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By Theorem 3, the Rounded Ratio algorithm yields a 2-approximation to the minimal latency. Using
the simulation results, as given in Figure 5, we note that the MQL provides a ratio that is a small
constant to the optimum (that is, at most 3) also for the Zipf distribution, under which

1
MlgM ~

Pmin =

Theorem 2 gives the upper bound of g M on this ratio for any distribution satisfying (16).

In Figure 6 we used a fixed arrival rate of 50 per minute, and a server capacity in the range of
500 to 2000 streams. We show the decrease in system’s latency achieved by the studied schemes
as the server capacity increases. We note that for a server capacity of 1000 streams or larger, the
differences between the latencies under the FCFS, RR and the Rounded Ratio algorithm are very
small, however, when the server capacity is very limited, the Rounded Ratio does substantially better

than the other schemes.
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Figure 6: System’s Latency vs. Server Capacity: Comparison of the Rounded Ratio with FCFS, MQL and

RR

In Figure 4 we compare the system’s latency under FCFS as computed in Section 3 and in the
simulated system. We note, that the estimated latency is closer to the latency in the simulated
system for higher arrival rates, for which it is indeed unlikely to find an idle stream (i.e., the rate at
which I/O streams become available approaches d), as we assume in our analysis.

In Figures 5 and 6 we compare the system’s latency under the FCFS, RR, MQL and the Rounded
Ratio schemes. In Figure 5 we used a fixed server capacity and increasing loads, taking arrival rates
in the range 10 to 100 per minute. We note, that the Rounded Ratio algorithm improves the latency
obtained by the other schemes; This improvement becomes significant when the load is heavier.
Thus, the Rounded Ratio algorithm is the best choice when the rpv p is known and fixed®>. Among
the three other schemes the FCFS provides the smallest latency. The ratio between the latencies

under the RR and the FCFS did not exceed 1.2 in the simulated system.

#In practice, implementing the Rounded Ratio algorithm requires updating periodically § and the sizes of the batch

intervals, due to changes in the relative frequencies of requests for the various programs.
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Algorithm Rounded Ratio
fore=1to M

Pi
li = .
[ IUM1

M
by = d>_ 1
i=1

foerl_

fore=M-1,...,1
Schedule queue ¢ [; times uniformly
along the interval [;.

Let I; be the interval [d(j(by, + 1) +1),d(j + 1)(by + 1)].
Schedule queue M at time d(j + 1)(0, + 1).

Figure 3: The Rounded Ratio Algorithm

and since queue ¢ is scheduled [; times between two successive schedules of queue M, for any 1 <1z <

M—-1

L TR TRl
! i Di 1 - [k - [
Pm Pm Pm

Thus, E[W(B')] = szzpib; <2EW(B)].

i=1

5 Numerical Results

= 20, (15)

We give below the numerical results obtained in a simulation study of the proposed schemes. Our

results validate the mathematical model used in Section 3 and compare the performance of the four

batching schemes studied in this paper. We simulated a Poisson arrival process of customer requests

to a multimedia database of M = 100 objects. The rpv p formed a Zipf’s distribution, i.e., p, =

1
kHy'

where Hys, the Mth Harmonic number, is the normalization constant. The Zipf’s distribution often

reflects the relative frequencies of accesses to the objects, e.g., in a movie vending environment [16].
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1
N ) L= 1 >
Corollary 1: For any ¢ > 1, if Poin 1gusn Pi 2 then

EDYMQL)]

Wgc. (13)

4.2 The Rounded Ratio Algorithm

The Ratio Rule was shown in [1] to minimize the system’s latency. However, as noted in [1], for a

general 1pv p this rule is unrealizable. Consider, e.g., the case where for some 1 < 4,5 < M P

b;
is irrational, there is no schedule that guarantees that (9) is satisfied. This holds for any server
capacity.

