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Abstract

Modern Multimedia servers enable the transmission of video programs to individual clients
upon request. In this operation mode, a client may wish to take a break from the program,
and to resume viewing at some later time. We represent each client by a ‘job’, requesting the
‘resource’ (i.e., server capacity) for a time interval, which consists of a set of segments on the
real line. Thus, the problem of scheduling client requests can be modeled as the following
problem of finding a maximum independent set (IS) in a splitting interval graph:

Given a sequence of intervals I = {[y,...,1,}, in which [; consists of a set of
segments of the real line I!, I!, for some ¢ > 1, select a subset I’ C I of non-

intersecting intervals, such that the size of I’ is maximal.

We focus in this work on the class of 2-split interval graphs, where each interval consists of
at most two segments. We consider both the offline and the online variants of the problem. In
the offline case, we show that the problem is APX-complete, even if all segments are of equal
length. We give an O(min(log R,log n))-approximation algorithm, where R is the maximal
length of any segment in the input. For the case where the number of distinct segment
lengths is a fixed constant, we develop a (4,¢) bi-criteria polynomial time approximation
scheme (PTAS), which finds for any € > 0 an IS of at least 1/4 of the optimal size, and a
schedule in which the maximum delay is ¢ times the optimal makespan.

In the online case, we distinguish between two models, depending on the information
available to the scheduler upon arrival of an interval. When the segment lengths and break
times are known, we show that any deterministic algorithm has a competitive ratio Q(R);
a Greedy algorithm achieves this ratio to within factor 2. We then give a randomized
O(log? R) -competitive algorithm. Finally, for the case where either the break times or
segment lengths are unknown to the scheduler, we show a lower bound on the competitive
ratio of any algorithm; this bound is achieved by a simple (deterministic) Greedy algorithm.
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Chapter 1

Introduction

1.1 Problem Statement

In the well studied mazimum independent set (IS) problem, we are given a graph, G = (V| E),
and we seek a subset of vertices U C V, such that no two vertices in U are adjacent in (G, and
|U| is maximal. We consider the IS problem on the class of {-splil interval graphs, in which
any vertex can be represented as a splitting interval, which consists of at most ¢ segments on
the line, for some ¢ > 1; two vertices u, v are neighbors if some segment of u intersects some
segment of v.

Formally, let ¢ = (V. E) be an undirected graph. We say that G is a t-split interval
graph if GG can be represented by an interval graph G’ = (V', E'), as follows:

(i) Each vertex v € V is replaced in GG’ by a set of vertices vy,...,v,, € V', where
mazx,r, =t.

(ii) Any edge (u,v) € FEisreplaced by an edge (u;,v;) € E' for some 1 <1 <1, 1 <75 <r,.

In the special case where t = 1, we get that (G is an interval graph. We focus on 2-split
interval graphs.

Example 1.1.1 In Figure 1.1 we show an instance of five intervals, and corresponding split
interval and interval graphs. The 2-split interval graph G is shown in (a). The corresponding
interval graph G' is shown in (b). Note that interval e consists of only one segment. The

sets {a,d}, {b,c}, {b,e} and {c,d} are independent sels.
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Figure 1.1: An example of a 2-split interval graph G and a corresponding interval graph G'.

1.2 Motivation

1.2.1 Scheduling in Multimedia Systems

Traditional multimedia servers transmit data to the clients by broadcasting video programs at
prespecified times. Recent advances in high speed networking and compression technologies
enabled to replace broadcasts with the allocation of video data streams to individual clients
upon request, for some interval of time. In this operation mode a client may wish to take a
break from the program, and to resume viewing at some later time. This scenario is natural,
e.g., when video programs are used in remote education. Indeed, the service of a single
request may now involve the allocation of several data streams, each corresponding to a time
interval in which the program was viewed by the client continuously.

Suppose that a client sends a request to view a program at time tp, and the system
allocates a data stream to provide this service. At the time t; the client takes a break, and
resumes viewing at s, till the end of the program (¢3). This scenario can be described by
a splilting interval I, which consists of two segments: ' and I?, of lengths (¢, — {) and
(t3 — t2) respectively. We define the total length of I, | I |, as | I' |+ | I?|.

It I*
ot 1 ls

We say that the interval [ splits at the time ¢, and continues at the time ¢5. The gain of
the scheduler from every scheduled interval is 1, and the scheduler has to be able to schedule
both parts of the interval, otherwise the gain is zero.

The above problem, of allocating stream capacity to client requests, can be viewed as the
problem of finding online a maximum independent set in a splitting interval graph:

Given a sequence of intervals I = {Iy,...,1,}, in which I; consists of a set of
segments of the real line I',... I, for some r > 1, select a subset I’ C I of

non-intersecting intervals, such that the size of I’ is maximal.



1.2.2 Linear Resource Allocation

Another application is linear resource allocation. Requests to a linear resource can be mod-
eled as intervals on a line; two requests for a resource can be scheduled together unless
their intervals overlap. A disk drive is a linear resource when requests are for contiguous
blocks [47]; a linear array network is a linear resource, since a request for bandwidth between
processors ¢ and j requires that bandwidth be allocated on all intervening edges. Such re-
quests may be composed of several non-continuous requests, and, therefore, can be modeled
as splitting intervals on a line. This problem is equivalent in the offline case (i.e., all the
input is known to the algorithm in advance) to the problem of allocating stream capacity
in multimedia systems. However, in the online case (where the algorithm may accept the
input along its execution) we note a difference: while requests for stream capacity arrive in
the order of their start times, i.e., ty in the above example, requests for linear resources are
not sorted.

1.3 Related Work

IS in non-splitting interval graphs The problem of interval scheduling has been pre-
viously studied with several cost functions, as an offline and online problem. When the
optimization goal is to maximize the number of scheduled intervals, the problem of schedul-
ing (non-splitting) intervals can be optimally solved offline by a simple greedy algorithm [16].
(This algorithm sorts the input intervals by their finishing times, and then greedily selects
intervals, that do not conflict with previously taken intervals). Another natural solution is
to find a maximum independent set in the corresponding interval graph [22, 25].

IS in general graphs The problem of finding IS in general graphs was widely studied
(a detailed survey appears in [30]): it is NP-complete [21] and for general graphs hard to
approximate to within factor n'~¢, for some ¢ > 0 [34]. The best known approximation ratio
for the problem is O(n/log®n) [13]. In the special case of k 4 1 claw free graphs®, the local
improvements technique described in [29] gives a k/2 + ¢ performance ratio. The problem
of finding IS admits a PTAS for planar graphs [8] and for unit disk graphs [35]. The case
of degree bounded by A for A > 3 is APX-complete [12, 45], and it is not approximable
within A for some € > 0 [3]. It is approximable within (A + 3)/5 [12] for small A, and
within O(Aloglog A/log A) for larger values (see, e.g., [39]). In the case of sparse graphs
the problem is approximable within O(dlog log d/log d) where d is the average degree of the
graph [31].

1See in Section 2.2.



Splitting interval graphs Several previous studies addressed the problem of finding for a
given graph (G the minimal value of 1 < ¢ < n (called the interval number of ), such that ¢
is a {-split interval graph.? Trotter and Harary [52] showed that the interval number of a tree
is at most 2, and the complete bipartite graph, K, ,,, has interval number [(mn+1)/(m-+n)].
West and Shmoys [53] proved that any fixed value k& > 2, determining whether the interval
number of the given graph is at most & is NP-complete. Griggs and West [26] proved that
if the maximum degree in GG is d > 1, then its interval number is at most [%(d + 1)].

Halldérsson et al. showed in [33] that a union graph®, in which the start times are integral
corresponds to a line graph of bipartite graph. Since the problem of finding IS in a line graph
can be solved optimally in polynomial time [21], IS in union graphs with integral start times
can be solved optimally as well.

Bafna et al. considered in [7] the problem of finding weighted independent set in union
graphs®. They proved that the problem is NP-hard even if all the weights are the same (i.e.,
in the unweighted case). They showed a 3.25-approximation algorithm for the weighted IS
problem in proper union graphs, and a (k—141/k)-approximation algorithm for (k+1)-claw
free union graphs®.

