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Abstract

Multiprocessors are becoming a common type of modern computers. We focus on
the bus architecture that is used, e.g., in multiprocessor PCs and in commercial
systems. In bus architecture a shared bus is used to connect processors and mem-
ories. All communication, and in particular memory accesses, is done through
the bus: an arbiter grants control on the bus to at most one processor, at any
time. In this work we consider a dynamic bus architecture, in which the arbiter
can connect the processors through the bus to several banks of memory.

Our optimization problem can be stated as follows. Assume that & processors
access m memory banks through a single bus. In order to fulfill an access request
for bank ¢, the bus has to be connected to that bank; the bus can be connected
at any time to at most one bank of memory. The cost of servicing a request to
access bank 7, 1 <1 < m,is A, if the bus is connected to bank 7, and y, if the bus
is connected to some bank j # ¢; in this case y — A > 0 is a setup cost, or the cost
of switching the bus from bank j to bank 7. Given a sequence of memory access
requests, we need to determine the order by which the requests will be serviced,
so as to minimize one of the following objective functions:

e makespan — the overall time until all the requests in the sequence have
been completed

e lotal completion time (TCT) — sum of the completion times of all the
Processors

e mazximum response lime — the maximal time that elapses between services
of consecutive requests of processor 7, 1 <1 < k.

The problem of minimizing the makespan is known to be NP-complete. In
this work we give a proof of hardness also for the TCT problem. Using the
k—client model introduced by Alborzi et al. (1997), we study algorithms that
schedule accesses to the memory banks in an offline and online fashion. In the
offline case we show, that using dynamic programming our problem can be solved
optimally for a large set of instances, for each of the above objective functions.
For general inputs we give approximation algorithms, for the makespan and the
TCT measures.



In the online case, we show a lower bound of Q(x/A) on the competitive ratio
of any deterministic algorithm, for each of the above measures. We also show that
the bound is tight for all measures, by describing algorithms whose competitive
ratios are O(u/)).

Finally, we examine the performance of the algorithms studied in this work
in real system environment, via simulation experiments.
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TCT ..ot Total Completion Time
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DP ...l Dynamic Programming
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A the processing time (service time without setup)

Lo service time with setup

ri(g) e, memory bank accessed by client 7 in its j-th request

Hr) oo, the point in time in which the service of request r is
completed

ts(r) oo, the time that it takes to the arbiter to service a re-
quest r

Ciivneeiiiie e completion time of client 2

Ciioveeiiiiie e the minimal time required for servicing all the requests
of client 7, when this client is alone in the system

T v the time that it takes to service the requests of client ¢

Df}j ............. the time allocated by algorithm A to client 7 while the

service of client ;7 has not been completed
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Aps(1) oo the makespan obtained by an algorithm A
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Aier(I) oo the total completion time obtained by an algorithm A

OPTi(I) ....... the total completion time obtained by an optimal al-
gorithm, OPT

At (1) oo the maximum response time obtained by an algo-
rithm A

OPTm(l) ...... the maximum response time obtained by an optimal

algorithm, OPT



Chapter 1

Introduction

1.1 Background - Accessing Shared Memory in
Bus Oriented Architectures

The decreasing costs of standard processing units have led to the development of
many parallel applications in the past two decades. Moreover, computer manu-
facturers have realized, that efficient connection of several standard processors on
the same machine can achieve a cost/performance ratio that is better than this
ratio for a machine having a single high-speed processing unit: such fast com-
ponents are often more expensive, and less reliable. These two factors, among
others, have pushed forward multiprocessors, to become a common type of mod-
ern computers.

The architecture in which the processors are connected, can significantly af-
fect the performance and scalability of a multiprocessor. In this work we focus on
the bus-oriented (for short, bus) architecture, that is common in multiprocessor
PCs, and in commercial systems [2, 14]. In a bus architecture, all the compo-
nents communicate through a single data bus. The bus is used for communication
between processors — and between processors and a shared memory. The cen-
tralized arbiter is a hardware device which acts as administrator of the bus: the
arbiter receives requests to transmit data over the bus; it grants control on the
bus to at most one processor, at any time. Generally, the bus is a bottleneck in
such architecture. The nature of the bus overloading problem is described in [12].

1.2 Problem Statement

In this work we examine a model of bus architecture, in which the arbiter can
connect dynamically to a shared-memory, which consists of several banks, through
a single bus. In addition, we examine various scheduling schemes for handling
memory access requests. Traditional single bus arbiters commonly use a First



Come First Served (FCFS) schedule.

Our scheduling problem can be stated as follows. Assume that k processors
access m memory banks through a single bus; the bus can be connected to any
memory bank, and in order to fulfill an access request for bank 7, a bus has to
be connected to that bank; the bus can be connected at any time to at most one
bank of memory. Given a sequence of memory access requests, the arbiter has
to decide which of the pending requests to service next. The cost of servicing a
request r to bank ¢, 1 <¢ < m, is A, if the bus is connected to this bank, and p
otherwise; in this case g — A > 0 is a setup cost, or the cost of switching a bus
from another bank to bank .

Generally, there are two approaches to writing data to the memory: syn-
chronous (blocking) and asynchronous (non-blocking). In the synchronous ap-
proach, whenever a processor sends a write request to the arbiter, it has to wait
until the data is written to the memory; in the asynchronous approach, as soon
as the request is sent to the arbiter, the processor can continue its execution.

In this work we adopt the first approach. We study algorithms that schedule
memory access requests in an offline and online fashion, that is, upon arrival
of a request r, the arbiter does not know the arrival times and the addresses
(given as memory banks) of future requests. However, the scheduler knows that
the processing time for any request is X, and that setup time is g — A'. In
such a setting, performance bounds for any algorithm will be derived by using
compelitive analysis [4]: we will measure the performance of online algorithms
against the optimum offline algorithm, that knows all the sequence of requests in
advance.

The following optimization goals will be used for evaluating the performance
of algorithms for a given sequence of requests.

o Makespan — the overall time until all the requests in the sequence have
been completed.

o Total Completion Time — sum of the completion times of all the processors.

o Mazimum Response Time - the maximal response time of any request in
the sequence.

1.3 The k—Client Problem

The k— client problem introduced by [1] will be used in our study of the scheduling
problem, under the synchronous approach. In the basic k—client problem, there
is one server , k clients, and a metric space (e.g. a plane or a line). Each client
generates a sequence of requests in the metric space, and a request is serviced
the moment the server (which moves at a constant speed) reaches the location

In terms of online scheduling we call such a scheduler clairvoyant[13].



of that request. In the basic model it is assumed, that the processing time of
any request is zero; thus, the service time of request i is determined by the
time required for moving the server from its previous location to the location of
request 7. A variation of the basic problem in which the requests have non-zero
processing times? was also considered in [1]. We use the following assumptions
for the k—client model in the present work:

e The same non-zero processing time for all requests.
e The requests are located on a clique.

e The movement of the server from one vertex to another is called setup time.
Because of the clique topology, the setup times are the same for all requests.

1.4 Related Work

Alborzi et al. studied in [1] online algorithms for the k—client problem. For the
case where all processing times are equal to zero (i.e., the cost of any schedule is
determined by the number of setups), the paper gives a lower bound of 1—52—]“ +1on
the competitive ratio of deterministic online algorithms, for both the makespan
and the total completion time measures; algorithms whose competitive ratio is
(2k — 1) are presented for both measures. These lower and upper bounds hold
for a general topology. When k& = 2 the lower bounds improve to % and 3 for the
makespan and the TCT measure, respectively. A lower bound of 1 + O(lglgk)
was derived for any randomized online algorithm, already for the case of a clique
topology, i.e., a clique of (k+1) vertices (denoted by Kyy1).

