schedule). For each such
job, since a; = 2, the remaining K + s(z;) processing units are allocated by a single machine.
Consider a machine M;,7 > 3¢. Since K was selected such that K >> s(z), for any z € A, it
follows that M; processes exactly three jobs (since u; = 3K + B, and the remainders of any four
jobs require more than u; processing units). Let Ji, ,Ji, and Jy, be the three jobs scheduled on
Msq4r. We get that 3K + B = 3K + (s(zy,) + s(2x,) + s(2x,)), meaning that z,,, z, and zy,
form a triple for the partition. Since all the jobs are scheduled, the whole schedule of the jobs on

the last ¢ machines, induces a valid 3-partition of A. |

5.2 Approximation Algorithm for the SPAC Problem

5.2.1 Uniform Machines

In this section we present an approximation algorithm for the SPAC problem on uniform machines.
Denote by wopr(I) the length of an optimal schedule of an instance I. First, we show that an
optimal schedule can be obtained by relaxing the parallelism constraint? of each job by one.
Specifically, if for all 7, we allow to run .J; in parallel on p; 4+ 1 (instead of p;) machines, we can
obtain a schedule of length wopr(I). Then, we transform the above infeasible-optimal schedule

into a feasible one, whose makespan is w < max; (1 + %)wopT(I).

Relaxing the Parallelism Constraint

Theorem 5.2.1 Given an instance I of the SPAC problem, denote by It the instance in which
the parallelism parameter of each job is increased by one (i.e., pj = p; + 1, Vj); then we can
find in O(max(mlogm,nlogn)) steps a schedule for I't, whose makespan is at most the minimal
possible makespan for I.

Given the instance It derived from I, we present a polynomial time algorithm which finds
a legal schedule of I*. The algorithm, denoted by A,, proceeds by scheduling .J; on at most
pj = p; + 1 machines, V1 < j < n. The length of the schedule generated for I+ by A, is at most
the length of an optimal schedule of I.

We renumber the machines in non-increasing order by their speeds, i.e., uy > us >, ..., > u,,,
and the jobs in a non-increasing order by their processing ratios, i.e., ;—11 > ;—2 >, > ;—“. For

each 1 < < mn,let p, = Z;:l p;. Let

n 2
Zj:l tj max Zj:l tj
Sy u {elpe<m}y 0wy

2Note that when p; = a;, we relax at the same time the parallelism and the allotment constraint of .J;.

3. (5.1)

w = max{
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To prove the theorem, we show that the makespan of any schedule of I is at least w, and that
A, generates for I a schedule of length w. Note that, as illustrated in Example 1.2.1, w is not

tight; that is, for some instances wopr(I) > w.

We first show that w is a lower bound on the length of any legal schedule of [.
Lemma 5.2.2 For any instance, I, wopr(I) > w.

Proof: Consider a schedule of length w. When no machine is idle at any time during the
schedule, the total processing potential of the machines is w )", u;. Thus, wopr (/) is at least the
left term in the right-hand side of (5.1). The execution time of .J; is minimized when it runs in
parallel on the p; fastest machines for the whole duration of the schedule. Similarly, we cannot
do better than scheduling the first £ jobs on the p, fastest machines for the whole duration of the
schedule. Thus, the right term in (5.1) is a lower bound for wopr(I). n

We now turn to describe and analyze the algorithm A,.. A, adapts some ideas from the
approximation algorithm for the class constrained multiple knapsack problem, presented in Section
2.3. In each stage we represent by @; the potential of the machine M;, that is, the number of
processing units that M; can still allocate. Initially, ¢); = wu;. A, maintains a list, L, of the
machines, sorted by their potential in non-decreasing order. That is, Qrpu) < Qrpg < ... (where
L[k] denotes the machine at position k in L). The list L is updated along the execution of the
algorithm. Specifically, when M; allocates processing units to some job, its potential decreases,
and its position in I may be updated. Once M; has allocated u;w processing units, it is removed
M;

from L. Given a pair of machines M; we say that M;, is weaker (stronger) than M,,, if

Qi, < Qi, (Qi, > Qi)

The jobs, sorted in non-increasing order by their processing ratios, are scheduled one after the

1) 29

other. The job J; is scheduled on the first (i.e., weakest) consecutive sequence of p; + 1 or less
machines, L{k],..., L[ks], whose total potential is at least ¢;. All the potential of L{kq],..., L[ks—
1] and some of the potential of L[k,] is allocated to .J;, such that the total number of processing
units allocated to .J; is t;. We show that such a sequence of machines always exists. The selection
of this sequence is done as follows. We first examine L[1], which is the weakest machine. If
Qrp) > t; we schedule J; on L[1] and update the potential of this machine; else, we check whether
Qrpy+ Qrpz > t;, and so on until either we find a sequence of machines with sufficient potential
(> t;), or the total potential of the first p; + 1 machines is less than ¢;. In the latter case, we
proceed to examine the next window of p; + 1 machines, L[2],..., L[p; + 2], and so on, until our
window covers p; + 1 machines, L[k],..., L[k + p;], such that t; > Qrp_1)+ ...+ Qrrtp,—1] and
t; < Qru+ .-+ Qrrtp,) (see Figure 5.1). At this stage we can clearly allocate to .J; all the
potential of the machines L[k],..., L[k + p; — 1], and complete the execution of .J; by allocating
to it also some of the potential of the machine L[k + p;].

In fact, A, only determines the amount of processing units allocated to each job by each of
the machines. The order of the jobs on each machine is arbitrary. Note that .J; is allotted to at

most p; + 1 machines. (Thus, at most p; + 1 machines process it simultaneously).
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L: ‘k—l‘ k ‘ ‘k‘-}-pj—l‘ k+ p; ‘

Figure 5.1: The window scanning the machine-list L

Let .J, be the first job such that, when .J, is scheduled, the list L contains at most p, machine
indices, or the total processing potential of the p, weakest machines is at least #,. We distinguish
between two phases of A,:

1. The jobs Jy, ..., Jy,_1 are scheduled.

2. The jobs Jy, ..., J, are scheduled.

We show that in each phase the corresponding set of jobs is scheduled legally. Note that
jobs scheduled in the first phase are scheduled using the moving-window, each on exactly p; + 1
machines. For this phase, we need to show that we never fail to find a subset of p; + 1 machines
that can complete .J;. Specifically, we show below that for each j < b, when J; is scheduled, the
total potential of the strongest p; + 1 machines in L is at least ¢;. For the second phase of A, we
show that for each b < j < n, J; is allocated ¢; processing units from at most p; + 1 machines.

