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Abstract

In a Video-on-demand (VOD) computer system, batching requests for the same video to
share a common data stream can lead to significant improvement in throughput. Using the
wait tolerance characteristic that is commonly observed in viewers behavior, we introduce a new
paradigm for scheduling in VOD systems. We propose and analyze two classes of scheduling
schemes: the Max_Batch and Min_Idle schemes, that provide two alternative ways for using a
given stream capacity for effective batching. In making a video selection, the proposed schemes
take into consideration the next stream completion time as well as the viewer wait tolerance. We
compared the proposed schemes with the two previously studied schemes: (1) first-come-first-
served (FCFS) that schedules the video with the longest waiting request and (2) the maximum
queue length (MQL) scheme that selects the video with the maximum number of waiting requests.
We show through simulations that the proposed schemes outperform substantially FCFS and
MQL in reducing the viewer turn-away probability, while maintaining a small average response
time. In terms of system resources, we show that by exploiting the viewers wait tolerance, the
proposed schemes can reduce significantly the server capacity required for achieving a given level
of throughput and turn-away probability as compared to the FCFS and MQL. Furthermore, our
study shows that an aggressive use of the viewer wait tolerance for batching may not yield the
best strategy, and that other factors, such as the resulting response time, fairness, and loss of
viewers, should be taken into account.
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1 Introduction

In a Video-on-demand [6, 5, 8] (VOD) system, subscribers can choose both the video they wish to
view and the time they wish to view it. This contrasts with services in which users can choose only
from a small set of selections and watch them at pre-specified times. The server for a VOD service
is essentially a homogeneous system, in which a large number of video streams of the same format,
e.g., MPEG compressed, are stored and retrieved.

For a commercial environment, VOD servers may potentially need to handle thousands of requests
simultaneously. There are often popular videos which are requested by many of the viewers. Batching
multiple viewing requests to the same video stream can greatly increase the number of viewers
supportable by a video server. In an ATM type network with multicast facility, the same video
data can be sent to multiple viewers simultaneously without additional cost. Due to the isochronous
requirement, each server is assumed to have a limit on the number of simultaneously supportable
video streams. This is referred to as the stream capacity of the VOD server. Batching allows to
support a number of viewers that is larger than the stream capacity.

In order to obtain batching we may need to delay deliberately viewer requests, so that later arrivals
can share the same video stream with earlier requests. However, viewers may turn away when the
batching interval becomes large. In general, viewers can tolerate and accept a small amount of delay
(say, 5 minutes). This phenomenon is referred to as wait tolerance'. As the delay grows larger,
viewers are likely to leave the system without being served. On the other hand, if the batching
interval is too short, more of the system stream capacity is consumed and viewers may have to wait
longer in the queue for available streams. This can also result in loss of viewers.

The conventional batching approach in VOD systems uses only the states of the queues and view-
ers arrival times in selecting videos for showing. One scheme is the first-come-first-served (FCF'S),
under which all video requests join a single request queue, and when a stream capacity becomes
available, the request at the head of the queue is served. To support batching, all other requests
queuing for the same video are also served by this stream. An alternative is to maintain a separate
request queue for each video and select for the next showing the video with the longest queue. This
is referred to as the mazimal queue length (MQL) scheme.

As mentioned above, waiting requests may leave the queue when their waiting times exceed the
tolerance of the requesting viewers. This loss of viewers is undesirable. Different scheduling schemes

lead to various degrees of batching and losses of viewers. In selecting the next candidate for showing,

!Conceivably, the distribution of the viewer wait tolerance can be obtained empirically by any service provider.



the FCFS scheme does not take into account the batching factor of the videos (i.e., the number
of pending requests for each video) while the MQL ignores the wait time already incurred by the
pending requests. Comparison study of the performance of these schemes can be found in [2], where
it is shown that FCFS generally performs better than MQL.

In this paper we introduce a new scheduling paradigm that makes use of the viewer wait tolerance
for effective batching. The central issues to be addressed here are the extent to which batching should
be pursued, and the other factors that need to be considered. We propose and analyze two classes of
scheduling schemes referred to as the Max_Batch and the Min_Idle schemes. Both classes of schemes
produce delayed schedules that aim to increase the batching effect for popular videos. While the
Max_Batch schemes maximize viewers batching and allow available streams to remain idle in the
presence of pending requests, the Min_Idle schemes apply batching selectively only to more popular
videos and avoid stream capacity from idling by serving unbatched requests of less popular videos
(We elaborate on that in Section 3).