Online scheduling non-splitting intervals Lipton and Tomkins considered in [42] the
problem of online non-preemptive scheduling of intervals®, using a single resource, where
the objective is to maximize the resource utilization. When all the intervals have the same
length, this problem can be solved optimally. For arbitrary interval lengths the paper presents
an O((log A)'*¢) competitive randomized algorithm for some ¢ > 0, where A is the ratio
of longest to shortest interval (that is not known to the algorithm in advance). Goldwasser
considered in [24] a variant of this problem, where intervals are associated with jobs and each
job offers a slack (the gap between its release time and the latest time it can be started),
proportional to the job’s processing time. He showed a simple greedy algorithm that is
(2 4 +)-competitive, where each job .J has a slack of at least k- |J|. Goldman et al. [23]
extended the model of Lipton and Tomkins, allowing jobs to specify arbitrary slacks. They
gave a 4-competitive randomized algorithm for the case where two job lengths are allowed,
and a 6([log A] 4+ 1)-competitive randomized algorithm for the general case, assuming that
A is known to the online algorithm in advance.

Faigle and Nawijn [19] solved optimally the problem of scheduling intervals online on k
identical service stations, for the model that allows preemptions, i.e., the currently serviced

2Clearly, any graph G of maximal degree d has a representation as a d-split interval graph: every edge
(u,v) is represented by two intersecting segments, u’ and v/, where u,v are the intervals representing the
vertices u, v, respectively.

3See in Section 2.2

4See in Section 2.2

5See in Section 2.2

6that is, an interval cannot be interrupted or replaced by another interval while using the resource.



interval can be replaced by another interval. (In this case the preempted interval is considered
as ‘rejected’).

Call admission Similar problems were studied in the area of call admission. The (non-
splitting) interval scheduling problem can be viewed as a call admission problem on a line,
where the objective is to maximize the number of accepted calls. The paper [6] presents
a strongly [log N|-competitive algorithm for the problem, where N is the number of nodes
on the line. Garay et al. [20] considered the call control problem on the line, where the
algorithm is allowed to preempt previously accepted calls. They gave a deterministic online
algorithms for maximizing the profit from accepted calls in two cases: the value (or profit)
of a call is constant (O(log N) competitive), and the value is given by the length of the call
(O(2g + 1) competitive, where g is the golden ratio, that is g = 1";—\/5 ~ 1.62).

Awerbuch et al. [6] considered non-preemptive call control on tree-like switching net-
works. They showed an Q(log R) bound on the competitive ratio of any algorithm for calls
of arbitrary duration on a single edge, where R is a ratio between the longest and shortest
possible durations. Their proof can be used to show a lower bound of Q(log R) for online
scheduling of non-splitting intervals, where R is the ratio between the longest and shortest
intervals. Other related work deal with more generalized models of call control (see, e.g.
[1, 5, 41] and the survey in [14]).

Flow Shop scheduling In general, the flow shop problem” is NP-complete even in the case
of three machines ([21]). However, in the special case of the two-machine flow shop, where
the objective is to minimize the makespan, a priority based ordering approach due to John-
son ([38]) yields the exact algorithm. The best known result is O(log*(mpu)/ log log(mu))-
approximation algorithm, where g is the maximum number of operations per job, and m is
the number of machines ([48, 51]). Hall developed in [27] a PTAS for the case where m is a
fixed constant.

Coupled-task scheduling and scheduling with time lags The problem of scheduling
splitting intervals (with two segments) was considered in the area of offline machine schedul-
ing with the objective of minimizing the makespan. In this case, every input interval must
be scheduled. Very little research has been conducted on this type of scheduling problem,
called coupled-task scheduling. Orman and Potts in [44] showed that in general case this
problem is unary NP-hard, and gave polynomial time algorithms for several restricted cases
with assumptions on the segments and break lengths. Shapiro ([50]) gave simple heuristics
and discussed numerous practical situations where the problem arises.

The time lags problems are relaxed versions of the corresponding coupled-tasks problems
as they involve only a lower bound on the interval between the tasks. Rinnooy Kan showed

7See in Section 3.3.



in [46] that the permutation version of flow shop for two machines with time lags is solvable
in O(nlogn). Dell‘Amico [18] proved some hardness results for two-machine shop problems
with time lags. Brucker et al. considered in [15] also negative time lags.

Multimedia systems In the context of multimedia systems, several works considered the
problem of allocation of server capacity to video programs, where the data is transmitted
to the clients using broadcast (see, e.g., [2] and [4]). Also, some recent papers describe
experimental studies, in which VCR-like operations can be used by the clients (see in [11,
17, 43, 55]); however, these studies focus on the efficient use of system resources, while
supporting such operations, rather than the theoretical scheduling problem.

1.4 Main Results

We focus in this work on the IS problem in the class of 2-split interval graphs, where each
interval consists of at most two segments. We consider both the offline and the online variants
of the problem. In the offline case, the algorithm knows the whole input sequence in advance.
In this case

o We show that the problem is APX-complete, even if all segments are of equal length.

e We give an O(min(log R,logn))-approximation algorithm, where R is the maximal
length of any segment in the input.

e For the case where the number of distinct segment lengths is a fixed constant, we
develop a (4, €) bi-criteria PTAS, which finds for any € > 0 an IS of at least 1/4 of
the optimal size, and a schedule in which the maximum delay is ¢ times the optimal
makespan.

In our study of online algorithms we use competitive analysis [14]: the performance
of an online algorithm is measured against an optimum offline algorithm, which knows the
sequence of requests and the splitting times in advance. In the online problem, we distinguish
between two models, depending on the information available to the scheduler upon arrival
of an interval (the complete information and the partial information models).

e When the segment lengths and break times are known

— We show that any deterministic algorithm has a competitive ratio Q(R); a Greedy
algorithm achieves this ratio.

— We give a randomized O(log* R)-competitive algorithm.



— If Ris unknown to the algorithm in advance, we use ideas similar to those of Lipton
and Tomkins [42] to derive a randomized O((log R)**)-competitive algorithm.

e When the scheduler knows only the overall length (including the break) of each arriving
interval, but the length of each segment is unknown, we show a lower bound of Q(R)
on the competitive ratio of any (deterministic or randomized) algorithm. A matching
upper bound is achieved by two deterministic algorithms for the problem.

e When the length of each segment is known, but the break length of each interval is
unknown, we show that any (deterministic or randomized) algorithm has a competitive
ratio Q(D), where D is the maximal possible break length. A deterministic Greedy
algorithm is shown to achieve the ratio O(D) when D > R; when D = o(R) we show
an upper bound of O(D log R).

Our algorithm in Section 5.1 uses the greedy approach similar to algorithm given in [9],
and our algorithms in Section 5.2 draw some ideas from [23].

1.5 Organization of this Work

In Chapter 2 we give some definitions and describe the performance measures used in our
study. Then we present an observation that emphasizes the hardness of the problem of
finding IS in split interval graphs, and how this problem differs from the problem of finding
IS in interval graphs. In Section 2.4 we show that our problem is APX-complete.

In Chapter 3 we present our results for the offline case. We start with some simple
algorithms in Section 3.1. In Section 3.2 we derive an O(log R) approximation algorithm.
And in Section 3.3 we present a bi-criteria PTAS for the problem.

In Chapter 4 we engage in the online case. In Section 4.1 we present randomized algo-
rithms for the complete information model. In this model, upon arrival of an interval, the
scheduler knows the endpoints of the corresponding segments. In Section 4.2 we consider
the model of partial information, where the scheduler does not know some of the interval
endpoints. We derive lower bounds and show matching upper bounds for several cases.

In Chapter 5 we present some extensions, such as scheduling with delays. We conclude
in Chapter 6 with summary and open problems.

10



Chapter 2

Preliminaries

2.1 Performance Measures

In the offline case we give approximation algorithms for our problem, and a bi-criteria ap-
proximation scheme. Denote by OPT an optimal offline algorithm.

Definition 2.1 The approximation ratio of an offline deterministic algorithm A is r if for
every finite input instance I,
A(l)
OPT(I)
where A(I) and OPT(I) are the profits of A and the optimum on I.

1
2_7
r

Definition 2.2 The approximation ratio of an offline randomized algorithm A is r if for
every finite input instance I,
EIA(1)]
OPT(I)
where BE[A(I)] is the expected profit of A and OPT(I) is the profit of the optimum on I.