For the MRT measure the paper [1] refers to the case, where the topology is a
line(A), i.e., a discrete line segment of length A, in which the distance between
neighboring points is one. For this topology the paper gives a lower bound of
Q(/A) on the competitive ratio of any deterministic online algorithm; the paper
presents algorithm whose competitive ratio is ©O(A).

The paper [1] considers also the k—client problem with non-zero processing
times. Assuming that requests may have different processing times and the sched-
uler is non-clairvoyant, i.e., the processing time of a given request is known only
when its processing is completed, the paper shows that any online deterministic
algorithm has a competitive ratio at least k& for the TCT problem. For the online
makespan problem the paper considers a class of algorithms called non-skipping®.
It is shown, that any non-skipping algorithm A, that has a competitive ratio ¢

ZFormal definitions are given in Section 2.2.

3An algorithm A is non-skipping if the server always services a request it is in position to
serve, that is, the server never skips a request that can be serviced without incurring setup
cost.



when the processing times are zero, has competitive ratio at least ¢ for arbitrary
processing times.

A problem related to our makespan problem is the Shortest Common Super-
sequence (SCS)[7]. Here we are given a collection of strings over a fixed alphabet,
Y, and the goal is to find a shortest common supersequence, such that all the
given strings appear as subsequences in the common supersequence. An instance
of our makespan problem can be described in terms of the SCS problem as fol-
lows: each sequence of requests of client 7, 1 < ¢ <k, is a string; the alphabet ¥
is the set of banks 1,..., M. Indeed, a schedule is a supersequence that includes
all the strings as subsequences. Note however, that the objective function in
our makespan problem differs from the objective function of the SCS in how it
treats the case where the same letter appears consequently in a string. (In the
makespan problem, repetition of the same letter do not “count”, since we attempt
to minimize the total number of setups). Yet, as we indicate below, some of the
results obtained for the SCS apply to the makespan problem.

Maier studied in [11] the SCS problem and showed that the problem is NP-
complete when |X| > 5. Jiang and Li derived stronger hardness results in [9]; they
also gave algorithm that produce solutions close to the optimal when the strings
are random. A theoretical and empirical study of approximation algorithms for
SCS with various degrees of greediness is given by Foulser et al. in [5]. The
paper [5] also presents a dynamic programming (DP) algorithm for the SCS,
when the number of strings is some fixed constant (see also in [8]). This gives a
DP algorithm for our makespan problem, when the number of clients, k, is some
constant. Finally, an approximation algorithm of Fraser and Irving [6] for the
SCS problem yields a k%s approximation algorithm for our makespan problem.

Bhatia et al. studied in [3] the loading time scheduling problem (LTSP), where
n tasks need to be scheduled on a set of machines; the tasks are given as vertices
of a directed acyclic graph: an edge (1, 7) implies that task ¢ has to be completed
before the execution of task j can be started. For each task there is a processing
time; also, when we perform a set of tasks consequently on the same machine,
the first of these tasks incurs a loading time. At any time, only one task can be
processed; each task comes with a specified subset of machines by which it can
be processed. Our goal is to select for each task one machine on which it will be
processed, and an order of non-preemptive! execution for the tasks such that the
makespan is minimized.

Note that our offline makespan problem is a special case of the LTSP, in which
the precedence graph of the tasks (= requests) is a set of chains, all tasks have
equal processing times, A, and each task can run on a single machine (= the bank
to which the corresponding request has to access). The results in [3] imply that

e the problem of finding the minimal makespan is NP-complete and MAX
SNP-hard for M >4

4i.e., with no interruption.



e for any constant 4, there does not exist a polynomial time algorithm that
has an approximation factor of (log k), unless NPCDTIME(kC(loglosk))

o there does not exist a polynomial time M®-approximation algorithm for
some constant «, unless P=NP.

Also, an M —approximation algorithm for TSP yields an M —approximation for
our makespan problem.

1.5 Main Results

The following are the main results of this work.

e For the offline case

— We show that the total completion time problem is NP complete.

— We give an O (min(k, M)) —approximation algorithm for the makespan

problem.

— We give an O (min (k, M + M)) —approximation algorithm for

the TCT problem. '

— We develop dynamic programming algorithms for the TCT and the
MRT measures.

e In the online case, lower bounds of Q(£) are shown for all three cost func-
tions. For each measure, we also show that the lower bound is tight by
introducing online algorithms that achieve the upper bound of O(%).

e We present experimental results, which compare the performance of the
offline and online algorithms studied in this work, on input instances that
simulate a real system environment.

Our proofs of the lower bounds on the competitive ratios of deterministic algo-
rithm for the online makespan and the TCT problems (Theorems 4.1 and 5.1)
draw some ideas from the proofs of lower bounds for the basic k—client prob-
lem [1]. The proof technique used for showing the upper bound on the com-
petitive ratio of the Round-Robin (RR) algorithm (Theorems 5.2 and 5.4) is
similar to the technique used in [13] for bounding the competitive ratio of RR in
non-clairvoyant scheduling.

1.6 Organization of this Work

In Chapter 2 we give some definitions and notation. Chapter 3 discusses the offline
version of our problem and presents our results for the makespan (Section 3.1)

the TCT (Section 3.2) and the MRT measure (Section 3.3).

9



In Chapter 4 we describe the results for the online makespan problem. Chap-
ter 5 deals with the online TCT problem, and Chapter 6 deals with the online
MRT problem.

In Chapter 7 we present experimental results obtained for algorithms for the
TCT and the MRT measures. Finally, in Chapter 8 we summarize the contribu-
tion of this work and discuss some directions for future work.

10



Chapter 2

Preliminaries

2.1 Optimization Problem and Performance Bounds

We start with the definition of optimization problem which is a cost minimization.
An optimization problem P consists of a set Z of inputs and a cost function C.
For any input [ there is a set of feasible outputs F'(I), and associated with each
feasible solution O in F'(I) is a positive real, C (I, O), representing the cost of the
output O with respect to the input [.

Given any legal input [, an algorithm A for an optimization problem P com-
putes a feasible output A[[] € F/(I). The cost associated with the feasible output
is denoted by A(I) = C(I, A[l]). An optimal algorithm OPT satisfies for all

legal inputs 1,
OPT(I)= min C(I,0).
OeF(I)

An algorithm A is an r-approzimation algorithm for a minimization problem P
if for any input 7,
Al <r-OPT(I).

Optimization problems in which the input is accepted in an online manner and
in which the output must be produced online are called online problems. Nev-
ertheless, even for intrinsically online problems, we could hypothesize an offline
algorithm with clairvoyant abilities.

An online algorithm A is e-competitive if there is a constant « such that for
all input sequences I,

A(I) < c-OPT(I) + .

If A is c-competitive, we say that A attains a competitive ratio ¢. An algorithm
is called competitive if it attains a constant competitive ratio ¢. The infimum
over the set of all values ¢ such that A is ec-competitive is called the competitive

ratio of A, R(A). Formally,
R(A) = inf{c: Ais c— competitive}.

11



2.2 Definitions and Notation

There are k clients (processors) and m memory banks. Every client 1,1 <: <k
has a sequence of n; access requests to memory banks; we denote by n,,,, the
length of the sequence with maximal number of requests, i.e., n,,,, = max;<;< n;.
Forany 1 <i <k, 1 <j<n; ri(j)e€{l,..., M} is the memory bank accessed
by client ¢ in its j-th request. There is a single arbiter that services client requests
(i.e., connects the bus to the requested memory bank). Thus, only one request
can be serviced by the arbiter at any time. No preemptions are allowed while
servicing a request. The (j + 1)-th request of client i is released when the j-th
request of this client has been serviced. Thus, the arbiter always chooses from a
frontier which consists of at most k requests.