For simplicity, assume that whenever we use the moving-window to schedule a job, the list L
is scanned from left to right. That is, the index of the weakest machine, L[1], is the leftmost, and
the index of the strongest machine is the rightmost in L. The window moves from left to right
until for some k, which is the index in L of the weakest machine in the window, we get that the
p; + 1 machines L[k —1],..., L[k + p;] can complete the execution of .J;. When J; is scheduled,
the machines L[k],..., L[k + p; — 1] are removed from L, and the machine L[k + p;] is possibly
moved to a new position in the list L, according to its remaining potential. Note that this new
position of L[k + p;] in L is left to its original position.

We can view the removed sequence of machines as a hole in L. Each job .J; creates a hole
of p; machines in L, and one additional machine (the (p; + 1)th) is moved left to the hole. By
analyzing these holes we conclude that A, never fails to schedule jobs during its first phase.

Lemma 5.2.3 Fach job, J;, scheduled by A, during the first phase, is scheduled on exactly p;+1
machines and is allocated t; processing units.

Proof:  Assume that for some job .J,, the moving window procedure fails to complete .J,. That
is, the window reaches the rightmost position in L, but the total potential of the p, + 1 strongest
machines covered by the window is less than ¢,.
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Let us examine the sequence of holes created in L by the time J, is scheduled. We first show
that when we fail to schedule J,, its partial schedule creates at the right end of L a hole, which
is the union of holes created by previously scheduled jobs.

Claim 5.2.4 There exists a set S C {.J1,...,J,}, such that the hole created by J, unites the holes
created by the jobs in S, into a single hole positioned at the right end of L.

Proof: Consider the hole in L that contains the p, 4 1 machines on which .J, is scheduled and
all the holes that are united when these p, + 1 machines are removed. Let H denote this united
hole. Since each job .J;, j < g creates a hole of p; consecutive machines in L, then for each such
job, either all or none of these p; machines is contained in H (we ignore the (p; + 1)th machine:
J; may only partially use this machine, in which case the machine is not removed from L).

Let S be the set of all the jobs, .J;, that contribute p; or p; +1 machines to H. By definition,
the hole H unites the holes created by the jobs in S into a single hole. In addition, since .J, is
not completed, H must include the strongest p, + 1 available machines, and in particular the

rightmost one. Therefore, H is positioned at the right end of L. |

We conclude that A, allocates to the jobs in S at least all the potential of the 3=, .5 p;

strongest machines.
Claim 5.2.5 The total potential of the ) ; .5 p; fastest machines is at least ) ; o t;.

Proof: Let ps = 3 ; cspj- Recall that for any 1 < £ < n, p, = Z?:uoj- Let J, be the
job such that g,y < ps < pg. Note that £ < g since S C {Jy,...,J,}. By the definition of w,
w - Efi‘ll u; > Zﬁ; t; and w - f;l u; > Zﬁzltj. That is, the first p,_; machines are strong
enough to complete the first £ — 1 jobs, and the first p, machines are strong enough to complete
the first £ jobs. Since the machines are sorted such that u; > wu;y1, we conclude that for any
integer 0 < z < p,, the first p,_; + & machines can complete the first £ — 1 jobs and an p%—fraction

from J,. Formally, w - Y205 u; > Zﬁ; t; + $;—i.

In particular, for 2 = pg — p,_1, we have that

ps £—1
R e
wY up > Yt + (ps — pemi)— (5.2)
i=1 7j=1 Pt
For a set, Y, of jobs J;,, J;,, ..., consider the vector Uy consisting of p;, entries with the value ;’1 ,

followed by p;, entries with the value ;z , and so on. For the set 7 of all the jobs in our instance,
consider the vector #; consisting of the first ps entries of ¥;. Since the jobs are sorted such that
;—é > %, and since S is a subset of J, #; > ¥s. That is, for any index 7, vi > vi. Therefore,

22 v) > YO, vb. However, Y22, vl = Y02ht; 4 (ps — pet) 2, and Y05, vf = Y, sty Thus,

pe)? i=
-1 R
Yttt (ps = Pe-1) i > gesti
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From Equation (5.2), we get that the pg strongest machines can complete the jobsin S. m
This contradicts our assumption that A, fails to schedule J, € S during the first phase. |

We turn to show that all the jobs that are scheduled during the second stage of A, are
scheduled legally.

Lemma 5.2.6 Fach job, J;, scheduled by A, during the second phase, is scheduled on at most

p; + 1 machines and is allocated t; processing units.

Proof: A, reaches the second phase if, for the next job to be scheduled , .J,, the list L contains
at most p, machine indices, or if the total processing potential of the p, weakest machines is at

least t,.

In the analysis of the second phase, we need to show that all the jobs are completed, and that
at most p; +1 machines participate in the schedule of J;. For showing that all jobs are completed,
note that when the algorithm starts, we have w ;- u; > 2?21 tj, that is, the total processing
potential is at least the total processing requirement of the jobs. This is due to the fact that
during the first phase no job is allocated more than ¢; processing units). This guarantees that

when we schedule J; greedily, we never run out of processing potential.

Clearly, at most p, machines participate in the greedy schedule of .J,. The last machine on
which J, is scheduled may have additional processing potential. This machine, M,, is now the
weakest machine (since it belonged to the set of weakest machines before .J, was scheduled, and
all the weaker machines in this set are now omitted from L). i.e., L[1] = £. We now proceed to
schedule the remaining jobs. In order to show that for any j > b, at most p; + 1 machines share

the execution of J;, we first prove the following claim.

Claim 5.2.7 After J, is scheduled, for any j > b, the list I contains at most p; machines, or the
total potential of the p; machines L[2], ..., L[p; + 1] is at least t;.

Proof: Assume that J, is scheduled on z machines. Clearly, z < p;; thus, the potential of
the strongest machine among these z machines is at least t?b > ;—Z > ;—J]'_, for any 7 > b. Following
the schedule of .J,, the list L is updated, and the weakest z — 1 machines are removed; the
remaining potential of the next (z-th) machine becomes Qrp1;. Since the machines in L are sorted
in non-decreasing order by their potential, the potential of each of the machines L[2],..., L[p;+1]
(assuming |L| > p;), is at least ;—é, meaning that the total potential of these p; machines is at

least ¢;. [ ]

Consider a job J;,5 > b. If, following the schedule of .J,, the list L contains at most p;
machines, then, clearly, J; will be scheduled on at most p; machines; otherwise, note that if the
p; machines L[2], ..., L[p;+1] are strong enough to complete .J;, then any set of p; machines, not
including L[1], is strong enough for .J;.
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We show that .A, never uses more than p;+1 machines for processing .J;. Once J, is scheduled,
we turn to schedule J, ;. Consider the subset of the p,,1 +1 weakest machines. It consists of L[1]
and additional pyy; machines. From the above discussion, the total potential of the additional
pv+1 machines is at least #,4.1, therefore (even if Qrp7 is small), the total potential of the weakest
Pvr1 + 1 machines is at least ¢4, and we can allocate to J,y1 exactly t,,; processing units, by
using at most p,y; + 1 machines. Again, the last machine may have remaining potential. The
same argument holds for all the remaining jobs. That is, every job .J; will be allocated exactly ¢;
processing units, using at most p; 4+ 1 machines. |