In the following we present an approximation algorithm that we call the Rounded Ratio. In deter-
mining the lengths of the batch interval b, for queue ¢, 1 < < M, the algorithm uses the rounded

Pi
Py

ratio [ |. The batch intervals are then defined recursively, starting from b,. We show that the

Rounded Ratio algorithm yields a 2—approximation to the minimal latency. The algorithm is given
in Figure 3.

Theorem 3: The Rounded Ratio Algorithm achieves a ratio of 2 to the minimal latency.

Proof: It is easy to verify that the algorithm is feasible, since I; is an integer (Recall, that p; > py
V1<i<M-—1). Letb;,b} be the batching intervals assigned to queue i by the Ratio Rule (denoted

by B) and by the Rounded Ratio algorithm (denoted by B’) respectively. Using (11) we have

3

M
Wy =d> I <
i=1 P

20 &
> P =2by (14)



j and ¢ respectively. Thus, the overall expected delay between two services of queue ¢ is given by

dzm i_i = d(

pi —1). As customers arrive to queue ¢ by Poisson arrival process, for any interval
between two services of queue 7, the arrival time of a customer is distributed uniformly on I, and

the claim of the lemma follows. [ ]

In the following we use the notation OPT for any batching scheme that minimizes the system’s

latency. We denote this latency by E[W(OPT)].

Theorem 2: For a given rpv p the system’s latency under MQL satisfies

EW(MQL)| < . EDV(OPT)) . (10)

Proof: Let b; be the batching interval assigned by the Ratio Rule to queue 7, 1 < ¢ < M. Given a

delay of d time units between successive service completions, it is shown in [1] that

b= 1= (11)

Thus, using Lemmas 1 and 2 we have

M
piE[Wi(MQL)]
EW(MQL)] < ZZ:; < M -1 (12)
EWOPT) ~ M - M
Zpibi M Z\/p_y
i=1 ji=1
Dpi -
; VPi
and the statement of the theorem follows. [ ]

Indeed, the MQL is most efficient when the distribution on accesses to the programs is moderately

skewed, as stated in our next result.
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Denote by E; the event “At most one arrival to queue j in the interval I;”. From (i) and (ii) we have

Prob(A; | B;) = Prob(A; | E;)- Prob(E;) + Prob(A; | E;) - Prob(E;)
= Prob(X <Y)- Prob(E;)+ Prob(X, < Y) Prob(E;)
and the inequalities in (7) follow.
Summing up on j # ¢ we have the statement of the theorem. [ |

4 Performance Bounds for the MQL and the Rounded-Ratio Al-
gorithm

4.1 Analysis of the MQL

In this section we study the performance of the MQL scheme with respect to system’s latency. We
formulate in Theorem 2 a performance bound that depends on the distribution on requests for the
programs, given by the rpv p. Our result implies, that the MQL achieves performance ratio that is
a small constant for moderately skewed distributions, as given in Corollary 1.

We first define the optimal scheme for the MOD scenario, as introduced in [1]: Let b; denote a fized
length of time between successive services of queue ¢, 1 < ¢ < M. This is the batching interval of

queue 7. The Ratio Rule assigns to queues ¢, j the batching intervals b;, b; satisfying

b. ,
#: &,foralllgi,ng. 9)
fi Di

Lemma 1: [1] The Ratio Rule minimizes the system’s latency.

Lemma 2: If a stream is released every d time units then the latency of queue ¢ under MQL is

S=——1),¥V1<i<M.

Proof: We note, that for any 1 < ¢ < M, the expected number of services of queue j # ¢ between

two successive services of queue 7 is %, which is the ratio between the rates of arrivals to queues

10



Theorem 1: For any MOD system of M queues with requests generated by the rpv p:

EWWRR)] _ piww(rersy < EDV(RR)] .