The point in time in which the service of a request r is completed under a
given schedule, S, is denoted by ¢(r,S). For short, when the schedule is given,
we use the notation ¢(r); t5(r,S) is the time that it takes the arbiter to service a
request r under a schedule S (for short, ¢5(r)); ts(r) can get one of two values, A
or p, where p > A\. When the service of the request r does not require to switch
the bus from one memory bank to another, the service time of r equals to A, i.e.,
the required processing time for r. Otherwise, servicing the request r involves a
setup time, therefore t5(r) equals to p (the setup time is (u — A)).

For any 1 < s,i <k, 1 <p < ngand 1 < j < ny, if the request ry(p) is
serviced immediately after r;(j) then:

e ={ A 10 =

i otherwise

Note that we can represent the memory banks by a graph G = (V, E), where
the vertex v; corresponds to the i-th memory bank, and there is an edge v;, v; of
length p for any 1 <, 7 < M.In addition, since in our model, a request that does
not requires switching to another memory bank is processed in A time units, we
add in each vertex v;, 1 <1 < M a self-loop of length A. Thus, in terms of the
k — client problem, we handle the case where k clients generate request in a set
of vertices that form a clique of size M.

We define ¢;(S) = ¢; as the completion time of client ¢ under the schedule S,
i.e., ¢; = t(ri(n;)). é is the minimal time required for servicing all the requests
of client 7, if this client were alone in the system.

2.3 Performance measures

In this work we consider several performance measures.

o The makespan of a given schedule is 3=; ;< Y1<jcn, ts(ri(7)). In words,
it measures the total time spent by the arbiter in order to fulfill all the

12



requests to memory banks. This cost function is generally used in the k-
server problem to measure the total distance that the server has to move
to service all the requests. We define A,,;(I) to be the makespan obtained
by an algorithm A for an input sequence I. In particular, OPT,,,(I) is the
makespan obtained by an optimal algorithm, OPT.

The total completion time (TCT) cost function will be defined as 3 <;<j, ¢;.
We define A;(1) to be the total completion time obtained by an algorithm
A for an input sequence [. In particular, OPT;.(I) is the total completion
time obtained by an optimal algorithm, OPT'.

The mazimum response time (MRT) of a given schedule is the maximum
time that any request waits from the moment it arrives till the moment
the arbiter starts to process it (including the setup time, if needed). For
convenience, assume that each client ¢ has a request 0, and that ¢(r;(0)) = 0,

then MRT is defined as

max . {i(ri(j)) — 1(ri(j —1)) = A}

1<i<k, 1<5<n;

We define A,,.+(I) to be the maximum response time obtained by an algo-
rithm A for an input sequence [. In particular, OPT,,.+(I) is the maximum
response time obtained by an optimal algorithm, O PT.

13



Chapter 3
The Offline k—client Problem

3.1 Makespan

W.l.o.g. we assume in the discussion of the makespan problem that consecutive
requests of client 7 are to different memory banks, otherwise we can transform
the input I to an input I’ in which there are no consecutive requests to the same
bank by client :. We get that

OPT,s(I) = OPT,(I') + I

and

Aps(1) = Ay (I') + 1\

for some [ > 1. Since we are concerned with upper bounds on the performance
ratio of our algorithms, we get that

AnsD) _ An(I) 41N An(T)
OPTps(I) ~ OPTy(I') 1IN = OPT (1)

Hence, we can use the input I’ for obtaining upper bounds.

3.1.1 Approximation Algorithm

Consider the Greedy Round-Robin (GRR) algorithm, which is a variant of Round-
Robin (RR). In each phase j,1 < j < np. GRR groups the j-th requests of all
the clients according to the memory banks they refer to. Then, GRR randomly
chooses a group of unserviced requests and handles the requests in this group
sequentially. The j-th phase terminates when GRR completes handling the j-th
requests of all clients. Clearly, the maximum number of setups that GRR incurs
in each phase is min(M, k).

Theorem 3.1 The algorithm GRR has the approximation ratio min(M, k).

14



Proof: The proof follows from the fact that the minimal number of setups under
OPT is at least n,,q,, while GRR incurs at most min(M, k)n,,., setups. U]

Now we show that OPT has a “greedy” nature, i.e., after servicing a request
to any bank m;, OPT continues to service all possible requests to that bank,
before passing to other banks. The proof is immediate once we see that an
algorithm that minimizes the makespan also minimizes the number of setups
and vice versa. Thus, OPT decision policy may be described as a sequence
My .., m;,, where m;,, j > 1 is an index of memory bank, 1 < m; < M, [is
the number of setups that OPT had to perform and the order in this sequence
defines the order of execution of batches of requests for the same bank. Clearly,
knowing the number of setups OPT had to pay, f, get that the makespan is
OPT,s(I) = Xe 8 ni + (u — M) f.

Trying to obtain a better ratio than M, we examined the next question: If
the number of memory banks is at most as the number of clients, what will be
an upper bound on the number of the setups for the input sequence, where each
client has only 2 requests? Clearly, achieving the upper bound B < 2M — 2
would allow us to obtain an approximation ratio lower than M — 1 for any input
sequence, by just using an algorithm that achieves an approximation ratio B for
first two requests of all the clients, then for third and forth requests of all the
clients and so on. However, an input sequence that we found shows that the
upper bound on the number of setups for an input sequence where each client
has two requests is 2M — 1. An example of such an input sequence with £ = 20
and M =5, is presented in Figure 3.1 (the requests of each client 7, 1 < <k
are given in the columns).

clients 1 2 3 456 7 8 9 1011121314 151617 18 19 20

123 4234513451245 1235
555511112222 3 333 44 4 4

Figure 3.1: Worst case for k =20, M =5

The case where M = 2 can be solved polynomially by the greedy algorithm,
that will start servicing any input instance [ from any of the clients that have
the maximal number of requests in /. Note that in this case the length of the
optimal scheduling will be either n,,,, or 1, + 1.

3.1.2 Optimal Algorithms

Theorem 3.2 The makespan problem can be solved optimally in polynomial time
when k is some fired constant.

15



Proof: We show that the makespan problem can be solved recursively using
dynamic programming. We define C(jy,...,Jk,p) to be the minimal makespan
for handling the first j; requests of client ¢, 1 <1 < k, where p is the index of the
client that was serviced last. The recursive formula for finding C'(j1,. .., Jx, p),
1 < p <k, is given by

Cltaeee o) = min (Ot ) + 1y )] (3.1)
where,
o Joga—=1 ifi=p
Ji = { Ji otherwise (3.2)
The minimum makespan is obtained by computing 1r<ni£1k C(ni,...,ng,p). Us-
P

ing (3.1), the cost of each configuration is calculated in b(k) steps; the possible
number of configurations is O(kn* ). Hence, the overall running time of the al-

gorithm is O(k?n* ). Clearly, when we have the cost (or overall completion time)
calculated for all possible configurations, we can find the order of servicing client
requests that leads to the desired result. This can be done by maintaining the
indices of the minimal configurations while computing the minimum makespan.

We initialize the algorithm by taking C(j1,...,jk,p) =p, 1 <p <k

where,
. 1 ifs =
ji = { P (3.3)

0 otherwise

In order to keep tracking of legal configurations only, we take

C(j1y.--,Jk,p) = 00, if at least one of the indices is negativeor j; =0V 1 <7 < k.
The above algorithm runs in the time that is polynomial in n,,,,, but expo-

nential in k, therefore it is suitable for the case where k is some fixed constant.

O

We now show, that the makespan problem is solvable in polynomial time also
when £ is accepted as part of the input; however, we require that M and n,,4,
are fixed constants.

Theorem 3.3 The makespan problem can be solved optimally in polynomial time
when M and n,,., are some fized constants.