We focus on the main measure of system throughput: We show the computational complexity
involved in finding the optimal strategy with respect to this measure, even for the case where we have
a complete knowledge of system behavior?. This motivated our search for efficient heuristic solutions
in Section 3. A simulation program was developed to evaluate the performance of the proposed
schemes. We show in Section 4 that the proposed schemes can outperform substantially FCFS and
MQL in reducing the turn-away probability. A summary is given in Section 5.

We briefly comment on some related works that study alternative means to support stream
sharing. In [4, 7], a bridging approach that uses buffering to support stream sharing is considered.
By keeping the last few minutes of a leading video request in buffer, trailing requests can be served
out from the buffer. In [9], buffers are used to support pause-resume under batching in a look-
ahead scheduling scheme. In [3], stream sharing is achieved through a piggybacking approach of
adjusting the playout rate of the videos in progress. By slowing down the leading video request
and/or speeding up the trailing video request, the two requests can be merged into one. While
batching avoids the additional resource requirement as in the bridging approach or the complexity
in the piggyback approach, it does cause additional waiting of the viewers. Nevertheless, batching
can be used in conjunction with either the bridging approach or the piggybacking approach to strike

a balance among wait time, resource requirement and implementation complexity.

?Due to space limitations we relegate the discussion to the Appendix.



2 Preliminaries

Assume a VOD system where the initiation of video requests corresponds to arrival process A with
mean time 1/A between successive requests. Upon arrival a viewer chooses with probability p; to
join the queue of video k, 1 < k < M. The viewer waits in the queue for a certain interval of time
after which he may decide to leave without being served. We define the viewer’s wait threshold as
the scheduler estimate of the amount of wait time a viewer is willing to tolerate before he considers
leaving the system. In terms of queuing theory the viewers are classified as customers of the reneging
type, with a wait time given by a random variable (rv) R.

The system can support N,,,, simultaneously playing streams, where each stream shows one
of the M videos. Whenever a stream becomes available (upon viewing completion), the scheduler
inspects the queues and chooses the next video to be shown using that stream. The average length
of a video is given by L.

In our analysis of scheduling schemes for the above model, we use the following performance

measures:

o Turn-away probability: This is the probability that an arriving viewer leaves the system without
being served (due to a wait time which exceeded the viewer’s wait tolerance). Minimizing
the turn-away probability maximizes the system throughput, therefore in the present context
we often use the term throughput measure when referring to minimization of the turn-away

probability.
measures:

o Average response time: For any viewer that is served by the system (i.e. a non-reneging viewer),
the time that elapses from the viewer’s arrival until the start of his show is the viewer’s response
time. The renegated viewers are ignored, since the response time is not defined for a renegated

viewers.

o Fairness: Let ¢,(7) denote the turn-away probability associated with the i-th video 1 < ¢ < M,
and let g, be the average turn-away probability of the system. We say that a system is totally
fairif ¢.(i) = ¢, V1 <i< M. Asin [2], we measure the degree of unfairness in the system as
the average deviation, o;, from ¢, using a partition of the series of requests, sorted by video

ids, to |9] subsets of roughly equal number of requests.
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For a given scheme, the system’s degree of fairness increases as oy gets closer to 0.

While all of the above measures are important for achieving good quality of service, we refer in
our analysis to the system throughput as the main measure, with the average response time and
the fairness ratio the secondary measures. This is due to the fact, that the throughput measure is
essential in determining the effliciency of a given scheme. Indeed, some of the schemes may provide
small response time with high degree of fairness and yet perform very poorly: A typical example
is the Last Come First Serve strategy, which minimizes the average response time, while causing a
large fraction of the arriving viewers to leave the system without being served (i.e. the turn-away
probability is close to 1). Thus, the last two measures provide only secondary information in the

overall performance evaluation of a given scheme.