Proof of Theorem 5.2.1: From Lemmas 5.2.3 and 5.2.6 we get that A, assigns to each of the
jobs, J

7
length of the schedule is w < wopr(1).

t; processing units, on at most p; + 1 machines. In addition, from Lemma 5.2.2, the

We now turn to compute the running time of A,. The algorithm A, can be implemented
in O(max(mlogm, nlogn)) steps: O(mlogm) 4+ O(nlogn) steps are required for sorting the
lists and calculating w. Given that the lists are sorted, the total time for scheduling the jobs
is O(m + n) + O(nlogm). The first phase of the algorithm, in which we schedule the jobs by
scanning the list L with the moving-window, can be implemented in O(m) + O(nlogm) steps.
The idea is that there is no need to scan the list L from the beginning for each job. Note that
the schedule of any job .J;,j7 > 1 is done on exactly p; + 1 machines. Thus, the location in L

of these p; + 1 consequent machines must encircle the strongest machine with potential at most
tj

pi+1

We can now find in O(p,) steps the set of p + 1 machines that will process .J;. Finally, after we

. Since L is sorted, finding this machine can be done (e.g., using skip-lists) in O(logm) steps.

schedule J;, we have to reposition in L the (p 4+ 1)th machine in the window according to its
remaining potential. Since L is sorted, this can be implemented in O(logm) steps.

Let P, denote the set of jobs scheduled in the first phase. Recall that when the list L includes
less than p; machines (when J; is the next job to be scheduled), we move to the second phase.
Thus, 37, cp, pj < m, and therefore, the total time for locating the windows and schedule all the
jobsin P; is O(nlogm)+ O(m). During the second phase of the algorithm, we schedule the jobs
greedily, in O(m + n) steps.

A max;(1+ %)-Approximation

The algorithm A, yields the following approximation algorithm, A;, for the SPAC problem. Given
an instance, I,

1. Use A, to find a schedule of length w for I*.

2. For each job, J;,j =1,...,n,

If J; is scheduled on a; + 1 machines or if p; + 1 machines process .J; simultaneously:

e Let M, be the machine which allocated the minimal number of processing units to .J;.
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e Omit J; from the set of jobs scheduled on M;.
e Any other machine, M;, which processed J; for z time units, will now process .J; for

z(1+ i) time units.

In other words, we transform the non-feasible schedule into a feasible one by splitting, for
each job, J;, the processing of .J; on the least-contributing machine among the other p; machines
that process J;. As shown below, this extends the makespan of the schedule by a fraction which

depends on the minimal parallelism parameter of any job.
Theorem 5.2.8 w,y, (/) < max;(1+ )wopT(I)

Proof We first show that each job ]j, is allocated at least ¢; processing units. Clearly, the

. Thus, the other p; machines allocate
to J; at least pJ L processing units. The execution of J; on each of these machines is ‘stretched’
by a factor 1 —|— —. Hence, the total allocation of processing units to .J; on these machines is

increased to be at least pj (1 + )

To bound the resultlng makespan, note that in the worst case, there exists a machine that has
to compensate for all the jobs that it executes, meaning that its processing time is stretched from
w to at most max; w(l+ L ) By Theorem 5.2.1, A, generates a schedule of length w < wopr (1),

thus, the makespan obtalned by our algorithm is at most max; (1 + )wopT(I) n

In particular, if the allotment and parallelism limits of each job are at least b, for some b > 1,
that is, p; > b for all 1 < 57 < n, the above approximation algorithm yields the makespan
(1+ ) wope ().

5.2.2 Identical Machines

We show that for the special case where the machines are identical, the algorithm A, is a max;(1+
1
2p;—1

Thus, w = max{}_, t;/m, max; ;—J}

)-approximation to the optimal. Assume w.l.o.g. that all machines have the rate v = 1.

When A, is executed on an instance with identical machines, since #; < wp;, we schedule
greedily all the jobs. Thus, each job, .J;, is scheduled on a set of consecutive machines. (see
Figure 5.2). Let T} and T5 denote the lengths of the time intervals allocated to .J; on the ‘extreme’
machines. (e.g., M; and M,,, in Figure 5.2). Note that if J; is scheduled on p; + 1 machines
then ¢t; = (p; — w4+ T, + T> and T} + T5 < w (otherwise, .J; is allocated more than wp; > t;
processing units). Asin the case of uniform machines, we transform the non-feasible schedule into
a feasible one, by splitting, for each job, .J;, the processing of .J; on the least-contributing machine
among the other p; machines that process J;. However, as we show below, the ‘stretching’ factor

of each machine can be reduced to be 1 + Thus, the resulting algorithm, A, has better

1
2p;—1"
approximation ratio.
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Figure 5.2: The schedule of .J; on identical machines (in proof of Theorem 5.2.9)

Theorem 5.2.9 w,, (/) < max;(1+ ﬁ)wopT(]).

Proof: Assume w.l.o.g. that Ty < T,. Since T} + Ty, < w, we have that T} < %. In the

‘stretched’ schedule, J; is allocated z; processing units.

5y = (wlpy = 1)+ T) (14 ) = wlp; = 1)+ Ta + (w(p; = 1)+ To) ——

Since t; = w(p; — 1) + Ty + T1, the additional (w(p; — 1) + T»)5—— processing units need to

2p;—1
compensate for the T} units that were omitted. Indeed,

wipy —D+T 0 _ wlp—1)+T— 2p — )T
2p, — 1 ' 20; — 1
o wlp = V4T = (@2p - 1T
_ wlp—1) = (2p =2)Th

1
= LT _w-om) > o

Thus, z; > w(p; — 1) + 15+ 11 = t;, meaning that J; is allocated at least ¢; processing units. =

5.3 A PTAS for Scheduling with Allotment Constraints

In this section we present a PTAS for the SAC problem on uniform machines. We assume that
the maximal allotment parameter of any job is some fixed constant. In Section 5.1 we have shown
that SAC is strongly NP-hard in this case, even for instances with identical machines (Theorem
5.1.1) or identical jobs (Theorem 5.1.6).
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Our PTAS consists of two stages. In the first stage we guess a partition of each job, J;, to
at most a; segments. In the second stage we consider each job segment as a separate job. The
resulting instance has at most na,,,, jobs. We run on this instance a PTAS, P*, for multiprocessor
scheduling on uniform machines (e.g., [30, 15]). Note that some segments of the same job may
be scheduled by P* on the same machine: this is equivalent to sharing the execution of .J; among
fewer machines.