Proof: It is sufficient to show, that forany 1 <j < M
1—p3.
T(J]Sl—l’wﬁl—l’gj- (7)

Let I; = [0..T] denote a time interval between two successive visits of the server in queue j. We
note, that py; is the probability that a random sample of queue j in [; finds it non-empty. Since the
location of such a sample is distributed uniformly on [0..7], while (by definition) the server always
arrives at the end of the interval, we have the right inequality in (7). For showing the left inequality
we denote by A; the event “a random sample finds queue j non-empty”, and by B; the event “the
server finds queue 7 non-empty”, then
L1200 _ propa, | B;) (8)
L= py;
We handle below two cases separately:

(i) There is a single arrival to queue j in the interval ;. Let X,Y denote the time of the single
arrival, and the time queue j is randomly sampled respectively. Clearly, Y ~ U(0,7), and by
the memoryless property of the exponential distribution, we also have X ~ U(0,7"). It follows,

that the probability that a random sample finds queue j non-empty is
Prob(X <Y)=1/2.
(ii) At least two customers arrive in [;, then denote by X; the arrival time of the first customer

and Y asin (i). Denote by C' the event “A random sample of queue j occurs before the second

arrival”. Clearly, Prob(X, <Y |C) =1 and from (i), Prob(X, <Y | C) = 1/2. Hence,

Prob(X, <Y)>1/2.



or

—(k;—1+M—A Fi— 1+ M — A)? + 4k,
pm:(z + )+\/2(Z + )+Z1§¢§M. (4)

Summing up the equations for the pg;’s we have

M M
ki —1+ M — A)? + 4k;
2A—|—Zki—|—M(M—1)—MA:Z\/( +2 Vo ks (5)
i=1 i=1

Since A € [1, M], a close approximation for its exact value may be found numerically. Substituting
into (3) we obtain an expression for the py;’s, that gives the expected length of the vacation for queue
i, E(U7), 1 <i< M, as given in (1).
We note, that the Poisson arrival process of customers implies, that the arrival times of customers to
the i-th queue are distributed uniformly in the interval [0, U7], thus, the expected latency of queue
v is

EW{(FCFS) = E(U)/2 , (6)

which gives E)W(FCFS)).

3.2 Performance of the RR

Using the server of the walking type model for the RR scheme, we note, that the length of the
vacation U taken by the server of queue i is the number of non-empty queues found by the server
while circulating in the system after serving queue ¢. Denote by pg. the steady state probability that
upon arrival to queue j the server finds the queue empty, then

E(UiR) = Z(l - ng) )

i

In the following we establish the relation between the system’s latencies under FCFS and the RR.
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Figure 2: Server of the Walking type Model for Batching Systems

following we derive an expression for F(U/) that allows to compute the system’s latency. Denote

by po; the steady state probability that the jth queue is empty, 1 < j < M, then

E(UT)=d-Y (1 =py)=d- (M =13 py;) - (1)

i i

Observe, that the fraction of time the ¢-th queue is empty is the fraction of time in which the
server waits for the arrival of the first customer. Let D} denote the random variable that gives the

length of this time, then since the server repeatedly takes a vacation of length d, and the expected

1
time till the first arrival is 1/A;, we can write k; = [—], and F(D}) = k;d .

Ad
Therefore,
E(D)) k;
Poi = o = . (2)
’ E(D) + E(UY) ki‘|’2(1_p0j)
J#t
M
Let A = Zpoj, then
ji=1
k;
pOi_ki—I_M_l_A—l_pOi’ (3)



2.3 Batching Schemes and Performance Measure

The following schemes are studied below:

¢ First Come First Served (FCFS) - Using the arrival times of customers the scheduler

chooses to serve the queue with the longest waiting customer.

¢ Maximal Queue Length (MQL) — The program with maximal queue length is scheduled

next.

¢ Round Robin (RR) — The queues are scheduled in a circular manner, i.e. after serving queue
1, 1 <1 < M, the scheduler inspects the queues in the order 1+ 1,...M,1,...,7 and serves the

first non-empty queue in that sequence.

Our performance measure is system’s latency defined as the expected wait time of a customer (i.e.,
a user’s access request).

We denote by W;(B), W(B) the random variables that gives the wait times associated with queue ¢
and with the system respectively; For a batching scheme B we compute the latency of queue ¢ and

the system’s latency, given by E[W;(B)], E[W(B)] respectively.

