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By Theorem 3, the Rounded Ratio algorithm yields a 2-approximation to the minimal latency. Usingthe simulation results, as given in Figure 5, we note that the MQL provides a ratio that is a smallconstant to the optimum (that is, at most 3) also for the Zipf distribution, under whichpmin � 1M lgM : (16)Theorem 2 gives the upper bound of lgM on this ratio for any distribution satisfying (16).In Figure 6 we used a �xed arrival rate of 50 per minute, and a server capacity in the range of500 to 2000 streams. We show the decrease in system's latency achieved by the studied schemesas the server capacity increases. We note that for a server capacity of 1000 streams or larger, thedi�erences between the latencies under the FCFS, RR and the Rounded Ratio algorithm are verysmall, however, when the server capacity is very limited, the Rounded Ratio does substantially betterthan the other schemes.AcknowledgmentWe would like to thank Johan H�astad for his helpful comments on an earlier version of this paper.References[1] Aggarwal C.C., Wolf J.L., Yu P.S., On Optimal Batching Policies for Video-On-DemandStorage Servers, Proceedings of the Intl. Conference on multimedia Computing and Systems,Hiroshima, 1996.[2] Aggarwal S., Garay J., Herzberg A., Adaptive Video on Demand, Proceedings of the 3thEuropean Symposium on Algorithms (ESA), pp. 538-553, 1995.[3] Anderson D., "Metascheduling for Continuous Media", ACM Transactions on ComputerSystems, 11:3, Aug 1993, pp. 226-252. 16
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Figure 6: System's Latency vs. Server Capacity: Comparison of the Rounded Ratio with FCFS, MQL andRRIn Figure 4 we compare the system's latency under FCFS as computed in Section 3 and in thesimulated system. We note, that the estimated latency is closer to the latency in the simulatedsystem for higher arrival rates, for which it is indeed unlikely to �nd an idle stream (i.e., the rate atwhich I/O streams become available approaches d), as we assume in our analysis.In Figures 5 and 6 we compare the system's latency under the FCFS, RR, MQL and the RoundedRatio schemes. In Figure 5 we used a �xed server capacity and increasing loads, taking arrival ratesin the range 10 to 100 per minute. We note, that the Rounded Ratio algorithm improves the latencyobtained by the other schemes; This improvement becomes signi�cant when the load is heavier.Thus, the Rounded Ratio algorithm is the best choice when the rpv �p is known and �xed3. Amongthe three other schemes the FCFS provides the smallest latency. The ratio between the latenciesunder the RR and the FCFS did not exceed 1:2 in the simulated system.3In practice, implementing the Rounded Ratio algorithm requires updating periodically �p and the sizes of the batchintervals, due to changes in the relative frequencies of requests for the various programs.15
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Algorithm Rounded Ratiofor i = 1 to Mli = dr pipM e.b0M = d MXi=1 lifor j � 1Let Ij be the interval [d(j(b0M + 1) + 1); d(j + 1)(b0M + 1)].Schedule queue M at time d(j + 1)(b0M + 1).for i =M � 1; : : : ; 1Schedule queue i li times uniformlyalong the interval Ij.Figure 3: The Rounded Ratio Algorithmand since queue i is scheduled li times between two successive schedules of queue M , for any 1 � i �M � 1 b0i = b0Mdr pipM e � b0Mr pipM � 2bMr pipM = 2bi (15)Thus, E[W(B0)] = MXi=1pib0i � 2E[W(B)].5 Numerical ResultsWe give below the numerical results obtained in a simulation study of the proposed schemes. Ourresults validate the mathematical model used in Section 3 and compare the performance of the fourbatching schemes studied in this paper. We simulated a Poisson arrival process of customer requeststo a multimedia database ofM = 100 objects. The rpv �p formed a Zipf's distribution, i.e., pk = 1kHM ,where HM , the Mth Harmonic number, is the normalization constant. The Zipf's distribution oftenre
ects the relative frequencies of accesses to the objects, e.g., in a movie vending environment [16].13



Corollary 1: For any c > 1, if pmin = min1�i�Mpi � 1cM , thenE[W(MQL)]E[W(OPT )] � c : (13)4.2 The Rounded Ratio AlgorithmThe Ratio Rule was shown in [1] to minimize the system's latency. However, as noted in [1], for ageneral rpv �p this rule is unrealizable. Consider, e.g., the case where for some 1 � i; j � M s pipjis irrational, there is no schedule that guarantees that (9) is satis�ed. This holds for any servercapacity.In the following we present an approximation algorithm that we call the Rounded Ratio. In deter-mining the lengths of the batch interval b0i for queue i, 1 � i � M , the algorithm uses the roundedratio dr pipM e. The batch intervals are then de�ned recursively, starting from b0M . We show that theRounded Ratio algorithm yields a 2{approximation to the minimal latency. The algorithm is givenin Figure 3.Theorem 3: The Rounded Ratio Algorithm achieves a ratio of 2 to the minimal latency.Proof: It is easy to verify that the algorithm is feasible, since li is an integer (Recall, that pi � pM8 1 � i �M�1). Let bi; b0i be the batching intervals assigned to queue i by the Ratio Rule (denotedby B) and by the Rounded Ratio algorithm (denoted by B0) respectively. Using (11) we haveb0M = d MXj=1li � 2dppM � MXj=1ppj = 2bM ; (14)12