1
2_7
r

Definition 2.3 A polynomial time approximation scheme (PTAS) for an optimization prob-
lem 11 is an algorithm A which takes as inpul both the instance I and an error bound €, has
the performance guarantee

Ra(l,e) < (1 +¢€)

and runs in time polynomial in |I|.

In Chapter 3 we develop a bi-criteria PTAS for our problem, in which rather than ob-
taining an approximation with respect to one measure, we allow our solution to yield an
approximation with respect to two measures. Formally,

11



Definition 2.4 An ((3,¢) bi-criteria PTAS is a PTAS which is an 3 approximation in one
optimizalion criterion, and an (1 + €) approzimation in the other.

In the online case, we use competitive analysis ([14]) to obtain performance bounds for
the proposed algorithms.

Definition 2.5 An online deterministic algorithm A is c-competitive if there is a constant
a such that for all finite input sequences o,

A(o) > %OPT(J) — a,

where A(o) and OPT (o) are the profits of A and the optimum on o.

Definition 2.6 An online deterministic algorithm A for some problem P is strongly c-
competitive if any online deterministic algorithm for P is at least c-competitive.

Definition 2.7 A randomized online algorithm A is c-competitive if there is a constanl «
such that for all finite inpul sequences o,

E[A(e)] > %OPT(J) _a,

where E[A(0)] is the expected profit of A on o and OPT (o) is the profit of the optimum on
.

Definition 2.8 An online randomized algorithm A for some problem P is strongly c-competitive
if any online (deterministic or randomized) algorithm for P is al least c-compelitive.

2.2 Graph-theoretic Definitions

In the next chapter we treat several sub-classes of graphs.

Definition 2.9 A conflict graph of splitting intervals, in which the maximal number of seg-
ments composing an interval is at most t, is called a t-split interval graph. (See Figure 1.1).
Ift =1, then the graph is an interval graph.

Definition 2.10 Given a t-split interval graph G, for some t > 1, G is called proper, if no
segment contains properly another segment.

12



a a
a b
o
bt b2
— — <
Cl C2

Figure 2.1: An example of an instance of splitting intervals and a corresponding 2-split union
graph.

Figure 2.2: An example of a 5-claw free graph: the largest claw is of size 4.

Definition 2.11 A graph G is called a t-split union graph, if there exists an interval graph
G' = (V' F'), in which any vertex v is represented by a set of vertices vy, ..., v, , and there
is an edge (u,v) € F iff there exists an edge (u;,v;) € F' for some 1 <1 < min{r,,r,}. (See
Figure 2.1).

In this work we consider only 2-split interval graphs and 2-split union graphs, i.e., { = 2
in the above definitions. For short, we call these graphs splitting interval graphs and union
graphs, respectively.

W.l.o.g., we assume that each interval in the input, I, consists of exactly two segments,
I', I* (otherwise, if some interval consists of only one segment, we can add to it a segment of
zero length). We call the two segments that compose the interval I buddies. We denote by
R the ratio between the longest to shortest positive segments, or the length of the longest
segment if we set the shortest segment to be of length 1, and by D a maximal break length.

Definition 2.12 (k + 1)-claw is a subgraph consisting of a center vertex adjacent to k + 1
mutually non-adjacent vertices. A graph is called (k + 1)-claw free if it does not contain an

m-claw, where m >k + 1. (See Figure 2.2).

Note that any 2-split interval graph is (2R 4 3)-claw free.

13
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Figure 2.3: An example of a 2-split interval graph, in which every vertex has k independent
neighbors.

Definition 2.13 A graph G is d-inductive if the nodes of G can be numbered so that each
node has at most d edges to higher-numbered nodes.

Note that every d-inductive graph can be colored with d 4+ 1 colors.

2.3 Finding a Maximum IS in Splitting Interval Graphs

The problem of finding maximum IS in interval graphs can be solved in polynomial time.
The solution is based on the following property: every interval graph contains a simplicial
vertex, i.e., a vertex, whose adjacency set is a clique [22]. However, in split interval graphs
this property does not hold.

Observation 2.1 For any n > 2 there exists a 2-split interval graph, where |V| = n, in
which every vertex has Q(\/n) independent neighbors, i.e., for each vertex v there exists a
subset of the adjacency set of v of size Q(\/n), which forms an independent set.

Proof: For a givenn > 2 let k = [(v/4n 4+ 1 —1)/2|. We show how to construct 2-split
interval graph, in which every vertex has k independent neighbors. We construct the graph
from (k + 1) subsets of intervals; each subset consists of k intervals, and each interval is
composed of two segments. We denote the jth interval in subset ¢ by I; ;.

The graph is constructed as follows: proceeding from left to right, we place under the
intervals of subset ¢, I;1,..., [;; the ith intervals of subsets 1,...,k+ 1, 1.e., I1;, ..., Ix41,,
excluding /; ;. This is repeated for ¢ = 1,..., k. Finally, under the intervals of the (k + 1)-th
subset, we place the intervals [;;, 1 <1i < k (see Figure 2.3).

Thus, we get that any interval I, ; with 1 # j, intersects k non-intersecting intervals of
subset j, and, I;; intersects k£ non-intersecting intervals of subset k 4 1.

Note, that since k(k + 1) < n, we may get some remaining intervals, which were not
included in the subsets. We can place each such interval I under any of the subsets 1,
1 <1< k+1, providing that interval k£ independent neighbors. [

14



2.4 Hardness Result

The next theorem shows that unless P = N P there is no PTAS for the IS problem in ¢-split
interval graphs, already for ¢ = 2 and the special case where the graph is proper, even when
all the segments are of the same length.

Theorem 2.2 The IS problem is APX-complete on a proper 2-split interval graph, even if
all the segments are of equal length.

Proof:  Griggs and West [26] showed, that any graph with a maximum degree d, can
be represented as a splitting interval graph G, where each vertex is represented by at most
[2(d+1)] segments. Moreover, ( is proper, i.e., no segment contains another segment, and
we can take segments of equal lengths. On the other hand (see, e.g., in [12, 45]) for any
d > 3, finding a maximum IS in a graph of maximum degree d is APX-complete. This yields
the statement of the theorem, by choosing d = 3. [

15



Chapter 3

The Offline problem

3.1 Simple Algorithms

Observation 2.1 shows that the greedy algorithm used for finding a maximum IS in interval
graphs can perform poorly on split interval graphs. However, if we consider each segment
as a different vertex in (G, we get an interval graph. This suggests the following simple

algorithm for our problem.

Naive Algorithm:
Given an instance of splitting intervals, construct a conflict graph, G,
such that every segment is represented by a vertex in G.
Find an IS in G by collecting simplicial vertices.

Indeed, in selecting an IS in the transformed graph, we need to guarantee, that the
two vertices representing the same interval in the original graph will be selected. An easy

[11]21|—|]71 [120%0%0721
o ol o

[2

n

Figure 3.1: An instance in which the Naive algorithm has an approximation ratio of n. [;
are the intervals chosen by the Naive algorithm, and O; the are intervals chosen by OPT'.
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example shows, that the algorithm may select for the IS segments, whose buddies intersect.
In Figure 3.1 we show an instance in which the Naive algorithm has an approximation ratio
of n, since we can choose any n, the Naive algorithm has an unbounded approximation ratio.

The next algorithm overcomes this problem.

Sort-and-Select Algorithm:

Order the input intervals from left to right,

by the right endpoint of the first segment.

Proceeding from left to right

While G # ()
Select the interval 7 whose left segment ends first in the current graph
Add the two segments of [ to the IS
Omit from (7 any interval that intersects with 1.

Theorem 3.1 The approximation ratio of the Sort-and-Select Algorithm is 3, if G is a
proper 2-split interval graph, and k, if G is k + 1-claw free.

Proof: [If GG is a proper 2-split interval graph, then each segment conflicts with at most two
independent intervals. When the algorithm chooses the first segment, I', of some interval,
I, since the adjacency set of I' forms a clique, any optimal algorithm, OPT, can select one
interval instead of segment I'. Also, instead of the second segment, /2, OPT can select two
intervals which are independent neighbors of I?. Hence, the approximation ratio is 3.

When the graph is k& 4+ 1-claw free, OP'T can choose at most k& independent neighbors of
an interval chosen by our algorithm.

Corollary 3.2 The approzimation ratio of the Sort-and-Select Algorithm is R+ 2, where R
is the ratio between the longest to shortest segment.