Proof: Let ¢ = n,,, > 1 be some constant. If M > k, then we get the result
of Theorem 3.2. Thus we assume that M < k. Note, that for any input /,

OPT,s(I) < GRR,.(I)
< min(M, k)N
= Mec
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Hence, an optimal schedule can be found in O(keM™¢) steps, by using an ex-
haustive search over all the possible sequences of memory banks, whose length is
Me. The number of such sequences is MM¢. The feasibility of a given sequence
can be checked in O(kc) steps, by scheduling the client requests in the prescribed
order (i.e., taking all the available requests for bank j when this bank appears
in the sequence). Therefore, we get that the overall complexity of finding an

optimal schedule in O(keM™¢). ]

3.2 Total Completion Time
3.2.1 Hardness Result
We now give a proof of hardness for the TCT problem.

Theorem 3.4 The following problem is NP-complete

Input: A set of k clients; client 7, 1 < 1 < k, has n; requests, and M memory

banks; an integer w > 0.

k
Question: Can all the requests be scheduled such that Z ¢ < w?
i=1

Proof: The proof is by reduction from the makespan problem. Given an in-
stance, I, of the makespan problem, with & clients and M memory banks, we
construct an instance I’, with &' = k; + ky clients, where ky = k, ky = pk*noar
and M’ = M + kz(nymaz + 1) memory banks. We may assume that g € N is some
small constant, since the makespan problem is known to be NP-complete even
for the case where p =1, A = 0.

Each of the first & clients has n; requests to any of the first M memory
banks, as in the original instance, [; for 1 < j < kg, client (k + j) has a
chain of n,... + 1 requests: the [-th request 1 < [ < ny. + 1 is to access
the bank (M + (j — 1)(nmaz + 1) +1).

Let

ko
w' = (k+ky)w + p Zz(nmw +1).
i=1
In the following we show that OPT,,;(1) < w iff OPTi(I') < w'.

Claim 3.1 If OPT,s(I) <w then OPTi (I") <w'.

Proof: If OPT,.s(I) < w, then we can schedule first all the requests of clients
1,..., k. These clients will complete by time w. Then, we will process sequentially

the requests of clients k +1,...,k". The total completion time of the schedule is
bounded by

17



ko
(k4 ko)w + ,uz i(Mmaz + 1) = w'.

=1

Claim 3.2 If OPT,s(I) > w then OPTi(I') > w'.

Proof: Note that since we need p(n,q, + 1) time units to complete servicing
each of the clients k£ +1 < j < K/, in any optimal schedule the requests of clients
1,...,k are serviced before handling any of the “new” clients. More specifically,
suppose that in some optimal schedule, we start handling the first request of client
J, k+1 < j <K before servicing the last request of client 7, 1 <7 < k; then, by
interchanging the execution order of the two requests, the total completion time
of the schedule can only decrease.
Now, suppose that
OPT,,s(I) > w (3.4)

Then, by the above discussion, we get that

ko
OPtht([) Z w—l'l‘l’kQ(w‘l’l)‘l’,uZZ(nmax‘l’l)

=1
ko
= w41+ kw+ pk’ng.. + ILLZ i(Npaz + 1).
=1
Observe, that OPT,,;(I) < pkn,q,;. Thus, from (3.4) we have

ko
OPTis > w4+ 1+ kyw + kw + pZi(nmaI +1) > w'.

=1

]
Clearly, the reduction is polynomial in k, ny, ..., ni. This completes the
proof. (]

3.2.2 An Optimal Algorithm

Theorem 3.5 The TCT problem can be solved optimally in polynomial time
when k is a fived constant.

Proof: We now present a dynamic programming algorithm which finds an op-
timal solution in polynomial time when the number of clients, k is some fixed
constant. The algorithm is similar to the dynamic programming algorithm given
for the makespan problem in Section 3.1.2. Denote by C(j1,. .., jk, p) the minimal
total completion time after handling the first j; requests of client 7, 1 <1 < k,
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where client p was serviced last.

k
Let f(jy,--s0p) =k — Zl(];,nz), where

=1

. 1 jl=mn;

rooN i i
1) = { 0 otherwise
f(1, ..., 7%) denotes the number of clients whose requests have not been com-
pleted yet. Then

O(jh e 7jk7p) = lglsigk [O(]{v v 7jl/c7 S) + té‘(rp(]p))f(.]{a te 7.712)] (35)
where j! is as given in (3.2).
Using (3.5), the cost of each configuration is calculated in O(k) steps; the possible
number of configurations is O(kn% ). Hence, the overall running time of the

mar

algorithm is O(k*nk ). L]

maxr

3.2.3 Approximation Algorithms

We now consider the more general case where k can be accepted as part of the
input. Assume first that there are no consecutive requests of any client to the
same memory bank. For this case we derive for the algorithm GRR a performance
ratio of min(M + W, k).

Theorem 3.6 [f forany 1 <i: <k, r;(5) #ri(j+1), V1 <j<n;_q, then GRR
achieves the approximation ratio min(M + W, k) for the TCT problem.

Proof: Note that since r;(3) #ri(j +1) V1 < j < mn;_y, é& = pn;. Thus, for
any instance, [,

k
=1

Now, for a given instance, I, we sort the n;s and renumber the clients such that
ny < ng <--- < ni. Recall, that GRR operates in phases; in each phase, j, the
j-th requests of all clients are serviced. We group phases into stages. The first
stage consists of phases 1,...,nq, i.e., until we complete handling all the requests
of client 1. The contribution of this stage to the TCT of GRR is at most

pmin(M, k)nik + Amax(k — M, 0)n.k (3.7)

Indeed, in each phase of stage 1 we have at most min(M, k) setups, and at most
max(k — M, 0) requests whose services incur only the processing time, A. This
contribution is multiplied by the number of non-completed clients, which equals
to k.
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Similarly, stage ¢+ ends when we complete handling the remaining requests of
client 7, 2 <1 < k. Thus, the overall contribution of stage 7 to the TCT of GRR
is at most

pmin(M, k)(n; —n;_1)(k—1+ 1)+ Amax(k — M,0)(n; —n;i_y)(k—t+1) (3.8)
From (3.7) and (3.8) we get that

GRRi(I) < (pmin(M,k)+ Amax(k — M,0)) [kni + zk:(m —ni—1)(k—1+1)]

= [pmin(M, k) + Amax(k — M,0)] > n;

=1
Thus,
GRR(1) ) A
————— < min(M,k) + —max(k — M,0
GPT < min(M. k) + S max(k - 1.0
(k— M)A
]

= min(M + , k)

O

We now introduce the Shortest Client First algorithm (SCF) that achieves
a in approximation ratio. The algorithm SCF mimics the operation of the
algorithm Shortest Processing Time First (SPTF) [10] that is known to be the
optimal for scheduling a set of independent jobs, so as to minimize the total
completion time. The algorithm SPTF sorts a given set of k jobs in non-increasing
order by their execution times, and then the jobs are scheduled sequentially (i.e.,
each job is run to completion, uninterrupted). Indeed, the intuition in to schedule
first short jobs, so as to minimize the delay caused to the jobs that are still waiting
to be scheduled. Here, we consider each client as a “job”.

The algorithm SCF first finds the execution time of each job, that is, the time
required for processing all the requests of client 7, 1 <1 < k; then, we sort the
list of clients in non-increasing order by the processing time of the corresponding
“jobs”. Finally, the clients are serviced sequentially by the list, such that all the
requests of client ¢ are completed before we turn to service client (¢ +1). A formal
description is given below.

The SCF Algorithm
1. For every 1 < < k find ¢;.

2. Sort the client list in non-decreasing order by the ¢;’s. Renumber the clients
according to their positions in this sorted list, such that

H<hH< <G (3.9)
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3. Schedule the clients sequentially using the sorted list, i.e., start servicing the
request of client (z + 1) once all the requests of client ¢ have been handled.

The running time of SCF is dominated by the sorting phase, which requires
O(klgk) steps.

Theorem 3.7 The SCF algorithm yields a inl approximation ratio for the TCT
problem.