j and i respectively. Thus, the overall expected delay between two services of queue i is given bydPj 6=i pjpi = d( 1pi � 1). As customers arrive to queue i by Poisson arrival process, for any interval Ibetween two services of queue i, the arrival time of a customer is distributed uniformly on I , andthe claim of the lemma follows.In the following we use the notation OPT for any batching scheme that minimizes the system'slatency. We denote this latency by E[W(OPT )].Theorem 2: For a given rpv �p the system's latency under MQL satis�esE[W(MQL)]� M � 1( MXi=1ppi)2 �E[W(OPT )] : (10)Proof: Let bi be the batching interval assigned by the Ratio Rule to queue i, 1 � i � M . Given adelay of d time units between successive service completions, it is shown in [1] thatbi = d MXj=1ppjppi : (11)Thus, using Lemmas 1 and 2 we haveE[W(MQL)]E[W(OPT )] � MXi=1piE[Wi(MQL)]MXi=1pibi � M � 1MXi=1pi � MXj=1ppjppi (12)and the statement of the theorem follows.Indeed, the MQL is most e�cient when the distribution on accesses to the programs is moderatelyskewed, as stated in our next result. 11



Denote by Ej the event \At most one arrival to queue j in the interval Ij". From (i) and (ii) we haveProb(Aj jBj) = Prob(Aj jEj) � Prob(Ej) + Prob(Aj j �Ej) � Prob( �Ej)= Prob(X � Y ) � Prob(Ej) + Prob(X1 � Y ) � Prob( �Ej)and the inequalities in (7) follow.Summing up on j 6= i we have the statement of the theorem.4 Performance Bounds for the MQL and the Rounded-Ratio Al-gorithm4.1 Analysis of the MQLIn this section we study the performance of the MQL scheme with respect to system's latency. Weformulate in Theorem 2 a performance bound that depends on the distribution on requests for theprograms, given by the rpv �p. Our result implies, that the MQL achieves performance ratio that isa small constant for moderately skewed distributions, as given in Corollary 1.We �rst de�ne the optimal scheme for the MOD scenario, as introduced in [1]: Let bi denote a �xedlength of time between successive services of queue i, 1 � i � M . This is the batching interval ofqueue i. The Ratio Rule assigns to queues i; j the batching intervals bi; bj satisfyingbibj = rpjpi ; for all 1 � i; j �M : (9)Lemma 1: [1] The Ratio Rule minimizes the system's latency.Lemma 2: If a stream is released every d time units then the latency of queue i under MQL isd2( 1pi � 1), 8 1 � i �M .Proof: We note, that for any 1 � i � M , the expected number of services of queue j 6= i betweentwo successive services of queue i is pjpi , which is the ratio between the rates of arrivals to queues10



Theorem 1: For any MOD system of M queues with requests generated by the rpv �p:E[W(RR)]2 � E[W(FCFS)] � E[W(RR)] :Proof: It is su�cient to show, that for any 1 � j �M1� ps0j2 � 1� p0j � 1� ps0j : (7)Let Ij = [0::T ] denote a time interval between two successive visits of the server in queue j. Wenote, that p0j is the probability that a random sample of queue j in Ij �nds it non-empty. Since thelocation of such a sample is distributed uniformly on [0::T ], while (by de�nition) the server alwaysarrives at the end of the interval, we have the right inequality in (7). For showing the left inequalitywe denote by Aj the event \a random sample �nds queue j non-empty", and by Bj the event \theserver �nds queue j non-empty", then1� p0j1� ps0j = Prob(Aj jBj) : (8)We handle below two cases separately:(i) There is a single arrival to queue j in the interval Ij. Let X; Y denote the time of the singlearrival, and the time queue j is randomly sampled respectively. Clearly, Y � U(0; T ), and bythe memoryless property of the exponential distribution, we also have X � U(0; T ). It follows,that the probability that a random sample �nds queue j non-empty isProb(X � Y ) = 1=2 :(ii) At least two customers arrive in Ij, then denote by X1 the arrival time of the �rst customerand Y as in (i). Denote by C the event \A random sample of queue j occurs before the secondarrival". Clearly, Prob(X1 � Y j �C) = 1 and from (i), Prob(X1 � Y j C) = 1=2. Hence,Prob(X1 � Y ) � 1=2 :9