Proof: OPT can gain one interval instead of the first segment of interval I scheduled by
the Sort-and-Select, and at most R + 1 intervals instead of the second segment of I (in this
case, I? is of length R, and the optimum schedules segments of length 1 instead). ]

Corollary 3.3 The approximation ratio of the Sort-and-Select Algorithm is 4, if G is a
2-split union graph, and the ratio between the longest and shortest second segment is 2.

Proof: For every interval I chosen by the algorithm, O PT' can choose one interval instead
of I’s first segment, and at most three intervals, whose second segments conflict with I’s
second segment. ]
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3.2 The Bucketing Algorithm

Let GG be a 2-split interval graph, and let R denote the ratio between the longest to shortest
segments. For convenience, assume that R is an integral power of two. We partition the

intervals into log R sets, that we call buckets: bucket ¢ contains all the intervals, I, in which

the length of the second segment, I, is QfH <\ < g, 1 <i<logR—1,and % <|I*|<R

in bucket 0. Therefore, in each bucket the ratio between the longest and shortest second
segments is at most 2.

Note that we can represent the input intervals as 4n endpoints on the line, where n is
the number of vertices in . The length of each segment is the number of endpoints that lie
between its left and right endpoints plus one'. Therefore, the maximal possible length of a
segment is 4n — 1, and the number of buckets is B = min{log R,log(4n — 1)}.

We now describe an algorithm that uses the above partition to buckets for finding an
IS in G. The algorithm OffBA operates as follows. In each bucket ¢ we construct a union
graph H;; we apply the Greedy algorithm to find an IS in H;, then we construct G[1S;] a
subgraph induced by the above independent set in G. Since G[IS;] is 3-inductive ?, we can
color it with at most four colors. Then we select the largest color class I; in each bucket
0 <1 <log R, and finally, we take the set I; of maximal size.

The following is a pseudocode of the algorithm:

Offline Bucketing Algorithm(OffBA):
Let G = (V, E) be a 2-split interval graph.
fori=0to B — 1do
Let H; = (Vi, E}') be the 2-split union graph
derived from the subgraph of bucket 2.
Find an independent set 1.S; in H; using the Greedy algorithm.
Let G[1S;] = (IS;, F;) be a subgraph induced by I5; in G.
Let ] = |[SZ|
while 7S; # 0 do
Choose v € 1S}, such that deg(v) < 3.

V; & v
J < -1
Remove v from G[1S;].
end while
Color the vertices (v, vg, ..., v|1s,|) first-fit.
Let /; be the largest color class for bucket .
end for
Choose the largest set among Iy, ... , Ip_1.

!Thus, if no segments intersect the segment I*, i € {1,2}, then |I*| = 1.
2See Definition 2.13 in Section 2.2
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Theorem 3.4 The approzimation ratio of OffBA is O(min{log R,logn}), and its time com-
plexity is O(m + nlogn).

We use in the proof the next Lemma due to Halldérsson [32].

Lemma 3.5 Let [ be an IS in a union graph. Then, I induces in the corresponding split
interval graph a 3-inductive subgraph.

Proof of Theorem 3.4: Let (G; denote the induced subgraph of G, which contains all
the vertices from bucket ¢. By Corollary 3.3, |1.5;] is at least 1/4 the size of a maximum
independent set in H;, the 2-split union graph derived from G;. From Lemma 3.5, the
subgraph induced by 1.S; in GG, G[1S;], is 3-inductive, and, therefore, from [37], the minimum
degree greedy algorithm colors G[1.5;] with at most four colors. Hence, |[;| > @, and [; is
a 16-approximate independent set for (&;. Let * be the index of the bucket, such that I;x is
chosen by OffBA, then the size of an optimal IS, I Sopr, satisfies

B-1
|[SOPT| <16 - E |[Z| <16 -B- |[Z'*

1=0

The construction of a union graph requires to examine every edge in the split graph,
therefore, it requires O(m) steps. Finding an IS in the union graph using the Greedy algo-
rithm takes O(nlogn), since we need to sort the intervals. Using the fact that the number
of edges in the subgraph induced by IS;, G[IS,], is linear in the number of vertices [32],
finding an induced subgraph in G is linear in n, and the coloring takes O(nlogn) if we use
a heap (we store the vertices in a heap sorted by their degrees, therefore, finding a vertex v
with deg(v) < 3 takes O(1), and its removal takes O(logn)). Hence, the overall complexity
of the algorithm is O(m + nlogn).

3.3 A (4,¢) bi-criteria Approximation Scheme

Assume now, that the number of distinct segment lengths is some fixed constant. In this
section we derive a 4-approximation to the optimal solution for the IS problem, by allowing
some delays in the schedule. Using these delays, our PTAS finds an optimal solution for the
above problem on union graphs. Let ¢; and ¢, denote the number of distinct first and second
segment lengths, respectively.

We use the relation of our problem to the flow shop scheduling problem. The input
for this problem is a set of n jobs .Ji,...,.J, that need to be processed on a given set of m
machines M, ..., M,,. Each job, .J;, consists of a sequence of m operations O, ;, ..., 0,, ; that
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need to be processed in this order: O;; must be processed without interruptions on machine
M; for p; ; time units. Each machine can process at most one operation at a time, and each
job may be processed by at most one machine at any time. For a given schedule, let C'; be
the completion time of the job .J;. The objective is to minimize the mazimum completion
time, Cy oy = maz;C;, known as the makespan.

If the number of operations that can be processed simultaneously on the machine M is
unbounded, we call M a non-boltleneck machine.

Any instance of the problem of scheduling splitting intervals can be viewed as an instance
of the flow shop problem: let ¢ be the split number of the given instance. Each interval is a
job, and each of its segments is an operation of the job. In addition, we simulate the breaks
with operations of the same length that must be processed on non-bottleneck machines.
Similarly, to include the release time, r;, of the j-th interval, we add an operation O, ; to
the job J;, whose length equals to r;, and the machine M; is a non-bottleneck machine.
Thus, an interval [; that consists of ¢ segments will be represented by the job .J; that has 2¢
operations.

Example 3.3.1 Let I be an interval from an input sequence to the problem of scheduling

splitting intervals. I contains two segments. The release lime of T is vy = 1, [I'| = 2,
|I%| = 3, and the break of I is of length 4. The corresponding job, J, in the inpul to the flow
shop problem consists of four operalions each to be processed on different machine. |O;] =1

stmulating the release time of . |Oy] = 2, |O4| = 3, representing the segments. And |Os| = 4,
simulating the break. The machines My and M3 are non-bottleneck machines.

In the problem of scheduling splitting intervals, each interval has a due date, that equals
to its release time plus the sum of its processing times and break times. To simulate the
due dates we define a delivery time, g;, for each job, J;. Following an approach of [28] and
[40], we define ¢; = —d;, where d; is a due date of .J; (i.e., the due date of the corresponding
interval). Each job, .J;, gets an additional operation O(g41);, where py1); = ¢;, and
My41 1s a non-bottleneck machine. Our objective now is to minimize the maximum delivery
completion time, which equals to maz;{C; + ¢;} = maz;{C; — d;}. Therefore, minimizing
the maximum delivery completion time is equivalent to minimizing the maximum lateness
of any job, L; = (; — d;. Hence, our objective can be viewed now as minimization of
Lpaw = max;L;.

However, note that the g;’s are negative values, therefore, we use the following transfor-

mation on the due dates: d; = d; — D; the value of D will be determined (see below), such
that for any j, d; < 0; by setting ¢; = —d; we get that all the processing times are positive.

Hence, each job has 2t + 1 operations (i.e., m = 2¢ + 1), the machines My, 1 <@ < ¢,
are non-bottleneck machines, and the objective is to minimize the maximum lateness. We
can use as procedure a PTAS for finding a (1 4 €)-approximation for the makespan in the
flow shop scheduling problem (see, e.g., [27]).
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We now return to 2-split interval graphs. Fach interval is represented as a set of five
operations, thus we can describe the j-th interval in the input as a vector with four entries
(ti1,ti2,ti3,154), where ¢, is the release time, ¢;5 and ¢;4 are the lengths of the first and
the second segments respectively, and ¢, 5 is the break length. Note, that for each j, ¢; can
be calculated from the values of ¢;4, {2, ;3 and ¢, 4.