3 Analysis of the RR and FCFS

3.1 Average Wait Time of the FCFS

We assign to the i-th queue a single dedicated server that walks for a vacation of length d at the end
of a service, and inspects the length of the queue at time instants that are multiples of d. The server
gives service to the whole queue in time § = ¢ < 1%

Under the FCFS scheme, the length of vacation U7 is determined by the number of non-empty

queues that the first arriving customer finds while re-establishing the ¢-th queue after service. In the

2Note, that we do not use S in the computations, and it only accounts for the fact, that the server will inspect the

1-th queue again within d time units, that is, at the next service completion in the original system.



Figure 1: The MOD Queuing System

2.2 A Server of the Walking Type Model

We analyze the performance of a given batching scheme, by considering each of the queues separately:
Assume that there is a single server of the walking type in the system, i.e., each service of the ¢-th
queue, that is of length 5, is followed by a vacation of length D;, after which the server keeps checking
the queue until it is found nonempty at some time ¢. The server then walks for a vacation of length
UB. At the end of the vacation the server empties the i-th queue (i.e. gives service simultaneously
to all of its waiting customers). In the context of a multimedia system, the service time S is the
amount of time required for emptying queue ¢ immediately after it is scheduled. This amount of time
is typically very small relative to the program lengths, thus we take below S = ¢ < 1. The random
variable D; denotes the time that elapses from a schedule of queue ¢ till the next inspection of that
queue, i.e., when an I/0 stream becomes available. The random variable U? denotes here the time
that elapses from the arrival of the first customer (since queue i was last emptied) until the queue is
scheduled again.

We first analyze the performance of a batching scheme B for a single queue, and then derive
results for a system of M queues, where the arrival rate to queue 7 is A;, 1 < ¢ < M. A detailed

description of our server of the walking type model for a MOD system is given in Figure 2.



1.3 Organization of the Paper

In Section 2 we introduce our server of the walking type model for Multimedia systems and give
some definitions and notation. In Section 3 we use this model for analyzing the FCFS and the RR
schemes. In Section 4.1 we derive performance bounds for the MQL, and in Section 4.2 we present the
Rounded Ratio algorithm, that yields 2-approximation to the minimal latency of a given multimedia
system.

Section 5 describes the results of a simulation study of the proposed schemes.

2 Preliminaries
2.1 The Multimedia-on-Demand System Model

In our queuing analysis of MOD batching schemes each user’s request to access a specific object is
represented by a customer. Assume, that customers arrive by a Poisson process with interarrival rate
Al. An arriving customer joins the i-th queue with probability 0 < p; < 1, 1 < ¢ < M. The vector
(p1,-..,pum) that gives the distribution on customer requests for the M possible types of service, is
called the request probability vector (rpv) p. Throughout the paper we assume w.l.o.g. a renumbering
of the queues such that p; > --- > pyr. We denote by A; the arrival rate to queue ¢, given by A; = p; A.
We assume a server capacity of N I/O streams. A description of the MOD queuing system is given in
Figure 1. In the sequel we refer to multimedia objects also as programs. We assume in our analysis
that programs are of the same length 7', and that the arrival rate A is large enough, so that the
probability of finding an idle stream (i.e., all queues in the system are empty) is small. Thus, we can
use the distribution on the start times of busy periods of the streams in the initial state. Assume,

that program starts are initially distributed uniformly along an interval of length 7', then the time

between successive completions is given by d = —.

N

n fact our analysis holds for any arrival process that is memoryless .



batching schemes, with respect to system’s latency. Our mathematical model provides a method for
analyzing the performance of two schemes that are natural for the problem — the First Come First
Served (FCFS)and the Round Robin (RR). Within this framework we also study the Mazimal Queue
Length (MQL) scheme, and show that in some typical scenarios it achieves a ratio that is a small
constant to the minimal latency; Using the frequencies of access requests for the various objects, we

give a simple algorithm that is a 2—-approximation to the optimum.