3 The Wait Tolerance Batching Approach

In this section we introduce heuristic batching schemes that effectively use the viewers wait tolerance.
Intuitively, our schemes use some limited knowledge of the reneging pattern of the viewers for delaying
the start of a new showing based on the future completion schedule, and thus increase the batching
effectiveness in the system. We keep this delay short enough, so as to minimize the expected loss of
viewers. Therefore, the overall throughput of the system increases.

We classify the M videos as hot or cold videos, based on their request frequencies. Assuming the
videos are numbered in decreasing request frequencies, a classification threshold 7 € {1,2..., M}
determines the boundary between these two categories. The selection of 7 and the sensitivity of the
proposed schemes to its value will be discussed later. We considered the following two classes of

batching schemes:

1. Max_Batch Schemes — A video is eligible for scheduling only if some of its requests have
wait times reaching or exceeding a pre-specified batching threshold. This in fact imposes a
minimum wait time requirement. If no video satisfies this eligibility criterion, an available

stream remains unused and the scheduling point is delayed to a later time, in which a request



H=A1,...,M}.
At each scheduling point ¢, (that can either be a stream completion, a new request arrival
or some delayed scheduling instant)
Let Ly denote the subset of videos in /{ with waiting requests that
reached or exceeded the batch threshold by t,.
if Ly # 0 a video is scheduled using one of the criteria:
(a) Maximal queue length (the BMQ scheme).
(b) Maximal expected loss till the next completion at ¢, i.e. maxyer,, lp(t1 — o)
(the BML scheme).
else
delay the schedule until a request reaches its batch threshold

Figure 1: The BMQ and BML schemes

reaches the batching threshold. The objective is clearly to maximize batching, which may

result in stream idling. The batching threshold is chosen based on the wait tolerance.

2. Min_Idle Schemes — These schemes try to pursue batching on hot videos without the mini-
mum wait time requirement (used in the Max_Batch approach). Cold videos are always eligible
for scheduling. The eligibility criterion is thus substantially relaxed. The objective is to provide
small response time and to decrease loss of viewers among those requesting cold videos. This

is done by minimizing stream idling.

The Min_Idle schemes maintain two sets of video queues, denoted by H and C, while the
Max_Batch schemes only maintain one set (H) of queues. Under the Min_Idle schemes, the par-
tition of videos to the sets H and C is defined dynamically based on the current state of the system

and the classification threshold 7.

3.1 The Max_Batch schemes

The Max_Batch schemes are presented in Figure 1. When a stream becomes available at ¢y, we pick
the next video among the videos with requests exceeding a pre-specified batch threshold, denoted by
v. (This eligible subset of videos is denoted by Ls.) We consider two stream selection strategies:
The first strategy chooses the video with the maximum queue length to increase the batching effect
and is thus called the Maxz_Batch MQL (or BMQ) scheme. Since the video with the maximal queue

may not have the largest number of long waiting requests which are most likely to leave, the other



At each scheduling point ¢, (that can be either a stream completion or an
arrival of a request)
Define H and C:
A video k is in 'H, if
(a)k <.
(b) ny, > 1.
(¢)ny =1 and ty — ay > v;
/* A single viewer that exceeded batch threshold */
otherwise the video is in C.
Let Ly denote the subset of videos in ‘H with a positive
expected loss in the interval [to,11),i.e. Ly = {k € H|lx(t;1 —15) > 0} .
if Ly # 0 a video is scheduled using one of the
criteria as defined for the Max_Batch case
(IM@Q and IML respectively)
else
schedule a video in C (if any) using FCFS.

Figure 2: The IMQ and IML schemes

strategy chooses the video that will incur the maximal expected loss if delayed until the next stream
completion instant ¢; (i.e., the next time a stream becomes available). This is referred to as the
Maz_Batch with minimal loss (or BML) scheme. With no explicit knowledge of the viewer behavior
in calculating the expected loss, the scheduler simply assumes that any viewer reaching the batch
threshold will depart. (Therefore a video will become eligible for scheduling as soon as some viewer
reaches the batch threshold.) Under this assumption, the expected number of departures during
the interval [to,%;) (denoted by I;(t; — %) in step (b) of Figure 1) in the k-th video queue can be
easily calculated based on the arrival time of each request in the queue. In our experimental studies,
different viewer behaviors were considered, but the scheduler always used this simplified assumption.
If at the stream completion time there is no viewer exceeding the batch threshold, the stream remains
idle. The schedule is delayed until one of the viewers reaches the batch threshold.