Suppose that we know the makespan of an optimal schedule, i.e., the time in which the
last interval in this schedule terminates. Denote this value by D. Following the technique
of Jansen et al. [36], we divide all processing and release times by D. Thus, we get that
0<t;;<lforl<i<4,1<j<n. Next, we use a technique by Hall and Shmoys [28] and
round each release time down to the nearest multiple of £, and round up each break time to
the nearest multiple of £, for some value ¢ > 0. Now there are only 4/¢ possible values for

2

tj1 and t;3, and there are (g) - ¢1¢9 possible vectors (¢51,%;2,;3,%;4)-

Note that Ly = maz;{C;— J]} = maz;{C;—d;+ D}, and since in an optimal schedule
there are no ”late” jobs, the minimal lateness is L* = D.

mar

We now summarize the steps of our approximation scheme, which gets as parameter some
!
e > 0.

The Scheme:

1. Guess the value of D,
I.e., starting from the interval with latest completion time in the input,
choose an interval to be the last to complete in an optimal schedule.

2. Guess O, the number of intervals scheduled by OPT'.

3. Guess the subset Sp of intervals of size O scheduled by OPT'.

4. Run a PTAS for minimizing the makespan on the flow shop instance generated by
the subset S, and calculate L,,,..
If (Linaw < (1+¢€) LE,,.) or (no more subsets Sp), goto 1,
else goto 3.

5. Among the sets Sp of largest size for which L., < (1+¢€) L% ..
choose the set for which L., i1s minimal.

Note that initially we have transformed the original instance, I, to another instance I’
in which all values ¢;; and ;3 are multiples of . We add § to each release time, since we
have rounded down the release times of the original instance.

Denoting by L% .. (1), L ..(I') the minimal lateness for I and I’ respectively, we get that

maxr mar

Ly (1) < (14 5)Ly,,.(I) (since each t;; and ¢35 can delay by § the completion time of an

mar maxr

optimal schedule for I'). Thus, taking ¢ = 7 in our scheme, we have

Lnaw < (14 ) L2n (1) < (14 2)(1 4 )12 (1) < (14 € L2, (1)

mar 4 2 mar
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Finally, we need to add D = L, .. to every due date, and we have that the maximum lateness

of any job in our schedule equals to eC'*

max®

Our PTAS for the flow shop instance of Sy allows to execute in parallel the operation
O;2 and O 4 of some jobs J; and J, respectively. In terms of our graph, this means
that we ignore possible conflicts between the first segment of some interval and the second
segment of another interval. In other words, our scheme finds an IS in the union graph that
corresponds to our original split graph. As shown in the proof of Theorem 3.4, this set is a
4-approximation of the maximum IS in the original split graph.

We now analyze the complexity of our scheme. Steps 1. and 2. take O(n) each, since
the number of input intervals is n. In the third step the number of possible subsets is
O(n = ). Hence, overall our scheme takes O(n2+o(%)) steps multiplied by the complexity

of the PTAS for flow shop. We summarize in the next result.

Theorem 3.6 Given a 2-split interval graph G where the number of distinct segment lengths
is a fired constant, let O be the size of an opltimal IS, and let C,,. be the latest completion

time of any interval in this set. Then for any ¢ > 0 there is a PTAS, which schedules at
least O /4 intervals in G, such that each interval is late by at most cC'*

mar’
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Chapter 4

Online Scheduling Splitting Intervals

4.1 The Complete Information Model

We now turn to study the online version of our problem, where the set of input intervals is
not known to the scheduler in advance. We first discuss the complete information model: the
intervals arrive in an online fashion, but the scheduler knows the endpoints of the correspond-
ing segments. As before, we denote by R the ratio between longest to shortest segments; let
k be the claw number of the graph.

4.1.1 Deterministic Algorithms

Recall that the Greedy algorithm schedules every arriving interval if it does not conflict with
any of the previously scheduled intervals.

Theorem 4.1 The Greedy algorithm is strongly min{2R+ 1.k} competitive in the complete
information model.

Proof: Let m be a minimum between 2R + 1 and k. For any interval, I, scheduled by
Greedy OPT can schedule at most m other non-conflicting intervals (at most R intervals
instead of the first segment of I and at most R + 1 instead of its second segment). Hence,
the competitive ratio of the algorithm is m.

On the other hand, m is a lower bound for every deterministic algorithm. We now
describe an adversary, that forces any online deterministic algorithm to achieve at least this
bound. While the algorithm A does not schedule any intervals, the adversary presents to
A intervals whose both segments are of the maximal length. When A chooses an interval
to schedule, the adversary presents m intervals of the minimal length, that conflict with the
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interval scheduled by A. A cannot schedule these small intervals, while OPT can, and the
gain of OPT is m. We can continue with this scenario, hence the competitive ratio of any
deterministic algorithm is at least m. ]

4.1.2 Randomized Algorithms

In this section we study two randomized algorithms for our problem: the algorithm Select-
from-Barrel assumes that we know a-priori the value of R, while the algorithm HalfLengths
does not assume such knowledge.

We first present an algorithm for scheduling intervals, in which the first segment is of
length 1 and the second of length [, for some [ > 1 ((1,[) intervals).

Virtual Select (VS):
Upon arrival of an interval [
If I does not conflict with a previously scheduled interval
Flip a fair coin
If Heads: Take the interval.
If Tails: Virtually take the interval, but do not work!.
Take no intervals whose long segment intersects /'s long segment.

Theorem 4.2 The algorithm VS is 6-compelilive.

Proof: We associate a bucket with each segment in the optimal schedule. Then we assign
every segment of a feasible schedule to some bucket, under the condition that no part of any
segment can be placed in more than one bucket. We show, that the expected weight of VS
on each first segment bucket is é, and since the optimal weight is 1, VS is 6-competitive.
(Note, that since any algorithm gains only 1 if it schedules both segments of some interval,

we need not compute the weight of VS on buckets of second segments).

We now show how to assign segments to buckets. We say that the segment s; blocks
the segment sy if s; and s, intersect, and s; starts before s;. Fach segment of the optimal
schedule belongs to its own bucket. Recall that I', I? denote the first and the second segment
of an interval I, respectively. Suppose that /' is not included in the optimal schedule (for
short, I is non-optimal), then I' is assigned to a bucket B, if it blocks the segment B. If I*
is non-optimal, then I? is assigned to a bucket B, if (1) I? intersects the segment B, and (7i)
B is not properly contained in I?. Each of these non-optimal segments contributes 1/3 to
any bucket to which it belongs. (Note that any non-optimal first segment can be assigned
to only one bucket, and any non-optimal second segment can be assigned to at most two

.e., the resource is not taken, and in certain circumstances some other interval can be scheduled.
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buckets. Thus, assigning the weight 1/3 to the segment ' or 1%, in each bucket to which
it belongs, guarantees that the overall contribution of the interval [ is at most 1). Each
optimal segment contributes 1 to its own bucket. We say that the resource is available for
some interval [, if the scheduler can consider I for scheduling (i.e., either the resource is free,
or it was virtually taken by another interval, but VS allows to schedule 7).

Now, we show that the expected weight of VS on each first segment bucket is at least
1/6. Let O be an interval included in some optimal schedule. Denote by O, O* the first and
second segments of O, respectively. We partition the set of feasible schedules into disjoint
groups of schedules, based on the treatment of the interval O in the schedule (see Figure

4.1):

1. In this group of schedules, O does not intersect with any interval for which the resource
was previously available (Figure 4.1(a)); thus, the resource is available for 0. VS
schedules O with probability 1/2, it contributes 1 to its own first bucket, and the
expected weight on this bucket is 1/2.

2. This group consists of all schedules in which the resource is available for an interval 1,
such that I' blocks O' (Figure 4.1(b)). I' belongs to the O' bucket, VS schedules it
with probability 1/2, and it contributes 1/3 to the bucket. Hence, the expected weight
of VS in O’s buckets is at least 1/6.

3. This group of schedules consists of all schedules in which the resource is available for
some interval, I, such that I? intersects O? (Figure 4.1(c)). Then VS schedules I with
probability 1/2; it contributes 1/3 to the bucket of O% and the expected weight on
O’s buckets is at least 1/6.

4. This group consists of all schedules in which the resource is available for some interval
I, such that I* intersects O', and O' is not properly contained in I* (Figure 4.1(d)).
I is scheduled with probability 1/2, and it contributes 1/3 to the bucket of O'. Hence,
the expected weight on this bucket is 1/6.