An immediate problem which arises when trying to apply this, is that the number of possible
partitions is exponential. We show that it suffices to examine only a polynomial number of possible
partitions in order to approximate the optimal schedule. This subset of partitions can be found

and described efficiently.

We first show how to reduce the number of partitions that need to be considered, when the
jobs are identical. Next, we extend this technique to instances with a fized number of job types.
Finally, we show that an arbitrary instance can be converted into one in which small jobs cannot
split at all, and non-small jobs can be replaced by jobs of a fixed number of types. Each of these
steps extends the makespan by factor (1 +¢). An additional (1 + €)-extension is caused by P*.

5.3.1 Identical Jobs

Assume first that all jobs have the same length, ¢, and the same allotment parameter, ¢ > 1.
Thus, the execution of each job can be shared among at most @ machines. Given e > 0, let § = .

Lemma 5.3.1 Any schedule of I of length C, can be transformed into one of length at most
(1+4¢)C, in which all job segments are larger than 6%, and their lengths are multiples of §*L.

Proof: = We say that a job segment is small, if is has length smaller than §%. We first describe
how the schedule is modified; then, we show that the total load on each machine is increased by
at most a factor 1 4 ¢. For each job, .J;,

1. Add all the small segments of .J; to the longest one and round up the resulting length to
the next multiple of §°£.

2. Round the length of any other segment to the next multiple of §2£.

2t

3. Shorten the longest segment by a multiple of 4°¢ such that the total sum of the segment
lengths is at least t.

Clearly, in the resulting schedule all the segments are larger than £, their lengths are multiples
of 525, and the processing time of each job is at least ¢. In addition, since we only group the small
segments and add them to the longest one, the allotment constraint is preserved.
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We show that for each machine M; and job J;, if M; processed J; for ¢; time units, it now
processes J; for at most (1+4¢)t; time units; thus, the makespan of the schedule is at most (14-¢)C'.

For each job, each non-small segment, excluding the longest one, has length p > 52 and its
new length is at most p+ 525 < p+3dp < p(1+4¢€). The longest segment of a job must have length
p > L. Even if the length of this (long) segment is not reduced in step 3, its new length is now at
most p + (¢ — 1)0% + 8?1 < p+ 46t < p+dap = p(1+¢). u

Recall, that our PTAS guesses the partition of the n jobs, each into at most ¢ segments, and
uses P* for the guessed partitions. By Lemma 5.3.1 we conclude that we pay only ¢ for considering
only a subset of the possible partitions. We now show that an optimal partition can be guessed
efficiently. That is, the number of possible partitions is polynomial in 7.

Denote by S; the set of partitions of a number ¢ into at most ¢ numbers which are all larger
than 6%, and their values are multiples of 6*£. In the following we compute the size of S;, denoted
by hs. We use in the computation the next result, given in [10].

Lemma 5.3.2 Let f be the number of g-tuples of non-negative integers such that the sum of tuple
coordinates is equal to d, for some d > 1. Then f = (d‘;le). If d+ g < ag, for some a > 1, then
f=0(a").

Now, we bound hs in terms of a.

Lemma 5.3.3 The size of S5 is hs = O((2€)®), where the symbol e denotes the base of the natural

logarithm.

Proof: Note that we can describe a partition of a given job to at most @ segments by an
a/(8%)-tuple: each coordinate, 7, gives the number of segments of length 7 - (§?t)/a, 1 < i < a/8?%
the sum of the coordinates is at most a. By Lemma 5.3.2, taking d = @, ¢ = a/8% and o = 1 + &2,
we get that the number of such tuples is

(a i 1) = O((1+8)1+/7) = 0((2¢)7)

The last equality follows from the standard bound (1 4 z)/® < e, for 0 < # < 1, and the
assumption that (14 4§%) < 2. ]

Each item in S5 describes a partition of a single job. To describe a partition of the n jobs we

use a vector of length hs;, whose ¢th entry specifies for how many jobs we adapt the ith partition

vector. The number of possible vectors is less than n”s.

5.3.2 Fixed Number of Job Types

Assume that there are T different job types, where T" > 1 is some constant. All the n; jobs of
the kth type, 1 < k < T have length ¢, and allotment parameter a;. Note that the proof of
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Lemma 5.3.1 considers the extension of each segment on each machine separately. Thus, choosing

& = +» we can extend Lemma 5.3.1 as follows:

Lemma 5.3.4 Any schedule of I of length C' can be transformed into one of length at most
(14 ¢)C, in which all the segments of jobs of the kth type are larger than 52—1 and their lengths
are multiples of 6%~

Let hs, be the constant number of possible partitions of one job of the kth type. In order
to describe a possible partition of the n jobs we use a vector of length hs, + hs, + -+ - + hs,.,
whose entries specify how many jobs of each type are partitioned in a certain way. The number

T
of possible vectors is less than [];_, nZs" = O(nzml Par).

5.3.3 Arbitrary Jobs

Given an arbitrary instance, our idea is to distinguish between small and large jobs. For the
subset of large jobs we pay ¢ in order to convert it into one with a fixed number of job types - for
which, as we showed in Section 5.3.2, we need to examine only a polynomial number of possible
partitions. For the small jobs we show that we may pay at most factor € from reducing all their
allotment parameters to one. Any job, .J;, for which a; = 1 need not participate in the ‘guessing

partition’ process, i.e., .J; is given to P>* as a single segment.

Let t,,,. be the maximal length of any job in /. Let a; be the minimal allotment parameter
among the jobs with length ¢,,,,. For a given £, we say that a job is small, if its length is less
than glmas,

aiy

Lemma 5.3.5 Any schedule of I of length C' can be transformed into one of length at most
(14 ¢)C, in which all the small jobs are not partitioned at all (that is, have a; = 1).