The batch threshold parameter needs to be determined. While a natural choice is to assign to it
the size of the wait threshold (i.e. ¥ = w), our experimental studies (as described in the next section)
showed that as the viewer wait threshold increases, choosing the maximal possible delay for batching
(that does not incur loss of viewers) provides only a small increase in system throughput, and results

in significant increase in the average response time. Thus, the Max _Batch schemes perform better by



choosing 0 < v(1) < w for a desired upper bound 1) on the average response time. By optimizing on
the value of v we can optimize the throughput of the Max_Batch schemes while keeping the average

response time small.

3.2 The Min_Idle schemes

The Min_Idle schemes are presented in Figure 2. Here the videos are partitioned to two sets. A video
is considered to be in H, if it satisfies one of the following criteria: (1) it is a hot video, (2) its queue
has more than one request, and (3) the only request in its queue has wait time that exceeded the
batch threshold (i.e. the difference between arrival time a; and scheduling time ¢, exceeds the batch
threshold). Otherwise, a video belongs to the set C. Videos in H will be delayed to achieve batching,
but will be given also preferential treatment in scheduling when the batch threshold is approaching.
Criterion (2) above provides means to recognize hot videos dynamically, and reduces the sensitivity
to the classification threshold 7 as will be shown in the next section. Criterion (3) brings the long
waiting cold video requests into the ‘H set to avoid cold video requests being completely blocked out
by the hot video showings.

When a video stream becomes available we determine the eligible subset (L) of videos which
have requests with wait times that will exceed the batch threshold upon the next stream completion.
If Ly is not empty, one of the videos in Ly will be chosen. The selection criterion can again be
either the maximum queue length (referred to as the IM(Q scheme) or the maximum expected loss
(referred to as the IML scheme) as in the Max_Batch schemes. If Ly is empty, a cold video in the
set C will be chosen. Since videos with more than one outstanding requests are in H, each video in
C can have a queue of length at most one. We schedule these queues by FCFS.

The rationale for maintaining the sets H and C in the Min_Idle schemes is that different scheduling
criteria can be applied to hot and cold videos. Hot videos (or any video with a queue length of two or
more) will be scheduled only if further delay will result in viewers exceeding the batch threshold. This
will improve batching. If no hot video viewer is going to exceed the batch threshold before the next
stream completion, a video in C is scheduled. Since it is hard to achieve batching effect for cold videos,
these video requests will be scheduled as soon as there is additional stream bandwidth available (when
no hot video needs to be scheduled immediately). This is in contrast to the Max_Batch schemes,
where scheduling of every video is delayed as much as possible. To avoid cold video requests being
completely blocked out by the hot video showings, Min_Idle schemes also transfer the long waiting

cold video requests into set H.



Except for the BMQ scheme, all the other schemes (BML, IML and IMQ) take into consideration
the next stream completion time in addition to the viewer wait tolerance in making the scheduling
decision. Information on the next stream completion time can be used to help decide whether a viewer
can be further postponed. We note that batching or any other stream sharing schemes generally
work most effectively when VCR-like functions are not supported. In this case, the completion
schedule can be easily calculated since the playout time of each video is known a priori. Indeed, a
main reason for the complexity of using batching when VCR-operations are allowed, is the fact that
once a viewer ‘pauses’, he is disconnected from his batching group. This viewer may not find an
idle stream when he presses ‘resume’. This may result in a significant degradation in the system’s
quality of service. When VCR-like functions need to be supported, the completion schedule has to
be dynamically maintained. Since we are only looking for the next stream completion time (within
the range of the batch threshold), the prediction of completion time is made nearly at the end of a
video showing, not at the beginning. Thus the probability of error and the effect of uncertainty are

greatly reduced.