Proof: Note that for any instance, /,
SCFu(I)=ké+ (k—1)éa+ - + 6.
Suppose that the TCT of some optimal algorithm, OPT, is given by
OPTi(l)=c1+ -+ + ¢
Clearly, ¢; > ¢é;. Hence,

SCFia(1) _ kéy+(k—1)é+ -+ 6 (3.10)
OPT(1) ittt '
kéi 4 (k—1)é 4+ 6

Gt+ét+ 6

(3.11)

k
Let Zéz = R for some R > 1, then from (3.11), the numerator is maximized
=1
when ¢; = R/k. Hence,
k
R
E—j+1)—
> (k—j+1) 2

J=1

SCF(I) < k41
OPTy (1) ~ R 2

3.3 Maximal Response Time

In this section we present a dynamic programming algorithm for solving optimally
the MRT problem, when k is a fixed constant. We first consider a natural greedy
algorithm, and show that it can perform poorly, even if A = 0.

Example 3.4 Consider an instance I in which k = 6 and M = 7, as given in
Figure 3.2. The greedy algorithm, Gr, handles all the requests to bank 1 before
proceeding to the other requests. Thus, we get that Grp..(I) = kp = 6u. Under
an optimal algorithm we get OPT,..(I) = 2u. The following algorithm, which
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clients 1 2 3 4 5 6 1 2 3 4 5 6

1 1 1 1 1 1) 1 1 1 1 1 1
[
(
101 1 1 1 1) 1 1 1 1 1 1
(
(.
111 1 1 1 1 1 01 1 1 1
il 1 1 1 1 01 1 1 1
11|12 1 1 01 1 1 1
11|12 1 1 1 01 1 1 1
J
2| (3] |a]]|s 7 [2 3 4 5 6 7)
- (N - (N

(a) (b)
Figure 3.2: (a) An Optimal algorithm  (b) The Greedy algorithm

achieves the optimum, operates in phases. In phase 1, 1 <1 < 6 the algorithm
schedules as a sequence all the remaining requests in row i (starting with the
rightmost request) and all the remaining requests in column v. Thus, for example,
in the first phase, we schedule the first requests of all clients (starting from re(1))
and then complete handling the requests of client number 1.

Note that the above example distinguishes the MRT measure from the makespan
and TCT measures discussed earlier: for these measures, if A = 0, greediness is
a desired property of an optimal algorithm, i.e., any optimal algorithm for the
makespan or the TCT problem handles all the available requests to the same
bank, before it switches to a different bank.

We now show that MRT can be solved optimally using dynamic programming.

Theorem 3.8 The MRT problem can be solved optimally in polynomial time
when k is a fived constant.

Proof: Consider the following dynamic programming algorithm. Denote by
C((j1, Ly m1)y..., (G, Ik, mi),p) the minimal MRT for handling the first j;
requests of client 7, 1 < < k, such that a request of client p was serviced last,
and the time since the j;-th request of client ¢ was serviced is (;A + m;u), for

k
some m;, [; > 0. Let N = an

=1
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The recursion for finding C((j1, 1, m1),..., (Jr, lg, mg),p) is given by

C((jlv 117 ml)v"'v(jpv 07 0)7"'7(jk7 lka mk)ap) = (312)
1121; [ma;z: {C((]{, I, my),....,(5 -1, l;, m;),...,(jllc, I m;“)’s%gl?é(li)\—l_miw}]
1<1,<N S
1gm;gN

where for ¢ # p,

(Jis B mi) =

{ (g, =1, my) if t5(rp(gp))

P
(ji, liy mi — 1) if tS(Tp(jp))

The optimal solution for a given instance, I, is found by taking

A
7

lr%isnk C((ny, L, my), ..., (ng, lg, my),p).

1gl§gN
1§m§§N

We initialize the algorithm by taking

C((jh lla m1)7 ceey (]k7 lka ?’)’Lk),p) = K 1 S p S k
where,

00 =
(.727 ll) mz) _{ (0’ 0, 1) otherwise

In order to consider legal configurations only, we define

C((.jlv lla ml)a"'a(jka lk? mk)7p) = 00,

if at least one of the indices is negative or j; = 0V 1 < i < k. Using (3.12),
calculating the cost for each configuration requires O(N?k) steps, and since the
possible number of configurations is O(nf _N?¥)  the overall running time of
the algorithm is O(kn®  N2(+1)). Hence, we get a polynomial time optimal
algorithm, when k is a fixed constant. 0
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Chapter 4

The Online Makespan Problem

The trivial upper bound on the competitive ratio of any deterministic algorithm
is /A, Indeed, for servicing any request r, the minimal cost incurred by an
optimal algorithm is A, and the maximal cost incurred by any algorithm is p. In
the following we derive a matching lower bound on the competitive ratio of any
deterministic algorithm for the makespan problem.

Theorem 4.1 Any online deterministic algorithm for the makespan problem has
a competitive ratio §) (%) .

Proof: We show that for any online algorithm A, there exists an instance [
which consists of (% + 1)k requests, k = 2', such that the online algorithm has
to pay p in order to service each request; the optimal offline algorithm pays only
k times p and services the remaining requests at the cost of A for each. Therefore,
for arbitrary k, the competitive ratio of online algorithm can be lower bounded

by

lg &k lg k&
R T
B R

The instance I is constructed as follows. Initially, each client, 7, has a single
request to the i-th memory bank, 1 < i < k, k = 2! for some integer [ > 1.
The instance [ is constructed in [ = lgk phases. For the first phase, assume,
w.l.o.g., that A handles first the requests r§+1(1), ..., rg(1). Then, for each of

the remaining clients we add a second request, such that r;(2) = r, £(1). This
2

completes the first phase. Now, the algorithm A has an instance with % clients,
each having 2 requests and each request is to a different bank. Suppose that A
completes processing first the requests of client % +1,..., %; now we add to the
%, all the requests of client 7 + %.

More generally, at the beginning of phase 7, 1 < j <lgk, A has 2]“—_1 clients,
whose requests have not been completed. Once A completes processing the re-

quests of k/27 clients, we add the sequence of requests of each of those clients

sequence of requests of client 7, 1 < <
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to one of the k/27 remaining clients. Consequently, at any time A faces a set of
requests to distinct banks (see Example 4.1). The total number of requests in [
is
k k k k
1.__|_2.__|_4.__|_..._|_§

k
A4 k=k+ 1ok
9 4 3 + tole

Hence

k
Ano(D) = (k + 5 Ig k).

Note that from the construction of I, client 1 has k requests (to k distinct banks).
An optimal offline algorithm can incur the cost ku + glg kX by handling sequen-
tially the requests of client 1; whenever there are pending request to the bank
specified by r1(j), these requests will be processed, before O PT turns to handle
ri(j+1).

To complete the proof we use the next claim adopted from [1].

Claim 4.1 [1] If r1(y) = ri(p) for some v # 1, then by the time OPT processes
r1(j), OPT has processed the requests r;(1),...,ri(p—1).

JFrom Claim 4.1 we get that O PT indeed can complete handling all the requests
in [ by using exactly k setups. Hence,

Ans(1) _ (k+Elgh)u
OPTn (1) kp+ Elghk)

For sufficiently large value of k£ we get statement of the theorem. L]

Example 4.1 For 1 < < s, r(1) = 1. Suppose that A is an online deter-
ministic algorithm. W.l.o.g., assume that A services first rs(1), re(1), r7(1) and
rs(1). Then we add to each of the clients 1 < i < 4 a second request, such that

Now, suppose that r3(2), ra(2) are processed by A before r1(2), r2(2), then
now we add two requests to each of the clients 1, 2 as follows:

ri(3) = r(l) = 35 m(4) = r(2) = 4
ra(3) = ra(1) = 4; re(4) = ra(2) = 8

Finally, assume that ro(4) is processed by A before r1(4), then we add for client 1
four requests, by copying the four requests of client 2. Thus,

ri(5) = 25 n(6) = 4 n(7) = 6; n(8) = 8.