5. In this group of schedules the resource is available for some interval I such that O is
properly contained in /? (Figure 4.1(e)). Now, VS virtually takes I with probability
1/2. Note that

e the resource is not available for any interval whose second segment intersects 12,

e there is no interval / for which the resource is available, such that I* blocks O
(otherwise, this schedule would belong to group 2), and

e before we scheduled 7, there was no interval .J, such that .J? intersects O? (other-
wise, this schedule would belong to group 3).

From the above we get that the resource is available for O; O is scheduled with prob-
ability 1/2, and we have at least the weight 1/4 on O’s buckets.
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Figure 4.1: The disjoint groups of schedules in the proof of the Theorem 4.2.

Each feasible schedule that could be chosen by VS falls into one of the above groups.
Assume that a schedule from group 7 occurs with probability p;, for some unknown p;, where
Yi_y pi = 1. Then, the gain of VS on the first segment bucket of O is at least £ >7_, p; = &.

This completes the proof.

Corollary 4.3 If the length of the first segment is in the range [1,2], and the second segment
is in the range [1/2,1], then the algorithm VS is 10-competitive.

Proof: In this case every first segment can block 2 segments. We modify the assignment of
the second segments as follows: a non-optimal segment 2 is assigned to a bucket B, if (i) I*
intersects the segment B, and (ii) B is a second segment, or B is a first segment and it is not
properly contained in /2. Now, every non-optimal second segment can be assigned to at most
three buckets. In addition, each first segment can belong to at most two buckets. Therefore,
overall the segments of an interval, I, can be assigned to at most five buckets. Thus, each
segment now contributes the weight 1/5 in any bucket to which it belongs. Therefore, the

minimum weight of VS on a bucket is now 11—0. n

Now we present another algorithm for scheduling splitting intervals of the type (1,k).
Suppose we can schedule the intervals on two servers (i.e., the capacity of the resource is 2).
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Double Select (DS):
Upon arrival of an interval [
If there is a resource available for [
Choose randomly one of the available resources;
Schedule the interval on this resource;
On the other resource schedule no interval
whose long segment intersects /'s long segment.

Lemma 4.4 The competitive ratio of DS (when the optimal algorithm has only one server)
is 2.5.

Proof:  For any ¢t > 1, consider the first two intervals, I; and [, scheduled by DS at
time ¢ or later. Any optimal algorithm, O PT', can schedule at most 4 independent intervals,
whose second segments intersect /7 and 3. Note that I{ and /3 do not intersect (as required
by DS); therefore, OPT can schedule an interval, [, that is not scheduled by DS, only if /
intersects both I} and I;; otherwise, DS could schedule I on one of the two servers. Since
all the first segments are of length 1, there can be only one such interval, I, whose arrival
time is ¢ or later. This gives the desired ratio. ]

Unfortunately, we have only one server, so we randomly choose one. The expected gain
in this case is 1/2 of the gain of DS.

Theorem 4.5 The competitive ratio of the algorithm that randomly chooses one server and
applies DS is 5.

Corollary 4.6 If the length of the first segment is in the range [1,2], and the second segment
is in the range [1/2,1], then the algorithm DS is 8-compelitive.

Proof: The proof is similar to the proof of Lemma 4.4. As before, we take the first pair
of intervals scheduled by DS at time ¢ or later. Now, OPT can take at most 6 independent
intervals whose second segments intersect I} and I3. Since (by the algorithm DS) I} and I3
do not intersect, OPT can schedule an interval, I, that is not scheduled by DS, only if I
intersects both I} and I;; otherwise, DS could schedule I on one of its servers. There can
be at most two such independent intervals, whose arrival times are ¢ or later.

Lemma 4.7 The Greedy Algorithm is 5-competitive if the length of the first segment is in
the range [1/2,1], and the second segment is in the range [1,2].
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Proof: OPT can schedule at most two first segments of non-conflicting intervals instead
of the first segment of an interval scheduled by Greedy, and at most 3 segments conflicting
with the second segment. ]

Now, we are ready to handle the general case. We present an O(log® R) competitive
algorithm, which knows R in advance.

We partition the intervals into log> R barrels: the barrel (i,7), 1 < i,5 < log R — 1,
contains all the intervals in which the length of the first segment is at least 21'% and less
than g, and the length of the second segment is at least QJ% and less than 2%. In (0,)

buckets the length of the first segment is £ < [I'| < R, and in (i,0) buckets the length of
the segment segment is £ <|[?| < R,

We denote by A the set of barrels in which the first segment is longer, i.e., VI € A
1] > |17

Select-from-Barrel (SB):
Randomly choose one barrel (7, 7)*.
If (¢,7)* € A, then schedule the intervals in this barrel greedily;
else apply the algorithm VS on this barrel.
Reject all other intervals.

Theorem 4.8 The algorithm SB is O(log* R) compelilive.

Proof: = We consider separately the competitive ratio obtained for two types of barrels:
for the barrels in A, the greedy schedule achieves the competitive ratio 5 from Lemma 4.7,
while on the other barrels VS has the ratio 10. Since half of the barrels are in A we get that
the competitive ratio of SB is 7.5 log? R. n

Now we describe an algorithm for the case where R is unknown in advance. Note that
when R is unknown, we can still partition the intervals into barrels, choosing a barrel &
with probability pr = im, where f, is chosen such that 3 .5, pr = 1. We get the
competitive ratio O(c, - log” Rlog' ™ log R) for any ¢, where ¢, is increasing as ¢ decreases
to 0. For more details see in [14]. We describe below an algorithm with competitive ratio

of O((log R)**¢). Note that while the bound of O(c. - log® Rlog'™log R) is asymptotically

better than ours, our bound is tighter for a fixed value of R.

The algorithm HalfLengths (HL) operates as follows. For each arriving interval, I, we
examine separately the two segments of I, I',s € {1,2}. The depth of I, denoted by
depth(I'), is d, if there is a set of segments S;, 1 < j < d, such that

(i) Si,...,S41 intersect with I°.
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i) 1S5 < LSl 1<j<d—1.

(iii) S; was virtually taken, 1 <j <d —1.

We use for coin tosses a probability distribution derived from the Riemann zeta function
(see, e.g., [49]), defined as follows. For a complex number z € C, ((2) = 3,51 L. Note that

((z) converges when |z| > 1, thus we choose z = 1 + ¢ for some small € > 0. Let

1 Cq
= T iaa . o Pd= gy -
d'*=((1 +e¢) =i (1 —p;)

The value of ¢; denotes the probability that a segment in depth d will be taken, whereas
pa denotes the conditional probability that a segment of depth d will be taken, given that
St,...,54_1 were not taken.

ey (4.1)

We consider scheduling I' in depth d, only if [I'| < £|S4—1|, in which case I is taken
with probability pg, and virtually taken with probability 1 — p;. This guarantees that if we
virtually take an interval I, then we do not consider any other interval, .J, that intersects
with I*, 7 € {1,2}, unless the segment of .J which intersects with I’ is at least twice shorter

than I°.

Finally, we schedule the interval I only if both I' and I? were scheduled; if one of these
segments was only virtually taken, then [ is virtually taken, and if any of the segments was
rejected, then [ is rejected.

Algorithm HalfLengths (HL):
Let I be a new interval presented to the algorithm.
If I intersects any other previously scheduled interval, do nothing.
Fori=1 to 2 do
Let S be a virtually scheduled segment with the highest depth, that intersects I°.
If such S exists
If |1 < 35|
depth(1') < depth(S) + 1;
else
reject ['.
else
depth(I') + 1.
With probability pye,.(7i) decide to schedule I', otherwise decide to virtually take /°.
end for
If both I' and 7% were scheduled, actually schedule /.
If at least one of /' and I? was rejected, reject /.
Otherwise, virtually schedule 7, and do not work.
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Theorem 4.9 The competitive ratio of the algorithm HalfLengths is O((log R)***).