Proof: Given a schedule of I, let W, be the total number of processing units allocated to
segments of small jobs on M;. We reallocate W,,, W, ... to the small jobs sequentially, starting
from the first small job on the first machine. When a small job is completed we move to the next
small job; when all the W;, processing units are allocated, we complete the active small job and
move to the next machine and to the next small job. Clearly, since we allocate at least >, Wi,
processing units, all the small jobs are completed. Also, since we always complete a job on the
machine on which its processing starts, we do not split small jobs. Finally, the makespan can
increase at most by factor 1+ €: in the original schedule, some machine must have load at least
tmaz = Thus, C' > “Z% The total load on each machine is extended by at most gt’;‘%. Therefore,

ar

the resulting makespan is at most C' + 5“‘”‘:” <C+H+eC=(1+¢)C. [ |

a

From Lemma 5.3.5, for the purpose of guessing a partition of jobs to segments, we may assume
that our instance consists of large jobs. Let a,,,, be the maximal allotment parameter of any job
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in /. We replace the large jobs by T' = @40 (% — %) sets of jobs such that the jobs in each set

are identical. For 1 < a < amax,f < £ < &, let Ny, be the number of jobs with @; = @ and
tj € ((£—1)g?tmas, fe?tmac],

Our new instance, I', consists of NV, , jobs with a; = @ and t; = 652“2%. As in other PTASs
that use interval partition (e.g. [30, 15, 2]), we have

Lemma 5.3.6 Any schedule of I of length C' can be replaced by a schedule of I' of length (1+¢)C

Proof:  Each long job from I with a; = a and t; € ((£ — 1)g®fmae, fe*tmaz]  contributes to I' a

ai

job with the same allotment parameter and of length ¢; + A, A < 52“;%. This extension of A
can split among the segments of .J; as follows. For each machine M; and job J;, if M, processes
a fraction o of J;, 0 < o < 1, M; will now process a fraction « of the extended job. Summing
over all the segments of J;, we get that the extended job is fully processed. The job .J; is long,
thus, ¢; > etuae. Therefore, a(t; + A) < a(t; +e*tuae) < a(t; +et;) < at;(1+¢), and the total

ay

processing time of each job on each machine is extended by at most a factor 1 + €. |

We summarize in the next result.

Theorem 5.3.7 The SAC problem with fized allotment parameters admits a PTAS, whose run-

Amaxa] (26)‘17’7“”3)

ning time is O(n~ <2
Proof:  The PTAS described above consists of four steps:

1. Distinguishing between small and large jobs.

2. Replacing the large jobs by jobs of T' < @4, (%) sets of identical jobs, as described in
Section 5.3.3.

3. Guessing a partition of the resulting jobs to segments.

4. Running the PTAS P* on the resulting sets of segments and small jobs.

By Lemmas 5.3.4, 5.3.5, 5.3.6, and since P* is a PTAS for the multiprocessing scheduling problem,
we get that each stage may extend the makespan by factor (1+¢). W.l.o.g. we assume that e < 1;
thus, by running these steps with £ = £/9 we get a total extension of factor (14+¢). As discussed in
Section 5.3.2, in the third step we examine O(nZzT=1 hon) = O(nam”(:_%)(%)amw) partitions. Finally,
P* can be implemented in O(n=7) (see [15]).

Amaxa]

Thus, we get that the overall running time is at most O(n™ -2 (2e)am”+e%) which yields the

statement of the theorem. [ ]
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5.4 Solving SPAC for Parallel-dominated Instances

In this section we consider instances in which Vj, p; < a;. We call such instances parallel-
dominated. We show that for these instances the SPAC problem is optimally solvable on identical
machines. For uniform machines the solvability of our problem depends on the differences (a;—p;).
Recall that preemptive scheduling on multiple machines can be viewed as the SPAC problem on
parallel-dominated instances, where p; = 1 and a; = m, V1 < j < n. Our results imply that
when we bound the number of machines that can share the execution of each job, the preemptive

scheduling problem is

1. Solvable on identical machines with any allotment constraints.

2. Strongly NP-hard on uniform machines and identical jobs, where each job can run on at

most two machines.

3. Solvable on uniform machines where the jobs are identical, and each job can run on at least

three machines.

5.4.1 An Optimal Algorithm for Identical Machines

We now show that SPAC is polynomially solvable on identical machines, for any parallel-dominated

instance.

Theorem 5.4.1 The SPAC problem is solvable in O(n + m) steps on identical machines, for

instances where p; < a;, Vj.

Proof: Assume w.l.o.g that all the machines have the same rate v = 1. Recall that w =
max{}_; t;/m, max; ;—J} is a lower bound on the length of an optimal schedule.

Consider the simple greedy algorithm, A,, based on McNaughton rule [48]. A, proceeds by
scheduling the jobs one after the other on the machines. It uses each machine, M;, for w time
units, and then moves to M;;; it moves to the next job J;;1, once the job J; is allocated t;

processing units. Thus, each job .J; is scheduled on a consecutive set of machines.

We first show that the parallelism constraints are preserved. Assume by contradiction that
there exists a job J; such that at time ¢, € [0, w], at least p; + 1 machines process J; (see Figure

5.3).

Suppose that the first machine used for processing .J; is M;. At time #;, the machines
M;, ..., M;y,, process .J;; Each of the machines M;,,,...,M;;, _, allocates to .J; w processing
units; M; allocates T) units and M, allocates T, units. Since both M; and M;,,, process .J;
at time tg, we get that 77 + 75 > w. Consequently, J; is allocated (p; — 1)w + T + T > p;w
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Mgy, Ty

}pj—l

to w

M,

Figure 5.3: The greedy schedule of .J; (in proof of Theorem 5.4.1)

processing units. Since w > %, we get that J; was allocated more than ¢; processing units, in
contradiction to the way A, proceeds.

To see that all the jobs are scheduled within an interval of length w, note that A, proceeds
to the next machine only when the current machine is ‘saturated’. Thus, it can allocate mw
processing units. By definition, w > >, t;/m. That is, mw > >t

Note that in the schedule produced by A,, each job is processed by at most p; + 1 machines.
Thus, since Vj, p; < a;, the allotment constraints are preserved. |

5.4.2 Parallel-dominated Instances and Uniform Machines

We now show that when the machines may have different speeds, the SPAC problem is strongly
NP-hard on parallel-dominated instances, even if all jobs are identical.

Theorem 5.4.2 The SPAC problem is strongly NP-hard even if all jobs are identical and Vj, p; <
a;.

Proof:  Given an instance of 3-partition, we construct an input, I, for the makespan problem
with Vj, p; = 1,a; = 2, such that wopr(I) = 1 if and only if A has a 3-partition. Note that this
is an instance of the preemption problem in which the execution of each job can be shared by at
most two machines.