The resulting instance is depicted in Figure 4.1. Note, that an optimal offline
algorithm incurs the cost

OPT,,(I) = 8y + 12
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This is done by handling the requests in I by the order they appear in sequence
of client 1; for each bank we handle all the pending requests before switching to a
different bank. On the other hand, A incurs the cost

Aps(I) = 20p.
Hence,
A (1) B 200 _q <ﬂ)
OPT,s(I)  Su+12x \\/~

clients 1 2
N
1 2(3 4(5 6 7 8)

(56
4
8

i

3

7
N

2

6

4

8

Figure 4.1: Example of an input instance in the proof of Theorem 4.1.
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Chapter 5

The Online TCT Problem

The TCT cost function is somewhat harder to tackle, compared to the makespan.
Indeed, when analyzing algorithms for the makespan problem, we could assume,
that any “reasonable” algorithm (and in particular an optimal one), will possess
the greediness property, that is, any optimal algorithm for the makespan problem
schedules first all the existing requests for some bank 7, before moving to another
bank. This would minimize the number of setups, which is a main factor in
the makespan cost function. However, when our objective function is the TCT,
reducing the number of setups may result in non-optimal schedule.

We note, that any algorithm for the TCT problem has to minimize {wo factors:

e the number of setups, and

e the number of interruptions while servicing the requests of specific client.

The parameters which determine, whether one factor should be preferred over
the other are A (is A = 07), the ratio £ (when A # 0) and the number of requests
for each client.

Obviously, when A = 0 any optimal algorithm for the TCT problem is greedy.
Now consider the case where A > 0. Suppose that we start scheduling the client
requests, and the last request of client ¢ serviced so far is r;,(j1), 1 < j1 < n4y,
i.e., the service of this client has not been completed. Assume, that next we
service 1, (J2), where r;,(71) = ri,(j2). Indeed, servicing r;,(j2) does not incur a
setup cost. yet, by interrupting the service of client iy, we increase its completion
time.

In two special cases, it is easy to determine whether an optimal algorithm

should be greedy:

o When u > k), we note that since the increase caused in the total completion
time from each “greedy step” is at most kA, 'we get that greediness is a
desired property.

IThis is due to the fact that the completion time of each client that has not completed yet
is increased by A; the maximal number of such clients is k.
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o When p & X it is always preferable to service the clients sequentially, i.e.,
to complete servicing all the requests of client ¢ before turning to service

client (2 +1).

In this section we handle separately the case where p = A and the case where
w > A We first introduce some notation that will be used in studying the
online TCT problem. Given an algorithm A, we denote by z; = z;(A) is the
time that it takes to service the requests of client 2 under the algorithm A, i.e.,
r; = >0ty ts(ri(y)). For the case where p = A =1, x; = n;. D;‘}j is the time
allocated by algorithm A to client ¢ while the service of client j has not been
completed. The delay PZ{; = Df}]- + D;}Z» is the amount by which clients 7 and j
delay the completion time of each other.

5.1 The General Case

5.1.1 Lower Bound

Theorem 5.1 If M and k can be arbitrarily large, the compelitive ratio of any
online deterministic algorithm for the TCT problem is Q(%).

Proof: Following the steps of the proof of Theorem 2.4 in [1], let N = L%j
We construct a clique of size Nk. The clique consists of N sub-cliques of size k
each. The adversary generates requests for each sub-clique, using the “critically
alive” game strategy described in [1]. For obtaining the lower bound, we use the
next two claims adopted from [1].

Claim 5.1 Any online deterministic algorithm, A, incurs at least the cost (N —
14+ HTI),LL]C for servicing the requests generated by the adversary during the “crit-
ically alive” game.

Claim 5.2 The number of requests serviced by an optimal offline algorithm dur-
ing the game for each client is at most N — 1 4+ k%, and the maximal cost for

servicing requests that incur setups is %};W)
JFrom Claim 5.2 we get that for the generated instance, I,
N —1+k
OPT(l) < =T Lk 1 (N — 1 1 KAk
—lgk
2
The bound is derived by taking the ratio
E+1
-Atct([) B (N — 1+ 5 ),LLk
PTi (I) N —1+k?
OPTi(T) %uk—l—(N—l—l—kQ)/\k

—lgk
5 '8
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L2N -1+ k)ulgk
(N=1+E)u+2(N—1+k>)Agk

For sufficiently large values of M and k this yields the statement of the theorem.
]

5.1.2 Upper Bound

We now show that the lower bound in Theorem 5.1 is tight to within a constant

factor. Specially, we show that the competitive ratio of RR is O(%). First, we

lower bound OPT;.(I) for any instance I. The total completion time for OPT
on any input instance [ is

OPT
OPTtLt E Z; —|— E PZ,] . (51)
1<i< i<k
For convenience we renumber the clients such that n; < ny--- < ni. To obtain

the lower bound we minimize the two sums in the right-hand side of (5.1). Clearly,
the left sum cannot be less than A% n;, and the right sum is always at least

/\21§i<j§k min(ni, nj)-

OPTiu(1) > /\an+)\ E min(n;, n;) (5.2)
1<2<]<k
k

= AZ —i+1)n (5.4)

s
x> |l
—

Round-Robin (RR) is a well known scheduling algorithm in various operating
systems. Generally, RR can be used to guarantee fairness while servicing the
requests of different clients. RR also achieves a good competitive ratio with
respect to the TCT measure.

Theorem 5.2 For any k and p > X, RR is within a constant factor from the
optimal in the set of online deterministic algorithms for the TC'T problem.

Proof: The total completion time of RR for an input instance [ is

RRy (1 Z x; + E PZ']E‘R

1<i< <k
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Note that RR guarantees that for any pair of clients, 7 and 5, PEF < 2umin(n;, n;).

27]
Hence,

k k
RRi(1) < p an +2u Z (k —1)n,.
=1 =1
Now, let ¢ = 35 n; and y = X5 (k — i)n;. We define

c+ 2y
c—l—y'

fly) =

Note that for any ¢ > 1 f'(y) > 0, thus f(y) is maximized when y is maximal,

that is, when n; = ny--- = ng. Hence, for any I, let ¢ = ¢(I) = % n;

RR(1)

[
0Pl = AW

k C
c+2Y (k—1i)r
E =1 k

A

VAN
> =

k - =) 69)
e C-p) o

JFrom Theorem 5.1, we have that any deterministic online algorithm has com-
petitive ratio (%) . This completes the proof. L]

5.2 The Case where = A

When g = X the competitive ratio of any online algorithm is determined by
the number of requests generated by the adversary for each client. W.l.o.g we
assume that A = 1. In this case, there is an optimal offline algorithm which
services the clients sequentially. This follows from the fact that with no setup
costs, our problem reduces to the problem of scheduling a set of k independent
jobs: the chain of requests of client ¢, of length n;, can be represented by job .J;,
whose execution time is n;; all the jobs are ready for execution at time 0. As
mentioned in Section 3.2.3, the SPTF algorithm minimizes the total completion
time. Hence, we get that for any instance [/

OPT,u(I) = zk:(k — i+ Dy (5.6)

=1

We now derive a lower bound on the competitive ratio of any online deterministic
algorithm in this case.