Proof: Let O be some interval scheduled by OPT. There are two possible cases: if HL
has an opportunity to schedule O, (i.e., HL schedules O with some probability co), then we
are done, since the maximal depth of any segment is log R; thus, co > clzogR. Otherwise,
HL has an opportunity to schedule some other interval 7, that blocks O, i.e., I intersects O
and either |O'| > J%[ or |O?| > %, i € {1,2}. But in this case, OPT can schedule at most
5 intervals instead of I. For HL the probability to schedule any interval (if this interval is
not blocked) is at least cf,, g, since each unblocked segment is scheduled with probability at

least cioq r, and scheduling of different segments of the same interval is independent.

Therefore, for every interval that belongs to the optimal schedule, the gain of HL on this

: : Clog R
interval is at least —EE

Let OPT (o) and H L(c) denote the total gains of OPT and HL, for some input sequence
o, and OPT(0) and HL(O) denote the gain of OPT and HL on the interval O respectively.
Then,

2 2
BHL0)) > Y HLO)> Y 22Ropr0) = 2R . 0p7(s)
0€OPT(s) 0€OPT(o) 2 5

4.2 The Partial Information Model

In this model, when an interval arrives, its break times are unknown. We consider two cases:
(1) the break length is unknown and (iz) the lengths of the segments are unknown. Let D
denote the maximal possible length of a break, and let R denote the maximal possible length
of any segment.

4.2.1 Lower Bounds

Theorem 4.10 The competitive ratio of any (randomized or deterministic) algorithm in the
case of unknown break length is Q(D).

If the lengths of segments are unknown, the competilive ratio of any (randomized or

deterministic) algorithm is Q(R).

Proof: We show the bounds using Yao’s minimax principle [54].
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Figure 4.2: The input sequence for (D) lower bound in Theorem 4.10.

1. We start with the proof of the first bound. The input contains D - Y intervals; each
segment is of length 1. The first segments of all intervals form D cliques, each of size
Y. From each clique 1 < ¢ < D, the adversary randomly chooses one interval [,
such that its break time is equal to D). The buddies of the remaining intervals from

each clique arrive immediately after the end of clique D, and, therefore, intersect. (See
Figure 4.2).

The gain of OPT is clearly D. Any online deterministic algorithm A can choose one
interval from each clique. Hence,

D\, 1 1
Pr[A schedules z non-conflicting intervals, x < D] = ( )(?)r(l - ?)D_w
T

Hence, Y > D we get that

ElA(0)] =

<

<1

In fact A always gains at least one interval, this implies that E[A(c)] = 1. Thus we
have that
E[OPT(0)]

E[A(0)]
2. Now we derive the second lower bound. The input consists of Y intervals with first

segment of length R, and R intervals with first segment of length 1, that arrive as
shown in Figure 4.3.

=D.

The gain of OPT on such input is R. Any online deterministic algorithm chooses one
of the Y + 1 intervals, without knowing their lengths. Therefore,
1 Y  R+Y

Y—)ool-

Hence, for random input o, we have
E[OPT(0)] >R
E[A(e)] —
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Figure 4.3: The input sequence for Q(R) lower bound in Theorem 4.10.
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Corollary 4.11 If the break length or the segments lengths are unknown to the algorithm
and unbounded, any algorithm has an unbounded competitive ratio.

4.2.2 The U-Greedy Algorithm

We now derive some matching upper bounds.

Consider the following variant of the Greedy algorithm.

The U-Greedy Algorithm:
When an interval arrives, schedule it, if the resource is free.
When the interval splits,
wait for it and do not schedule any other interval during the break.

Theorem 4.12 U-Greedy is O(D + R) compelilive.

Proof: While Greedy schedules some interval, OPT can schedule at most D + 2R short
intervals of length 1, and the theorem follows. ]

Note that if D > R and the break length is unknown, then U-Greedy is O(D) strongly
competitive, and it is best possible algorithm in this model. Also, if D < R and the lengths
of the segments are unknown, then the U-Greedy algorithm is the best possible to within
factor 3, since its competitive ratio is at most 3R. In the two following sections we derive
algorithms for two remaining cases: (7) the break length is unknown and D < R (actually,
we consider the case where D = o(R), since even if D < R, it still can be the case where
R = O(D), and, therefore, U-Greedy can still be O(D) strongly competitive), and (iz) the
segment lengths are unknown and R < D (actually, R = o(D) as before). Note that if both
the segment lengths and the break length are unknown, U-Greedy provides matching upper
bound in both cases: D > R and D < R.
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4.2.3 Algorithms for Short Breaks

Now we consider the case in which the break length is unknown but bounded by some
D = o(R), and the segment lengths are known. In this case U-Greedy is O(R) competitive,
while the lower bound is Q(D). Note that the lower bound of Q(log R) is still valid, and
therefore, the lower bound is Q(max{log R, D}). We present an O(D log R) competitive
randomized algorithm, when R is known to the algorithm in advance, and an O(D log'*® R)
competitive randomized algorithm, when R is not known to the algorithm.

We start with the case where R is known to the algorithm. In this case we can partition
the intervals into log R + 1 barrels according to their total lengths (the sum of the segment
lengths). Barrel 7, 1 < i < log R contains all intervals of total length at least 2%% and less
than 22—]?, and bucket 0 contains all the intervals of total length R < || < 2R.

Short Breaks Algorithm(SBA):
Randomly choose one barrel 7*.
When an interval I € :* arrives

If the resource is free
Schedule [ for the time |I| + D.
Reject all other intervals.

Theorem 4.13 The algorithm SBA is O(D log R) competitive.

Proof: Let I be an interval scheduled by SBA. It occupies the resource for |I| + D units
of time. The optimum can schedule at most O(D) other non-conflicting intervals from this
barrel that intersect I, since the maximal break is of length D. Therefore, the competitive
ratio of the algorithm in one barrel is O(D). There are log R + 1 barrels, and the theorem
follows. n

Now we consider the case when R is not known to the algorithm. In the next algorithm
we slightly modify the algorithm HalfLengths, to include the unknown break length.

Algorithm Short Breaks HalfLengths (SBHL):
When an interval I arrives, and the resource is free
Let .J be a virtually scheduled interval with the highest depth that intersects /.
If such .J exists

iF11] < 111

depth(I) < depth(J)+ 1
else

reject 1.
else
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depth(I) + 1.
With probability pg., (1) schedule I for the time |I| 4 D,
otherwise virtually schedule I.

Theorem 4.14 The competitive ratio of the algorithm SBHL is O(Dlog'*™" R).

Proof: Every interval O has a probability at least cjoq g to be scheduled, or it is blocked by
some interval I of length at most 2|0|. As before, OPT can schedule at most O(D) intervals
instead of /. The probability to schedule [ is at least cjog g, and the theorem follows. [

4.2.4 Unknown Segment Lengths

Consider now the following case. When an interval arrives the lengths of its segments are
unknown (the total length of the interval is known), the length of the break is known, and
R = o(D). In this case U_Greedy is O(D) competitive, while the lower bound is Q(R).
We describe another Greedy (deterministic) algorithm that achieves the competitive ratio
of O(R) both in the case where R is known and in the case where R is unknown to the
algorithm in advance.

We denote the starting time of I by sy, its break length by b7, and its completion time
by ¢;. (Note that these parameters are known to the scheduler when [ arrives).

Conservative Greedy Algorithm (CG):
When an interval [ arrives
If the resource is free at the time intervals S=[s;, s; + R]| and T=[¢; — R, ¢j]
Schedule /.

Do not schedule any other interval in S and 7T'.

Theorem 4.15 The competitive ratio of the algorithm CG is O(R).

Proof:  Let I be some interval scheduled by the algorithm. Its length is at most 2R,
and OPT can schedule at most 2R + 1 first segments of length 1 instead of /. In addition,
after I is scheduled CG cannot schedule any first segment, J!, at most R — ¢ units of time
before the start of /%, since CG can schedule J only if the resource is free at the time interval
[s7,87+ R]; and it cannot schedule any second segment, .J2, at most R — ¢ units of time after
the completion of 12, since CG can schedule J only if the resource is free at the time interval
[c; — R,cj]. OPT can schedule in these time intervals at most 2R intervals. Therefore,
instead of I, OPT can schedule at most 4R + 1 non-conflicting intervals.

If R is not known to CG in advance, the condition to schedule some interval [ is that the
resource must be free at [s;, sy + |I|] and [e; — ||, ¢f]. For every I, |I| < 2R, hence, in this
case OPT can schedule at most 6 R + 1 intervals instead of 1. ]
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Chapter 5

Extension to Scheduling with Delays

In this chapter we discuss a generalization of our model, in which every interval can be
scheduled with some delay: each interval may offer a maximal possible delay, given as the
start deadline of the first segment (the delay may also be equal to zero).