The input I consists of m = 4¢ machines with the following rates: for the first 3¢ machines,
w; = (K +s(z;))(1— Ig%_(g))_l, 1 < < 3¢q, where K > 3¢B is a large constant. These machines
are denoted slow. The other ¢ machines are fast with u; = 3K — B, 3¢ < i < 4q. There are

n = 3q identical jobs with t; = 2K,p; =1,a; =2, V1 < j < 3¢.
Claim 5.4.3 For any slow machine, M;, 1 <1 < 3q, %ui < K.
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Proof: By definition of the 3-partition problem, Vz € A, B/4 < s(z) < B/2. Thus,

1 1 B K-2Z 1 B5 5 5

—u; < —(K+=)1- —2)'"< - (K+=)-=-K+ —B<K.

ui <A - g )T <l H )3 =R+ 5B <
The last inequality follows from fact that K was selected such that 3B < K, therefore, 15—2B <
3B < K. u

Assume that A has a 3-partition to the sets Sy, 5, ...,5,. V1 < k < ¢, let S = {zy,, z4,, 2, }.
The following is a schedule whose makespan equals 1: V1 < k < ¢, the four machines My, , M;,, My, M3y«
process the three jobs Jy,, Ji,, Ji,. Specifically, as illustrated in Figure 5.4, M}, executes Ji,, 1 <

t < 3forl-— KS_I;(_ZI;’) time units and thus allocates to it K + s(z,) processing units. The fast
machine Mj,,y executes Ji,, 1 <17 < 3 for KS_;(_xg’) time units and thus allocates to it K — s(zy,)

processing units. Since s(zg,) + s(zx,) + s(zg,) = B, and uz,4x = 3K — B, the completion time
equals to 1. Note that the allotment constraints are preserved: the execution of .J; is shared by
the two machines M; and Ms,y such that z; € Si. Also, the parallelism constraints are satisfied:
My, is idle while Jy, is executed on Ms,y,. Finally, Ji, is allocated exactly t;, processing units,

since (3K — B) K;I?(_xg) + g, (1 — KS_;(_xgl)) =2K.

My, idle Ty
]\4,62 ]k2 idle ]k2
Micy iy idle

Magtk Tkq Tk Jka

Figure 5.4: The schedule of Jy,, Jk,, Ji, (in proof of Theorem 5.4.2)

Now, suppose that we have a schedule of I whose makespan equals to 1. We show that A
has a 3-partition. First, note that any job, J;, has to be scheduled on at least one fast machine.
This is due to the fact that p; =1 and, by Claim 5.4.3, u; < t; for any slow machine; thus, any
combination of slow machines can provide to J; less than ¢; processing units. Since .J; is scheduled
on at least one fast machine and a; = 2, .J; is scheduled on at most one slow machine. Let f;,
be the total time allocated to .J; on fast machines, and let #;, be the time allocated to J; on (at
most one) slow machine. Denote by M;, the slow machine processing .J; (if .J; is processed only
by fast machines then #;; = 0 and M, is undefined). Let z;, be the item with the index 7; in the
input for the 3-partition problem.

Lemma 5.4.4 For any job, J;, the processing of J; is shared by one fast machine and one slow

K—s(zlj) - K—s(zlj)
sk—p nd ti; =1 — 7.

machine, M;, such thal t;, =
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Proof: By definitions of ¢;,,¢;,, and M;

3

tytti; <1
K-s(z;,)

5.3
(3K — B)ty, + (K + s(2:,)) (1 — 2o28dy-1y, = 9 (5:3)

K—s(z;.)

Claim 5.4.5 for any job, J;, t;, > —%—F5".

Proof:  Since p; = 1 Vj, for any € > 0, if t;, = 41{3_;(8(_%)

that ;, <1 - KS_;(_IE) + ¢, and the overall number of processing units allocated to J; is less than

2K. |

— ¢, then from equation (5.3) we get

Recall that there are 3¢ jobs and 3¢ slow machines. We show now that each job is processed by
exactly one slow machine, and that each slow machine processes exactly one job. This is proved
by the following claim:

Claim 5.4.6 Vj,t;, > 1

Proof: Assume by contradiction that #;;, < % for y > 0 jobs. Denote by S; the set of

3¢ — y remaining jobs, i.e., S; = {j |#;, > 1}. Then the jobs in S; are scheduled on exactly

3¢ — y slow machines, each running a single job in this set. Since Vz € A, s(z) > %, we have

Yies, S(xi;) < Bq — yZ. From equation (5.3), for any job (3K — B)t;, + u;,t;;, = 2K; thus, for

each of the y jobs not in Sy, t7, > % Also, by Claim 5.4.5 for each of the 3¢ — y jobs in 5,
" > K—s(xlj)
i Z "3k-B *

Summing up the time intervals allocated to all jobs on the fast machines, we get that

3q " s(x; K-1 i
> 3K;_B((fﬁq —y)K - Bq+ y% + 2Ky — J;:l %uij)
= SK%B(SKq_Bq_Ky—l_yg—I_QKy_j% %u“)
e T -T Sn) >

The last inequality follows from Claim 5.4.3 and from the assumption that there are y > 0
jobs for which #;, < é However, since the makespan is 1, the total execution time on the fast ¢

machines cannot exceed ¢q. Thus, y equals zero and Vj,#;, > % |
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It follows that each slow machine processes a different job. Hence, Z?qzl s(zi,) = 30, s(w) =

gB. Assume by contradiction that for some j, t;, > KS_I;(_IE). Summing up the time intervals

allocated on the fast machines, we get that

it 3K - %) _ 3¢K —qB _
0 3Kk—B  3Kk—-B T
which is, again, a contradiction to the length of the schedule.

K—s(z:))
J
3K—B

K—s(z;.)
i
3K-B °

Assigning t;, = in equation (5.3), we get that Vj,¢;, =1 — [

Thus, in any schedule whose makespan equals to 1, J; is allocated exactly K +4s(z;,) processing
units on some slow machine, M; , and exactly K — s(z;,) on some fast machine. Given that each
slow machine processes exactly one job, assume w.l.o.g that ¥1 < ¢ < 3¢, M; processes only .J;.
Also, note that each fast machine must have load 3K — B since the total load on the ¢ identical
fast machines is 3272, K — s(z;) = (3K — B)q.

Denote by fast-segment the part of a job that is processed on a fast machine. Consider a fast
machine M;,i > 3q. Since K was selected such that K >> s(z) Vz € A, M, has to process
exactly three fast-segments (Otherwise, there exists a fast machine, M;, which processes at least
four fast-segments, but any four fast-segments require more than u; = 3K — B processing units).
For each 3¢ < k < 4q, let Jy,, Jx, and Ji, be the three jobs whose fast-segments are scheduled on
Msq4p. 1t follows that 3K — B = 3K — (s(zx,) + s(zk,) + s(zy,)), meaning that zy,, z, and zy,
form a triple for the partition. Since all the jobs are scheduled, the schedule of the fast-segments

on the fast machines induces a valid 3-partition of A. |

In the case where the jobs are identical, and Vj, p; < a; — 1, an optimal algorithm exists.

Theorem 5.4.7 The SPAC problem has an O(mlogm) optimal algorithm when the jobs are
identical and Vj,p; < aj — 1.