Theorem 5.3 Let p = A =1, then for any k > 1, the competitive ratio of any
2

online deterministic algorithm for the TCT problem is at least 2 — 2.
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Proof: Given a deterministic algorithm A, adversary initially generates re-
quests until A has serviced x = kp requests, for some p € N. Let [; be the
number of request serviced last for client 7, 1 <1 < k, then n; = [; + 1. Hence,
we get that

Ai(l) = zch+k+(k—1)+---+1
b+ 1)

= zk
Tk + 5

From (5.6) and the fact that >_n, =  + k we conclude that OPT;(I) is maxi-

mized when

T
nlzngz"':nkzz+1.
Therefore,
Aier(1) _ zk + (kH)
OPT(I) Sk (k- z+ 1)n;
fEk‘ _I_ k k-}—l
EDEE
B 2kx N k
 (z+Ek)E+1) ozt k
Note, that f'(z k2 ]le > 0 for any k& > 1, hence f(x) is monotonically

increases as grows (large Takmg T — o0 we get that

Atct(]) . 2]{1} k 2
———— = lim + =2—-—.
OPTi(I) === (z+k)(k+1) z+k E+1
0
Theorem 5.4 The Round-Robin algorithm is exactly 2 — ﬁ -compelilive.
Proof: The proof follows from Theorem 5.2, when taking p = X = 1. 0
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Chapter 6
The Online MRT Problem

6.1 Some Restricted Versions of the Problem

Before analyzing a general problem we examine two restricted versions:
o =)
e M =1

For the case where y = X, we note that for any instance, I, OPT,,.+(I) >
(k — 1)A. For this case we show that RR is an optimal online algorithm.

Observation 6.1 If A = y then RR is 1-compelitive.

Proof: For any instance, I, RR services at most k — 1 requests of different
clients between any two consecutive services of some client. There are no setups,

therefore, RR,..+(1) < (k—1)A. U]

If M =1 either OPT or any deterministic algorithm A performs exactly one
setup for any instance, I, when processing the first request. Thus, obviously,

OPTri(1) = (k—2)A+ . We now show that RR is an optimal online algorithm

in this case as well.
Observation 6.2 If M =1 then RR is 1-compelilive.

Proof: RR performs at most & — 1 different client requests between any two
consecutive requests of some specific client. The only setup that should be made
is before processing the first request in the schedule, thus the maximal response
time is at most (k — 2)A + p, and the claim follows. ]
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6.2 Analysis for the General Case

Theorem 6.1 For sufficiently large k the competitive ratio of any deterministic
online algorithm for the MRT problem is ) (%)

Proof: Let A be an online deterministic algorithm. Consider the following
instance, I. The first request of any client 1 <1 < k is to bank 1, i.e., r;(1) = 1.
While there exists a client for which A has not serviced k requests, any request
generated by adversary, for any client, is to bank 1. Note that A has to complete
servicing the first k£ requests of all clients within finite number of steps, otherwise
A is not competitive.

Suppose that A completes the service of k requests for all clients for the first
time after servicing r;(k), for some 1 < i < k. The adversary will generate the
next request for client 7, 1 <1 < k to bank (2 + 1).

Note that at this point, each client ¢ # i has two requests: the first request is
to bank 1 and the second request is to bank (i + 1) (client ¢ has only one request,
to bank 7 + 1).

Claim 6.1 A,,.(I) > £u— .

Proof: Suppose that A completes servicing k/2 clients. The response time of
the remaining clients at this point is at least u. We handle two cases separately:

e Among the k/2 remaining clients there exists a client with unserviced re-
quest to bank 1; Clearly, the MRT of this client is at least glu (the lower
bound on the service time of first k£/2 clients).

o The requests for bank 1 of all the remaining clients have been serviced. In
this case, one of the remaining clients will have to wait to be serviced for
another %,LL — A time units.

This gives the statement of the claim. ]

Now, consider the operation of an optimal offline algorithm, OPT, on the
instance I. For convenience, we renumber the clients in non-decreasing order by
n;’s, such that ny < ny--- < ny. Note that n; = k4 1, since there exists a client!
whose total number of requests is (k + 1).

OPT services [ in phases, as follows. In the first phase it services r;(1), for
all 1 <1 < k; then it completes servicing the requests of client 1. Thus, we get
an MRT of at most (2k — 3)A 4+ 2u. In phase j, for j > 2, OPT uses RR to
service the requests, until the remaining number of unserviced requests for client
7 1s k; then, OPT completes servicing the requests of this client. Note that since

IThe number of requests of the client initially numbered as 7 is exactly (k+1)
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in each phase j OPT incurs at most two setups (when servicing the first request
in phase j, and when servicing the last request of client j) we get the

OPTr(1) < (2k — 3)A + 2p.
Thus, if &k is sufficiently large, the competitive ratio of A is

OPTor(1) = (2k — 3)A + 21 VA

[

An example of an input instance in the proof of Theorem 6.1 is given in Figure 6.1.

Figure 6.1: Example of an input instance in the proof of Theorem 6.1 (k = 6)
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Theorem 6.2 The Round-Robin algorithm has a competitive ratio O(§) for the
MRT problem.

Proof: MRT of RR is at most £y — A, while the MRT of any optimal algorithm
is at least (k — 1)A. This completes the proof. ]
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Chapter 7

Experimental Results

In this section we examine the performance of algorithms for the TCT and MRT
over several sets of input sequences!. For simulating a real system environment
we modeled the generation of access requests to the banks 1,..., M as a Markov
process, that is, the probability that the j-th request of client 7 is to some bank
1 < s < M depends only on the (j — 1)-th request of client . Formally, for each
client 7, 1 < i <k, we generated an M x M matrix, B;; each entry in B;, B;[s, ],
is the probability that the next request of client ¢ is to bank ¢, given that the last
request was to bank s, and 32, Bi[s, ] =1forall 1 <s < M,

Each row of B; was generated by taking random permutation of a set of
probabilities computed from a geometric series, with some parameter 0 < g < 1.
Specifically, given the parameter ¢, our basic set of probabilities was {p1,...,pm},
where

pi=—s 1<i<M.

>4
=1

Now, let s = (751, ...,7sm) be a random permutation of the indices {1,..., M}
selected for row s, then Bi[s,t] = pr,,, 1 <t < M. We call g the locality
parameter of the system, since it indicates to which subset of banks the i-th
client tends to generate requests after accessing bank j. Indeed, as g approaches
1, we get that the distribution on the accesses to the banks becomes close to

the Uniform distribution, while smaller values indicate that after accessing some
bank, s, client 7 will access almost surely the bank ¢, for some 1 < s, < M.
Thus, the size of the subset of banks that can be accessed by client 7 in each
request becomes large as ¢ gets larger. Unless specified otherwise we used in our
experimental study the value ¢ = 0.7. Each result was obtained as an average
over ten fests.

!Experimental results for the makespan measure can be found in [5].
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7.1 Results for the TCT Problem

The optimal algorithm for TCT was implemented using the dynamic program-
ming algorithm described in the proof of Theorem 3.2.

The following algorithms were implemented in our experiments for the TCT
problem

e Round-Robin (RR)
e Greedy Round-Robin (GRR)

e Greedy Enhanced Round-Robin (GERR) - This algorithm was proposed
in [5] as an online algorithm for plan merging. In each phase 7,1 < j <
Nmar GERR groups the requests from the current frontier according to
the memory banks they refer to. Then, GERR chooses a group with the
maximal number of unserviced requests and handles the requests in this
group sequentially. For each client, 1 < : < k, when GERR completes
servicing the current request of client 1, it inspects the next request of client
2; if this new request is to a bank s, that was not accessed in phase 7, this
request is added to the set of requests for bank s (that will be serviced later
on in this phase). Thus, GERR attempts to group the maximal number of
available requests to each of the banks. Clearly, in the worst case GERR
performs the same as GRR, but we expect GERR to perform better on the
average.

e SEQ - Services the clients in sequential order by their numbers.

e Greedy SEQ (GSEQ) - A variant of SEQ which services the clients se-
quentially, except that after servicing a request of client ¢ to access a bank
s, 1 <s < M, GSEQ services all the available requests for bank s; then,
GSEQ turns to service the next request of client z.

e Greedy Cautious SEQ (GCSEQ) - Unlike the GSEQ algorithm, GCSEQ
does not always service all the requests in the current frontier to the current
memory bank. It first calculates the range of greediness - R, i.e., given an
order of sequential execution of the client request chains, if the number of
clients whose requests are still unserviced is ]AC, the algorithm defines the
value |R| = k — [%] The computed size defines the range of the clients
indices, starting from the index of the current client, in which the algorithm
is greedy, i.e., does not skip requests to the same memory bank. The idea
behind the algorithm is simple: greediness does not always lead to a better

TCT.
e Shortest Client First (SCF)
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We now turn to describe our results, as given in Figures 7.1-7.5. We used in
the experiments the following set of base parameters: ¢ = 10 and A = 1; the
number of banks was set to M = 5; the number of clients was & = 50, and the
maximal number of requests was n,,,, = 150.