4 Simulation Study

4.1 Model description

We assume that video requests are generated by a Poisson process and the interarrival time is
exponentially distributed with mean 1/X. Upon arrival to the system, a viewer chooses to wait for

a showing of video k& with probability p, ,1 < k < M, with the p;’s given by the Zipf distribution:

M
1
pr = —, where ¢= 1/(ZE) is a normalization constant. A viewer may leave the system without

k=1

ol e

being served. Two scenarios of viewer reneging behavior are considered. In the first scenario, there
is a minimum amount of time, w, that a viewer is willing to wait before reneging, while in the second
one a viewer may leave at any time after his arrival to the system, in other words, while in the first

scenario w > 0, in the second scenario w = 0.

e Scenario 1 (Deterministic case): After waiting an amount of time given by the wait thresh-
old w, the viewer’s remaining time until departure is given by the rv R, which is determined
by an Exponential distribution. That is, R ~ exp(p), where 1/p is the mean time that elapses
after w until the viewer leaves the system. Thus the viewer’s overall wait time is given by

W=w+R.



¢ Scenario 2 (Probabilistic case): The viewers departure time W follows a Normal distribu-
tion with mean g and variance o2, i.e. W ~ N(u,0?). A confidence parameter ¢ is used by the

scheduler for determining a wait threshold w for the viewers. The value of w is defined as
w=min{r : Prob(W >r)<1.0-¢} , (2)

i.e., the value of w is chosen as the minimal amount of time after which a viewer is likely to

leave the system immediately with probability higher than (.

Obviously, taking ¢ close to 1 causes larger loss of viewers, while a small value for ¢ decreases

the batching effect in the system, since the viewers’ wait tolerance allows further delay in their

schedule.

4.2 Performance Results

We first describe the set of base parameter values used in the simulations: Assuming a system of
M = 100 videos with the average length of a showing I, = 120 minutes®, we used a server capacity
of 800 streams and a video request rate of 50 arrivals per minute.

The classification threshold for distinguishing between videos in C and in H was chosen to be
T = 20. For Scenario 1, the wait threshold is assumed to be w = 5.0 minutes and the average
remaining time till departure was 3 minutes (that is, B ~ exp(1/3)). We set the batch threshold
equal to the wait threshold, i.e. ¥ = w (unless otherwise specified). For Scenario 2, with the reneging
pattern that corresponds to the Normal distribution, we use the value p = 5.0 minutes as mean for
W with the variance ¢? = 2.5 minutes.

In Figures 3-6 we compare the performance of the proposed schemes to the MQL and FCFS
schemes. In these experiments the differences in performance among the four proposed schemes (IML,
IMQ, BML and BMQ) were subtle compared to the difference between any of these schemes and the
MQL or FCFS, thus we use the numerical results obtained for the IML to represent the performance
of all four schemes. In the sequel we focus on the four proposed schemes and demonstrate some of
the differences between our four schemes (see Figures 7-11).

In Figure 3 we show the turn-away probability vs. arrival rate to the VOD system. We note, that
IML leads to lower turn-away probability, e.g., for the rate of 50 arrivals per minute the IML decreases
by 7% the turn-away probability obtained by the FCFS and by 16% the turn-away probability
measured under MQL. As the load increases, the turn-away probability under FCFS and MQL

*To simplify the performance study, we do not assume any VCR-like functions being supported.



approaches 29% and 34% respectively, while under IML it reduces to at most 17%. Figure 4 shows
that IML also provides smaller average response time compared to FCFS, except for low arrival rate;
The MQL yields a typical response time of at most 1 minute at the cost of causing more than 25% of
the viewers to renege before being served (see Figure 3). In Figure 5 we examine the fairness issue.
The unfairness of IML is close to that of FCFS and is much better than the unfairness measured
under the MQL.

Next we use Scenario 2 to study the effect of uncertainty on the performance of our schemes. We
consider the case where W ~ N(5.0,2.5). The value of the confidence parameter (() used by the
scheduler is 0.75. Figure 6 shows the turn-away probabilities of IML, MQL and FCFS under different
server capacities. We conclude that even with uncertainty on the wait threshold, IML outperforms
MQL and FCFS. In fact, changing the confidence parameter to any other value between 0.35 and 1
would increase the turn-away probability by at most 5%, as shown in Figure 7.