Proof:  Assume that for all jobs t; =¢, p; = p, a; = a, where a > p+2. Let w=mnt/Y ", u;.
By Lemma 5.2.2, w is a lower bound for wopr(I). We give an algorithm, A;, which outputs a
schedule of I of length w; each job is scheduled on at most p + 2 machines.

For each machine, M;, let Qy;, denote the potential of M;, that is, the number of processing
units that M, can still allocate. Initially, for each of the m machines @y, = w;w. Generally,
@y, = u;w', where w' is the total length of intervals in [0, w] in which M; is idle. Given a pair of
machines M, M,, we say that M is weaker (stronger) than M, if Qur, < Qur, (Qar, > Qur,)-

Definition 5.4.1 A merged machine, M’, is a pair of machines M;, , M;, such that 1; < 1,

and the machine M;, is idle exactly from 0 to wqy, M;, is idle exactly from wq to w, for some

1?
wy € [0, w]. The potential of a merged machine is Q= u;, wo + g, (W — wo).
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Similar to the algorithm A, , described in Section 5.2.1, the algorithm 4; maintains a list, I, of
the machines, sorted by their potential in non-decreasing order. That is, Qrpu) < Qrpy < ... (L[]
denotes the machine at position k in L). The list L is updated along the algorithm, according to
the current available machines.

The jobs are scheduled one after the other. We first describe the schedule of .J;, and then
the schedule of J;, j > 1. The job J; is scheduled on a consecutive set of machines, selected as
follows. First, we examine L[1], which is the weakest machine. If Q7 > ¢ we schedule J; on
L[1] and update the potential of this machine; else, we check whether Qrpj+ Qrps) > ¢, and so
on until either we find a sequence of at most p machines with sufficient potential (> ¢), or the
total potential of the first p machines is less than ¢. In the former case, we schedule .J; greedily
on the weakest machines until it is completed. In the latter case, we proceed to examine the
next window of p machines, L[2],..., L[p + 1], and so on, until our window covers p machines,
Lik),...,Llk+p—1], such that Qrp_11+ ...+ Qrptp-2 <t and Qrpy+ ...+ Qrptp-1] >t (see
Figure 5.5). At this stage, we allocate to .J; all the potential of the machines L[k], ..., L[k+p—2],
and complete the execution of .J; by allocating to it also some of the potential of the machines
Llk — 1] and L[k 4 p — 1] in the following way. Note that we have w (3 ;_1<ickyp—2 ) <t and
w(zk§i§k+p—1 urp) > t; thus, wurpg_1) < % and wuppy,—1] > %, and there exists some wq € [0, w]
such that the execution of .J; can be completed if it is scheduled on L[k — 1] in the interval [wq, w]
and on L[k 4 p — 1] in the interval [0, w,] (see Figure 5.5). Therefore, .J; is scheduled on p + 1
machines, and in each moment, at most p machines process it simultaneously.

The machines Qr, ..., Qrp+p—2) are removed from L. The two machines L[k — 1] and L[k +
p — 1] are partially used and form together one merged machine, M’ which is idle in [0, w] and
whose potential is Qarr = urp_1)wo + Urp4,—1)(w — wo). This merged machine replaces L[k — 1]

and L[k+p—1]in L.

k+p-1 ﬁ
k+p-2 \\ : >=t
\\ 3 <t
S

o
=

Figure 5.5: Scheduling the first job (in proof of Theorem 5.4.7)
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For any job J;, 7 > 1: if the total potential of the weakest p machines is at least ¢, then .J; and
all the remaining jobs, are scheduled greedily starting from the weakest machine; otherwise, as
in the schedule of .J;, we scan the list L using a moving window that covers p machines, until we
find the weakest consecutive set of p machines that can complete the execution of J; (the merged
machine is considered as a single machine in L). We show that at any stage of the algorithm, the
list L contains at most one merged machine.

Let J, be the first job such that, when .J, is scheduled, the total potential of the weakest p
machines is at least ¢ (that is, J,,...,J, are scheduled greedily). We distinguish between two
phases of Ay:

1. The jobs Jy, ..., Jy,_1 are scheduled.

2. The jobs Jy, ..., J, are scheduled.

Claim 5.4.8 For all 1 < j < b, before J; is scheduled, the list L contains at most one merged
machine composed of idle-segments of two machines, M;, and M;,, such that wu;, < % and

wu;, > 1.

Proof: The proof is by induction on j. For 7 = 2, we showed that the claim holds after .J;
is scheduled. For the induction step, assume that the claim holds for all j < k. Let M;, and
M;, be the two machines composing the merged machine before .J, is scheduled. We show that
the schedule of J, must include some intervals on both AM; and M;,. As illustrated in Figure
5.6(a) and (b), the only possible ways to schedule J; is to select a set of machines that encircle
the "hole” created by the machines that were previously used, and omitted from L (The hole is
shaded with lines). This follows from the fact that .Jj is scheduled on the first possible consecutive
set of machines in L. Assume that .J, is scheduled only on machines that are weaker than M;,
(Figure 5.6(c)). By the induction hypothesis wu;, < £ and thus, the execution of J; is done
solely on machines whose rates are less than %. Clearly, no combination of such p machines can
complete J, in w time units. Similarly, the schedule of J, cannot be done solely on machines
which are stronger than M;, (Figure 5.6(d)), since wu;, > %. We note that if wu;, = % and the p
wLp7 but in this
case the schedule of .J, will be concatenated to that of J,_; and the claim holds.

machines following M,, in L have the rate then we may not schedule .J; on M;

17

Given that the window contains both M;, and M,
replace the old one. The new-merged machine is composed of two machines, such that the slower

,» we get that the new merged-machine must

one has rate at most u;, and the faster one has rate at least u;,, therefore, the claim holds also
before the schedule of Jy . |

We turn now to consider the number of machine allotments of a job J;, 7 > 1. If J; is
scheduled greedily, then, at most p machines in L share its execution. By Claim 5.4.8, at most
one of these machines may be a merged-machine; hence, we get that .J; is scheduled on at most
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p + 1 machines (no merged-machines are composed during the second phase). Assume that .J; is
scheduled in the first phase, using the moving window. Let L[k],..., L[k + p — 1] be the set of
p machines such that Qrp_11+ ...+ Qrr+p-2 <t and Qrp+ ...+ Qrprtp-1) > t. As in the
schedule of .J;, we now allocate to .J; all the potential of the machines L[k],..., L[k + p — 2], and
complete its execution by allocating to it also some of the potential of the machines L[k — 1] and
L[k + p — 1]. This allocation is done such that the idle intervals of L[k — 1] and L[k + p — 1] form
a merged machine. Overall, at most p+ 1 machines from L participate in the execution of .J;. By
Claim 5.4.8 at most one of these machines may be a merged one, thus, J; is scheduled on at most
p + 2 machines.