or p0i = �(ki � 1 +M �A) +p(ki � 1 +M � A)2 + 4ki2 1 � i �M : (4)Summing up the equations for the p0i's we have2A+ MXi=1 ki +M(M � 1)�MA = MXi=1 p(ki � 1 +M � A)2 + 4ki2 : (5)Since A 2 [1;M ], a close approximation for its exact value may be found numerically. Substitutinginto (3) we obtain an expression for the p0i's, that gives the expected length of the vacation for queuei, E(UFi ); 1 � i �M , as given in (1).We note, that the Poisson arrival process of customers implies, that the arrival times of customers tothe i-th queue are distributed uniformly in the interval [0; UFi ], thus, the expected latency of queuei is E[Wi(FCFS)] = E(UFi )=2 ; (6)which gives E[W(FCFS)].3.2 Performance of the RRUsing the server of the walking type model for the RR scheme, we note, that the length of thevacation URi taken by the server of queue i is the number of non-empty queues found by the serverwhile circulating in the system after serving queue i. Denote by ps0j the steady state probability thatupon arrival to queue j the server �nds the queue empty, thenE(URi ) =Xj 6=i(1� ps0j) ;In the following we establish the relation between the system's latencies under FCFS and the RR.8
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Figure 2: Server of the Walking type Model for Batching Systemsfollowing we derive an expression for E(UFi ) that allows to compute the system's latency. Denoteby p0j the steady state probability that the jth queue is empty, 1 � j �M , thenE(UFi ) = d �Xj 6=i(1� p0j) = d � (M � 1�Xj 6=i p0j) : (1)Observe, that the fraction of time the i-th queue is empty is the fraction of time in which theserver waits for the arrival of the �rst customer. Let D0i denote the random variable that gives thelength of this time, then since the server repeatedly takes a vacation of length d, and the expectedtime till the �rst arrival is 1=�i, we can write ki = d 1�ide, and E(D0i) = kid :Therefore, p0i = E(D0i)E(D0i) + E(UFi ) = kiki +Xj 6=i(1� p0j) : (2)Let A = MXj=1p0j, then p0i = kiki +M � 1�A+ p0i ; (3)7



2.3 Batching Schemes and Performance MeasureThe following schemes are studied below:� First Come First Served (FCFS) { Using the arrival times of customers the schedulerchooses to serve the queue with the longest waiting customer.� Maximal Queue Length (MQL) { The program with maximal queue length is schedulednext.� Round Robin (RR) { The queues are scheduled in a circular manner, i.e. after serving queuei, 1 � i �M , the scheduler inspects the queues in the order i+1; : : :M; 1; : : : ; i and serves the�rst non-empty queue in that sequence.Our performance measure is system's latency de�ned as the expected wait time of a customer (i.e.,a user's access request).We denote by Wi(B);W(B) the random variables that gives the wait times associated with queue iand with the system respectively; For a batching scheme B we compute the latency of queue i andthe system's latency, given by E[Wi(B)]; E[W(B)] respectively.3 Analysis of the RR and FCFS3.1 Average Wait Time of the FCFSWe assign to the i-th queue a single dedicated server that walks for a vacation of length d at the endof a service, and inspects the length of the queue at time instants that are multiples of d. The servergives service to the whole queue in time S = �� 12.Under the FCFS scheme, the length of vacation UFi is determined by the number of non-emptyqueues that the �rst arriving customer �nds while re-establishing the i-th queue after service. In the2Note, that we do not use S in the computations, and it only accounts for the fact, that the server will inspect thei-th queue again within d time units, that is, at the next service completion in the original system.6
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.Figure 1: The MOD Queuing System2.2 A Server of the Walking Type ModelWe analyze the performance of a given batching scheme, by considering each of the queues separately:Assume that there is a single server of the walking type in the system, i.e., each service of the i-thqueue, that is of length S, is followed by a vacation of length Di, after which the server keeps checkingthe queue until it is found nonempty at some time t. The server then walks for a vacation of lengthUBi . At the end of the vacation the server empties the i-th queue (i.e. gives service simultaneouslyto all of its waiting customers). In the context of a multimedia system, the service time S is theamount of time required for emptying queue i immediately after it is scheduled. This amount of timeis typically very small relative to the program lengths, thus we take below S = �� 1. The randomvariable Di denotes the time that elapses from a schedule of queue i till the next inspection of thatqueue, i.e., when an I/O stream becomes available. The random variable UBi denotes here the timethat elapses from the arrival of the �rst customer (since queue i was last emptied) until the queue isscheduled again.We �rst analyze the performance of a batching scheme B for a single queue, and then deriveresults for a system of M queues, where the arrival rate to queue i is �i, 1 � i � M . A detaileddescription of our server of the walking type model for a MOD system is given in Figure 2.5