In Figures 8-11 we present some distinctions between the proposed schemes. Figures 8 and 9

compare between the MQL-Based criterion (used by the BMQ and IMQ schemes) and the Minimal-
Loss criterion (used by the BML and IML schemes):
Figure 8 shows the advantage of the IMQ in providing inherently smaller average response time. The
difference is most significant for low arrival rates, in which case, under the Max_Batch schemes every
request needs to wait out the batch threshold. When the load increases, the response time of the
Max_Batch schemes somewhat improves, as an arriving viewer is likely to find his queue non-empty,
and therefore larger amount of viewers will be scheduled before exhausting their batch threshold.
Under the Min_Idle schemes, as the load increases the response time first goes up, due to stream
contention, and then reduces with the increase in the batching effect. This reduces the average wait
time in the system for high arrival rates. Note, that the preference given by the MQL criterion to
large batches of viewers increases significantly the wait times of viewers in the cold video queues.
However, since these viewers often leave the system without being served their wait times have no
effect on the system response time. On the other hand, the Minimal-Loss-based criterion tends to
prefer long waiting viewers. That implies scheduling more frequently small batches of viewers waiting
in the cold video queues. Choosing to schedule at any time a small batch of viewers results in further
delay in the schedules of larger batches, and a corresponding increase in the overall system response
time. This explains the fact, that the IMQ leads to smaller response time than IML and the other
schemes under any load.

Figure 9 provides a distinction between the MQL-based criterion and the Minimal-Loss-based
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criterion with respect to fairness. We note that as the load increases, the MQI-based schemes yield
higher unfairness. Again, this shows a side effect of over-emphasis on batching. Furthermore, BML
(respectively, BMQ) shows slightly smaller unfairness than IML (respectively, IMQ) at the expense
of higher requirement of minimal server capacity, as shown in Figure 11. This is due to the fact that
by imposing a minimum wait time requirement, the Max_Batch schemes in fact limit the number of
streams that can be simultaneously used by each video. (The upper limit is set by the length of a
video divided by the batch threshold.) This prevents the hot videos from using up all the streams
and improves fairness. The Min_Idle schemes do not impose such a wait time restriction but allow
for dynamic adjustment of the cold videos into the set . The turn-away probabilities are shown
in Figure 10. At high arrival rate, Minimal-Loss-based criterion leads to slightly smaller turn away
probability, especially for the Min_Idle schemes. Figure 11 indicates that for a wait threshold of 5.0
minutes the Min_Idle schemes require less server capacity for guaranteeing a turn-away probability

of at most 5%. However, as noted above, the difference between the schemes is small.

5 Conclusion

We have presented a paradigm for multimedia scheduling schemes that explores viewers wait tolerance
for increasing the system throughput. Based on this approach we have introduced four schemes,
which provide substantial improvement compared to previously studied FCFS and MQL schemes,
especially for scenarios of heavy loads, for which the efficient use of server capacity is crucial in
providing good quality of service.

The four alternative schemes (IML, IMQ, BML and BMQ) proposed differ not only in their eligi-
bility criteria for scheduling but also in stream selection rules. The eligibility criterion is introduced
to facilitate batching. We found that an aggressive pursue of batching may not lead to the best
performance. Other factors like response time, expected viewer losses and stream idling also need to
be taken into consideration.

Under the Max_Batch (BML and BMQ) approach, videos are not eligible for scheduling until they
have viewers with wait time exceeding the batch threshold. The Min_Idle (IML and IMQ) approach
relaxes the eligibility criterion: Batching is only pursued for the hot videos without imposing the
requirement to wait out the whole batch threshold. Cold videos are always eligible for scheduling
under the Min_Idle schemes. These schemes require less server capacity for guaranteeing a given
turn-away probability.

Two streams selection criteria were considered. We studied the MQL criterion (BMQ and IMQ)

11



versus the Minimal-Loss criterion (BML and IML) for stream selection. It is found that for any load,
the MQL based schemes, that try to optimize batching, yield smaller response time (at the expense
of fairness) while keeping the throughput close to the throughput provided by the Minimal-Loss

based schemes.
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Appendix: The Optimal Strategy

In this section we formulate the problem of maximizing the throughput in a VOD system as a
stochastic optimization problem, and derive the functional equation defining the optimal scheme.
Assuming a complete knowledge of the arrival process A, the distribution of the wait tolerance rv R
and the request probabilities for the videos py, ..., py, our objective is to maximize the throughput
in a given time interval [0,7").