We show that with slight changes our algorithms can be applied in this model as well.

5.1 The Offline Problem

We use the following greedy algorithm (similar to [9]) to schedule intervals with delays:

Greedy with Delays(GD):
When the resource is free schedule an interval that
does not intersect with any previously scheduled interval,
If there are several such intervals
schedule the one whose first segment will complete first.

Theorem 5.1 The approximation ratio of GD is 4 in proper split interval graphs, and in
union graphs in which the ratio between longest to shortest second segment is 2. GD has the
ratio k + 1 in (k + 1)-claw free split interval graphs.

Proof: Let G be the set of intervals scheduled by GD, and let H be any feasible schedule
among the intervals that are not in G. First we show, that in proper graph and in union
graph in which the ratio between longest to shortest second segment is 2, |H| < 3|G|. Each
interval in G intersects with at most 3 intervals in H, as shown in Figure 5.1. At most one
interval in H intersects I}, since it is a simplicial vertex, and at most two intervals intersect
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Figure 5.1: For every interval in G there are at most 3 intervals in H

[_é. (In a union graph Ig 4 and Iy 3 must be second segments). There are no intervals in
H that do not intersect any interval in G, since such intervals would have been chosen by
Greedy. Hence, in the above proper and union graphs we have |H| < 3|G|. Similarly, in a
(k 4 1)-claw free graph there are at most k intervals in H that intersect with every interval
in (&; thus, in such graphs |H| < k|G|. In both cases, OPT can schedule at most both H
and G, and therefore |OPT'| < 4|G| for the proper and union case, and |[OPT| < (k + 1)|G|
in (k+ 1)-claw free graphs.

Corollary 5.2 The Offline Bucketing Algorithm is O(min{log R,logn}) competitive in the
model of scheduling with delays.

5.2 The Online Problem

We start with the two length case, i.e., all the intervals are (1,/) intervals, where [ > 1.

We use a queue for intervals that have arrived but are still waiting to be scheduled. In
the queue the intervals are given priorities by their start deadlines, i.e., the interval with the
earliest start deadline has the highest priority. We say that the resource is available for some
interval I, if I does not conflict any previously scheduled or virtually scheduled intervals,
or, if I conflicts some previously virtually scheduled intervals, and I? intersects only first
virtually scheduled segments.

VSD schedule: 01 Of
Optimal schedule: \ 0y D % . 0; L &% : %

Figure 5.2: The interval O; of the VSD schedule belongs to the buckets of the intervals Oy,
03, O3 and Oy of the optimal schedule.
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Virtual Select with Delays(VSD):
[nitialize () to be an empty queue
When an interval [ arrives
If I does not conflict with previously scheduled intervals
If the resource is available for [
Flip a fair coin
If Heads: Take the interval.
If Tails: Virtually take the interval, but do not work.
Take no intervals with the second segment intersecting /2.
Else put 7 in Q)
When a scheduled or virtually scheduled interval completes
If ) is not empty
Let I be the interval with highest priority in ()
If I does not conflict with previously scheduled intervals and
the resource is available for /
Flip a fair coin
If Heads: Take the interval.
If Tails: Virtually take the interval, but do not work.
Take no intervals with the second segment intersecting /.
Remove [ from @)

Theorem 5.3 VSD is 16-compelitive for scheduling with delays.

Proof: The proof is similar to the proof for VS. The only difference is that every interval
of the optimal schedule must contribute to the buckets it intersects like any other (i.e.,
non-optimal) interval. In addition, it must contribute some weight to itself.

Therefore, for any I, a segment I' is assigned to a bucket B, if I' blocks the segment B.
A segment I? is assigned to a bucket B, if (i) I? intersects the segment B, and (i) B is not
strictly contained in I2. In addition, if I belongs to the optimal schedule, it is assigned to
its own bucket (see Figure 5.2). Each of these segments contributes 1/4 to any bucket to
which it belongs. (The optimal interval contributes 1/4 to itself only once, and not per each
segment ).

In addition to all the cases considered in the proof of VS, we have one more case: when
an interval O was scheduled by OPT, the queue of VSD was empty. That means that VSD
already scheduled O; O contributes 1/4 to its own bucket; hence, in this case VSD’s gain is
1/4 of the optimal gain.

We calculate the gains in all the previous cases as well, and the theorem follows. [

Corollary 5.4 If the length of the first segment is in the range [1,2], and the length of the
second segment is in the range [1/2,1], then the algorithm VSD is 24-compelitive.
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In the case of (/,1) intervals we can use the online Greedy algorithm, which selects the
interval with the earliest start deadline.

Lemma 5.5 [f the length of the first segment is in the range [l/2,1], and the length of the
second segment is in the range [1,2], then the above Greedy algorithm is 6-competitive.

Proof: Instead of an interval I scheduled by Greedy, OPT can schedule at most 5 non-
conflicting intervals, and then schedule I some time later. n

Now we present an O(log2 R) competitive algorithm for the case of arbitrary interval
length. The algorithm knows R in advance. We partition the intervals into barrels as in the
Select-from-Barrel Algorithm. We denote by A the set of barrels in which the first segment
is longer, i.e., VI € A |I'] > |I?|.

Select-from-Barrel-with-Delays (SBD):
Randomly choose one barrel (i, 7)*.
If (¢,7)* € A, then schedule the intervals in this barrel greedily;
else apply the algorithm VSD on this barrel.
Reject all other intervals.

Theorem 5.6 SBD is O(log® R) competitive.

Proof: We consider separately the competitive ratio obtained for two types of barrels: for
the barrels in A, the greedy schedule achieves the competitive ratio 6, while on the other
barrels VSD has the ratio 24. Since half of the barrels are in A we get that the competitive
ratio of SB is 15log® R.
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Chapter 6

Summary and Open Problems

In this work we studied the problem of finding an IS in split interval graphs. We have shown
that this problem differs significantly from the problem of finding an IS in interval graphs,
and that it is APX-complete even on 2-split interval graphs, where all the segments are of the
same length. We presented two algorithms for the offline case: an O(log R) approximation
and a (4, €) bi-criteria PTAS for the case where the number of distinct segment lengths is a
fixed constant. In the online case, we developed a number of practical algorithms for different
models. Some of these algorithms match our lower bounds for the corresponding models.

A main contribution of our work is in getting better intuition for this interesting problem,
by studying several approaches to analyzing and solving it. To the best of our knowledge,
the IS problem on splitting interval graphs was studied here for the first time.

Maximizing the Resource Utilization In our bi-criteria approximation scheme we need
to make a single change to adapt the scheme to the resource utilization objective. When we
choose the best subset, we need to take the subset that maximizes the resource utilization
(and not the one of the maximal size). As before, we get a (4, ¢)-approximation.

Open Problems The gaps between the upper and lower bounds are the main open prob-
lems.

e In the offline case we have a gap between APX-completeness and O(log R) approxima-

tion obtained by OffBA.

e In the online case, in the complete information model, there is a gap between Q(log R)
lower bound and O(log® R) upper bound on the competitive ratio of randomized algo-
rithms.

e When the break times are unknown and D = o( R), we have the lower bounds of Q(D)
and Q(log R) and a randomized O(D log R) competitive algorithm.
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The Weighted Case Another direction for future work is to study the weighted case. In
this extension of our problem there is a weight associated with each interval. Using the
Local-Ratio technique (see, e.g., [10]) we can solve the offline problem with approximation
ratio of 3 on proper graphs, and & in (k + 1)-claw free graphs. (In fact, OffBA can be applied
with slight modification to yield the same approximation ratio as in the non-weighted case,
for general split interval graphs).

In online scheduling of weighted non-splitting intervals there is gap between the lower
bound of Q(log(R + W)), where W is the ratio between the largest and smallest weights,
and the upper bound of O(log Rlog W) [6]. We believe, that this problem is closely related
to the problem of scheduling splitting intervals, and that reducing one of the gaps can help
reduce the other one.

General ¢ Most of our algorithms can be used in the case of split interval graphs with
t > 2. We chose to present only the results for { = 2, since this case is already a difficult
problem, and the extension to ¢ > 2 is straightforward.
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