Also, the parallelism constraint of .J; is preserved: if J; is scheduled in the first phase, then it
runs on p — 1 machines L[k],..., L[k+p—2] in the interval [0, w]; also, J; is scheduled on L[k —1]
and L[k + p — 1] in non-overlapping time intervals. Finally, if one of the machines is ‘merged’,
then J; is scheduled on the corresponding two machines in two distinct time intervals. It follows
that at any time, J; is processed in parallel by at most p machines. The argument is similar for
jobs J; that were scheduled greedily.

@ (b) © @
Figure 5.6: Scheduling a job J;, j > 1 (in proof of Theorem 5.4.7)

Finally, we show that we never fail to schedule a job, that is, the set of strongest p machines
in L can always complete the execution of a job. Recall that w = nt/ > -, u;. Therefore, for each
1<j<mw>jt/Y00 u (assuming that uwy > us >,...,> u,,). This implies that for any j,
the set of first j jobs can be completed by the jp fastest machines. In terms of A;, the window
never has to move beyond the p fastest available machines.

The algorithm A, can be implemented in time O(max(mlogm,n)). O(mlogm) steps are
needed for sorting the machines. Next, the total time for scheduling the jobs is O(m + n). Recall
that the schedule of each job .J; is done on machines that encircle in L the hole created by the

machines that process J;_;. Hence, we do not need to scan the list L from the beginning for each
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job. Also, when the window covers the p; + 1 machines that will share the execution of J;, the
calculation of the new merged-machine and the updates in L take O(1). n
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Chapter 6

Summary

6.1 The Contribution of this Work

In this work we introduced the problems of class-constrained packing, and scheduling with ma-
chine allotment and parallelism constraints. We gave the first results for these problems. We
showed that these results can be used to solve some fundamental resource allocation problems in
multimedia-on-demand systems, in production planning, and in scheduling parallelizable jobs.

In most cases, our results are the best one could expect. Specifically, we gave optimal algo-
rithms for instances that are polynomially solvable (e.g., packing with uniform capacity ratio,
or scheduling on identical machines); FPTASs, for problems that are weakly NP-hard (such as
0-1 class-constrained knapsack); and PTASs, for those that are strongly NP-hard (e.g., CCBP,
CCMK, and SPAC). For the online problems, we derived tight lower and upper bounds.

Some of the technical tools developed in this work can be useful in future related work. In
particular, the moving window algorithm is generic: it is used here to solve both packing and
scheduling problems (For instances with uniform capacity ratio, this algorithm was shown to be
optimal [24]). The technique of eliminating small items by grouping, presented in Chapter 3 is
suitable for any packing problem in which handling the small items is complex; another idea is to
transform any instance of multiple knapsack to an instance that contains O(logn/e) distinct bin

types.

Some of the results obtained in this study show a clear and sometimes surprising distinction
between classical packing and scheduling problems, and their class-constrained versions. Most
notably, simple greedy algorithms which are known to be optimal in traditional packing problems
were shown to perform poorly in the presence of class-constraints (e.g., ‘pack small items first’,
when all the items have the same value, or any-fit algorithms for online packing). Our scheduling
problem was studied in both uniform and identical machine environments. For many fundamental
scheduling problems, similar solvability /approximability results are known for these two environ-
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ments '. Our study distinguishes between these two environments with respect to the solvability

of the SPAC problem.

Finally, through the relation of the SPAC problem to classic preemptive scheduling on multiple
machines, this work sheds some fresh light on what is known in scheduling folklore as the power
of preemption. Specifically, we showed that, even if all the jobs or the machines are identical, with
the addition of machine allotment constraints, preemptive scheduling becomes strongly NP-hard.

6.2 Future Work

We leave open several interesting avenues for future work:

e In Chapter 3, we presented a PTAS for CCBP and CCMK with items of arbitrary sizes, and
an FPTAS for a single knapsack. The PTASs are suitable for instances in which M is fixed.
On the other hand, our FPTAS is suitable also for instances with M = Q(|I|). Is there a
PTAS for instances with multiple knapsacks, where M is accepted as part of the input?

e Lor the generalized class-constrained problems, we gave in Section 3.4 APX-hardness proofs.
It would be interesting to study offline and online algorithms for these problems.

e Lor the online CCBP and CCMK we considered only instances with unit-sized items. Can
similar lower and upper bounds be obtained for instances in which items are of arbitrary

sizes?
e Can randomization help in solving online class constrained packing problems?

e In Section 5.3, we gave a PTAS for the SAC problem. Our PTAS can be used for instances
in which the maximal allotment parameter of any job is some fixed constant. Is there a
PTAS for instances with arbitrary allotment parameter?

e In the SPAC problem, determining the minimal difference (a; —p;), required by any efficient
algorithm, for general instances, remains an open question. In particular, can we optimally
solve the classic preemptive scheduling problem, when Vj, a; = 37 for larger constant values

of a;?
The following issues refer to the application of our results to storage management:
e The CCMK and the CCFP can be applied for the static assignment of files to the disks.

Static assignment is only the first component of a MOD resource allocation scheme, in
which the initial state of the system is defined; it is then followed by a dynamic phase, in

'For example, the makespan problem is optimally solvable in both environments when preemptions are allowed
[48, 31, 26], and has a PTAS in both environments when preemptions are not allowed [29, 30, 15].
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which customer requests arriving to the system need to be serviced. During the dynamic
phase, the popularities of the various files can change. Such changes are natural, e.g., when
dealing with video data available on the world-wide-web. In response, the MOD system
should support operations such as file deletions or replications, as well as reallocations of
load. This introduces a semi-online version of each of our packing problems, where the sizes
of the sets that we would like to pack can change dynamically, and we need to update the
placement accordingly. The transition from one placement to another should be done with

minimal number of reallocations of items to compartments.

We have not considered the offline CCBP problem with unit-sized items (the online CCBP
is studied in Chapter 4). In terms of storage management in multimedia systems, we get
a system configuration problem; that is, assuming that the total number of requests for
broadcasts, and the popularities of the video files are known in advance, we need to satisfy
all the requests, using as few (identical) disks as possible. In the more general problem, the
bins may be of several different types, where each type is characterized by specific volume,
number of compartments, and a fixed cost. Our objective is to pack all the items in a set

of bins at minimal cost.

Finally, storage management schemes should address also reliability issues, e.g., the case
where a disk crashes (a knapsack is removed), and all the load that it receives (the items it
contains) need to be transferred to other disks (to be packed in other knapsacks).
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