Figure 7.1 shows the TCT of the various algorithms vs. n,4,. Due to the
computational complexity involved in the implementation of the optimal algo-
rithm, OPT (see in Theorem 3.5) we used in this experiment a small number of
clients, i.e., k = 5. We note that GSEQ and GCSEQ performed very similarly:
this is due to the values of the input parameters, which are relatively small here.
The graphs for the two algorithms show that for any value of n,,,,., TCT for
GCSEQ and GERR is approximately 1.27 times the optimal. We also note that
for any value of n,,,, TCT for RR is no more than 2.15 times the optimal. This
result shows that RR performs much better on the average than its upper bound
of <2 — ﬁ) & computed in (5.5). Note that RR achieved the worst performance
among the tested algorithms. Like RR , SCF performs better than its upper
bound, k%l, stated in Theorem 3.7, and is no more than 1.32 times the optimal
for any value of n,,4,. GRR, whose approximation ratio min(M + @M, k) was
shown in Theorem 3.6, had a TCT that is no more than 1.66 times the optimal,
for any value of n,,,,.

2000

1800 —-~—OPT

1600 - RR

1400 GRR
- 1200 GSEQ
8 1000 -« GCSEQ

800 --SEQ

600 — GERR

400 — SCF

200

O I T T T T T T T T 1

8 10 12 14 16 18 20 22 24 26
Maximal Number of Requests

Figure 7.1: Total completion time vs. n,,, (k =5).

Figure 7.2 presents the results of the same experiment, only that OPT was
not implemented. Thus, we could use a large number of clients. Here, we observe
that GERR and GCSEQ perform better than the other algorithms. We also note
the linear dependence of TCT of the various algorithms on n,,,;.

In Figure 7.3 we examine the TCT of the algorithms for different values of
M. (The number of clients was reduced to k = 5, and n,., = 25, due to the
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Figure 7.2: Total completion time vs. n4z-

implementation of OPT). We note that when M > k, SCF performs better than
the greedy algorithms. Among the online algorithms GERR, GSEQ and GCSEQ
achieved the best performance. RR, SCF and GRR obtain the same maximum
performance ratio compared to the optimal algorithm as in Figure 7.1. Again,
we get that the performance of these algorithms on the average is much better
than the upper bounds.

Figure 7.4 shows the dependence of TCT on the locality parameter of the
system. We note that TCT only slightly depends on ¢: the relative performance
of the algorithms was not affected when the value of ¢ was changed. This holds
also for larger number of clients, and larger value of n,,,,, as shown in Figure 7.5.
Finally, in Figure 7.6 we examine the performance of the algorithms for different
numbers of clients. The graphs show that the TCT of the algorithms is approx-
imately linear in k2. As in the above experiments, we got that GERR, GCSEQ
and GSEQ achieved the best performance.

In our experimental study of the TCT problem we found that GERR achieves
the best performance among the tested algorithms. It should be mentioned,
though, that “greediness” is more advantageous when the number of memory
banks is small, relative to the number of clients. When the number of memory
banks becomes larger, other algorithms that schedule short clients first (e.g. SCF)
perform better.

In Figures 7.1, 7.3, 7.4 and 7.5 we find some unexpected interruptions in the
monotonicity of the curves. For the results shown in Figures 7.1, 7.3 and 7.4
a main factors in this “anomaly” may be the small values of k& and n,,,, that
increased the effect of randomness in choosing n; and r;;, 1 <1 <k, 1 <7<
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Figure 7.3: Total completion time vs. M (k =5, N = 25).

n; on the results. We note that when £ and n,,,, are large, this “anomaly”
disappears. An exception to this appears in the curves shown in Figure 7.5.
A possible explanation to this may be the insufficient number of tests for this
specific case, where the value of the locality parameter has little effect on the
behavior of the algorithms.

7.2 Results for the MRT Problem

For the MRT measure we implemented the following algorithms:
e Round-Robin (RR)
e Greedy Round-Robin (GRR)

e Random - In each phase j,1 < j < n,,,, Random groups the j-th requests
of all the clients. Then, it randomly chooses an unserviced request in this
set and handles it. The j-th phase terminates when Random completes
handling the j-th requests of all clients.

Due to the computational complexity involved in the implementation of the op-
timal algorithm (see in Theorem 3.8) we have not implemented OPT in this set
of experiments (in which both k& and n,., were large)

In Figure 7.7 we present the MRT of the algorithms vs. the ratio u/A. We
observe that when g /) is small RR performs better than GRR, but GRR is better
when p/A > 2. The Random algorithm performs poorly for any ratio of p/A.

Figure 7.8 shows MRT vs. the maximal number of requests. We get that
MRT of the algorithms is not affected by the value of n,,,,. Finally, Figure 7.9
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Figure 7.4: Total completion time vs. locality parameter(k =5, 1., = 25).

shows that the advantage of GRR over RR and Random becomes clearer when
the number of clients becomes larger, relative to number of memory banks.
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Chapter 8

Summary

8.1 The Contribution of this Work

We studied the problem of scheduling multiple clients by a bus arbiter. We
examined the offline and the online problem using three performance measures:

makespan, TCT and MRT.
e For the offline problem

— We showed that the TCT problem is NP-complete.

— Dynamic programming algorithms were presented for all performance
measures.

— We presented approximation algorithms for the makespan and the

TCT problems.

e For the online problem

— We derived a lower bound of Q(%) on the competitive ratio of online
deterministic algorithms for all three measures.

— We described online algorithms whose competitive ratios are O(%).

8.2 Conclusions from the Experimental Study

Greedy algorithms (e.g. GERR and GSEQ) often achieve better results
for both the TCT and the MRT performance measures, compared to non-
greedy algorithms.

e For the TCT measure the performance of RR, GRR and the SCF algorithms

on the average is much better than their worst case upper bounds.

As it can be seen in Figure 7.3, the performance of greedy algorithms for
TCT is getting worse, when the number of memory banks becomes larger.
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o Our experimental study shows that GERR outperforms any other algorithm
w.r.t the TCT measure; GRR achieved the best performance for the MRT
measure.

e In generating request sequences for the clients (excluding the usage of local-
ity parameter in some of the experiments) we have not used access patterns,
that is, sub-sequences of accesses which may appear repeatedly in the se-
quences of specific clients. For inputs that contain such patterns, our algo-
rithms can be tuned to initially learn these patterns, and later employ this
knowledge in servicing the clients. This would yield improved performance.

8.3 Open Problems

Several interesting problems remain open:

o We showed that the TCT problem is NP-complete, but the question: “is
the TCT problem MAX-SNP hard (as the makespan problem)?” is still

open.
e Hardness of the offline MRT problem.

e We studied the problem in a single bus architecture. The multi-bus model
appears to be a natural extension of our study.

e Better approximation algorithms for the offline makespan and TCT prob-
lems (reducing the gap between the upper and lower bounds for the makespan
problem).
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