1.3 Organization of the PaperIn Section 2 we introduce our server of the walking type model for Multimedia systems and givesome de�nitions and notation. In Section 3 we use this model for analyzing the FCFS and the RRschemes. In Section 4.1 we derive performance bounds for the MQL, and in Section 4.2 we present theRounded Ratio algorithm, that yields 2-approximation to the minimal latency of a given multimediasystem.Section 5 describes the results of a simulation study of the proposed schemes.2 Preliminaries2.1 The Multimedia-on-Demand System ModelIn our queuing analysis of MOD batching schemes each user's request to access a speci�c object isrepresented by a customer. Assume, that customers arrive by a Poisson process with interarrival rate�1. An arriving customer joins the i-th queue with probability 0 < pi < 1, 1 � i � M . The vector(p1; : : : ; pM) that gives the distribution on customer requests for the M possible types of service, iscalled the request probability vector (rpv) �p. Throughout the paper we assume w.l.o.g. a renumberingof the queues such that p1 � �� � � pM . We denote by �i the arrival rate to queue i, given by �i = pi�.We assume a server capacity of N I/O streams. A description of the MOD queuing system is given inFigure 1. In the sequel we refer to multimedia objects also as programs. We assume in our analysisthat programs are of the same length T , and that the arrival rate � is large enough, so that theprobability of �nding an idle stream (i.e., all queues in the system are empty) is small. Thus, we canuse the distribution on the start times of busy periods of the streams in the initial state. Assume,that program starts are initially distributed uniformly along an interval of length T , then the timebetween successive completions is given by d = TN .1In fact our analysis holds for any arrival process that is memoryless .4



batching schemes, with respect to system's latency. Our mathematical model provides a method foranalyzing the performance of two schemes that are natural for the problem { the First Come FirstServed (FCFS) and the Round Robin (RR). Within this framework we also study theMaximal QueueLength (MQL) scheme, and show that in some typical scenarios it achieves a ratio that is a smallconstant to the minimal latency; Using the frequencies of access requests for the various objects, wegive a simple algorithm that is a 2{approximation to the optimum.1.2 Related WorkMost of the earlier related works in the area of Multimedia systems discuss experimental studies ofvarious batching schemes (see, e.g., [4, 5]). In [4] a Markovian model was proposed for analyzinga few versions of the FCFS scheme: As the authors point out, this conventional queuing analysis isuseful only for small systems; This is due to the size of the state space of the corresponding Markovchain, that grows exponentially in the number of queues in the system.In [2] a multimedia system is viewed as an on-line batching system: The model was used forthe investigation of decision rules for adaptive video-on-demand, in which the usage of batching iscombined with scheduling algorithms that decide whether to accept or reject user requests in a movievending environment.We use in our analysis the Server of the Walking Typemodel that was introduced by Miller in [13]. Analternative model for analyzing queuing systems that possess the batching property is the G-Network,proposed by Gelenbe in [9]. In a related work [10] the G-Network model is used for generalizing theresults in this paper to queuing systems with batch service mechanisms, where customers are of thereneging type. 3



scheduler selects the queue that will be served next. This selection depends on the batching schemeused by the system. The server then gives simultaneous service to all customers waiting in thatqueue in time T , where T is �xed, i.e., independent of the amount of customers served or the statesof the other queues in the system. Indeed, our optimization problem arises in any queuing systemthat possesses this special batching property.In this work we study the e�ciency of batch service mechanisms in Multimedia systems: In thecommon application of Multimedia-On-Demand (MOD) a large database of multimedia objects isstored in a set of centralized servers; The objects are transferred through high-speed communicationnetworks, by geographically distributed clients [7, 15, 14], where each client serves a group of users inthe system. The bottleneck resource at the server could be either disk bandwidth or CPU capacity.Hence there is hard limit on the number of video streams that can be simultaneously delivered bya server. Indeed, there may be a large number of users simultaneously requesting the same object,as is the case in commercial environment [6]. Dedicating a stream to each request would requirea very large server capacity. Such mode of operation is wasteful also due to the fact that moderncommunication networks, such as ATM, are equipped with multicast facility [11, 12, 17], that enablesthe transmission of the same data to multiple users while causing no extra overhead at the server.This feature can be exploited to reduce the number of streams required by the server to support agiven number of users: If two requests for the same object are separated by a small time interval,then by delaying the service of the �rst request, a single stream could be used to satisfy both [3].The multimedia server will then read data only once from the storage device, and send the dataseparately to the appropriate clients.Indeed, users may withdraw access requests, when wait-times become too long, leading to a loss inpotential revenue for the system. Thus, a most important aspect of this type of service is providingaccess instantaneously or within a small latency upon request.In this work we develop an approximate model for evaluating the performance of multimedia2
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