1.2 Related Work

Most of the earlier related works in the area of Multimedia systems discuss experimental studies of
various batching schemes (see, e.g., [4, 5]). In [4] a Markovian model was proposed for analyzing
a few versions of the FCFS scheme: As the authors point out, this conventional queuning analysis is
useful only for small systems; This is due to the size of the state space of the corresponding Markov
chain, that grows exponentially in the number of queues in the system.

In [2] a multimedia system is viewed as an on-line batching system: The model was used for
the investigation of decision rules for adaptive video-on-demand, in which the usage of batching is
combined with scheduling algorithms that decide whether to accept or reject user requests in a movie
vending environment.

We use in our analysis the Server of the Walking Type model that was introduced by Miller in [13]. An
alternative model for analyzing queuing systems that possess the batching property is the G-Network,
proposed by Gelenbe in [9]. In a related work [10] the G-Network model is used for generalizing the
results in this paper to queuing systems with batch service mechanisms, where customers are of the

reneging type.



scheduler selects the queue that will be served next. This selection depends on the batching scheme
used by the system. The server then gives simultaneous service to all customers waiting in that
queue in time 7', where T is fixed, i.e., independent of the amount of customers served or the states
of the other queues in the system. Indeed, our optimization problem arises in any queuing system
that possesses this special batching property.

In this work we study the efficiency of batch service mechanisms in Multimedia systems: In the
common application of Multimedia-On-Demand (MOD) a large database of multimedia objects is
stored in a set of centralized servers; The objects are transferred through high-speed communication
networks, by geographically distributed clients [7, 15, 14], where each client serves a group of users in
the system. The bottleneck resource at the server could be either disk bandwidth or CPU capacity.
Hence there is hard limit on the number of video streams that can be simultaneously delivered by
a server. Indeed, there may be a large number of users simultaneously requesting the same object,
as is the case in commercial environment [6]. Dedicating a stream to each request would require
a very large server capacity. Such mode of operation is wasteful also due to the fact that modern
communication networks, such as ATM, are equipped with multicast facility [11, 12, 17], that enables
the transmission of the same data to multiple users while causing no extra overhead at the server.
This feature can be exploited to reduce the number of streams required by the server to support a
given number of users: If two requests for the same object are separated by a small time interval,
then by delaying the service of the first request, a single stream could be used to satisfy both [3].
The multimedia server will then read data only once from the storage device, and send the data
separately to the appropriate clients.

Indeed, users may withdraw access requests, when wait-times become too long, leading to a loss in
potential revenue for the system. Thus, a most important aspect of this type of service is providing
access instantaneously or within a small latency upon request.

In this work we develop an approximate model for evaluating the performance of multimedia
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Abstract

We consider the problem of minimizing the average wait times in a queuing system where a single
server gives simultaneous service to a batch of customers. The length of this service is fixed and
independent of the size of the batch. Our study is motivated by the application of this problem to
Multimedia-On-Demand systems, in which user requests for multimedia objects can be serviced
in batches. This can be done using the multicast facility available in the high-speed network
connecting the multimedia server with the users. Indeed, users may withdraw access request,
when wait-times become too long, leading to a loss in potential revenue for the system. Thus, a
most important aspect of this type of service is providing access instantaneously or within a small
latency upon request.

In this work we develop an approximate model for evaluating the performance of multimedia
batching schemes, with respect to system’s latency. Our mathematical model provides a method
for analyzing the performance of two schemes that are natural for this problem — the First Come
First Served (FCFS) and the Round Robin (RR). Within this framework we also study the Maz-
imal Queue Length (MQL) scheme and show that in some typical scenarios it achieves a ratio
that is a small constant to the minimal latency; Finally, using the relative frequencies of requests
for the various multimedia objects, we give a simple algorithm that is a 2-approximation to the
optimum.

1 Introduction
1.1 Problem Statement and Motivation

We consider the problem of minimizing the average wait time in a queuing system where a single
server gives simultaneous service to a batch of customers. The system consists of M queues and N
servers. An arriving customer joins one of the queues, depending on the type of service he requires.

Each of the servers can provide service to any of the queues. When a server becomes available the
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