Typically, the scheduler is activated when a stream becomes available, i.e. scheduling points are
identified with video stream completions. Given a scheduling point ¢5 and the state of the previously
scheduled videos, we denote by t;, { > 1 the time of the [-th completion after t,. Let I.(¢; — t5) be
the expected loss of viewers for video k in the interval [ty,1;), i.e., given the set of viewers waiting in
queue k at t,:

l(t; — ty) = E(Departures in (t; — o)) .

Using the rv R, with a, < {; the arrival time of the r-th viewer in the queue of video k, we have

nk(tg)

Li(ti —to) = Z Prob(R < (t; — a,)). (3)

r=1

where ng(t;) = ny is the number of viewers in the queue of video k at #;.
A straightforward approach is the Greedy scheme defined as follows:

o At any scheduling point ¢;, V 1 < k < M compute the expected number of viewers reneging
from queue k before the next completion, given by [;(t; — t5), assuming k is not scheduled for
showing at ;.

e Schedule the video with maximal expected loss in the interval [to, ;).

It is easy to verify, that Greedy is not optimal: This is due to the fact that Greedy’s selections
of videos do not use information on

(i) The expected number of arrivals to each of the queues before the next scheduling point,
and

(ii) The expected loss of viewers, in the long run, i.e., after the nexzt scheduling point, following a
selection of a video at some time instance t.

Consider, e.g., the case where M = 10, and there are 4 videos with request probabilities p; = 0.24
each, and the request probabilities for the other (cold) 6 videos are negligibly small (and sum to
0.04). Suppose, that in some scheduling point at time ¢, there is a long waiting request to one of
the cold movies j, and there is a large number of requests in each of the hot movies queues. Since
the wait times of these requests are small, the Greedy chooses to schedule j. Assume that the next
scheduling point is at ¢ + ¢, and after that at ¢ + 26. Then, if wait times of the requests in the hot
movies queues are approaching at time ¢+ ¢ their wait tolerance threshold, obviously, selecting a hot
movie at time ¢t would result in a smaller overall expected loss of viewers to the system.

Hence, computing the expected loss of viewers only in the interval [t,¢ 4 6) is insufficient for the
minimization of the expected loss in the interval [0,7").

Yet, as shown in our simulation study, the Greedy scheme provides a significant increase in the
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system throughput, compared to the basic MQL and FCFS schemes (We call this scheme below the
Max_batch scheme).

We proceed with the computation of the optimal scheme. Let ¢ be the state of the system given
by the waiting times of the viewer in queues 1,..., M:

i = (wl,lv .. '7w1,n17w2,17 .. '7w2,n27 .. '7wM,17 .. '7wM,nM) 9 (4)

where w; ;. is the wait time of the j-th viewer in the queue of video k. We denote by f(¢) the expected
loss of viewers when the system starts from state 7, and the optimal strategy is used.

A decision D in state ¢ to schedule all viewers in queue k, for some 1 < k < M yields the expected
number of reneging viewers in the interval [ty,?;) given by

ri(D) = > Ln(t = to) . (5)

m#k

Let p;;(D) be the probability of transition to state j from state ¢ given the decision D. Bellman’s
principle of optimality [1] asserts that if decision D is taken in state ¢, and at the next scheduling
point the optimal strategy f is used, the total expected loss of viewers is

ri(D) + szj(D)f(j) : (6)

Since this holds for any choice of D, clearly an optimal policy D is chosen so as to minimize (6).
Hence, the optimal strategy satisfies

F(i) = min[ri(D) + 3 piy(D)F()] - (7)

Using successive approximations, f can be computed directly whenever the state space is finite. For
the above problem, the reneging property can be used to truncate the infinite state space to a finite
space for which the optimal strategy may be computed.

We now discuss the time and space complexity for computing the optimal strategy. Using the
classical method of successive approximations, we define

foli) = Hgn ri(D)
Faa (i) = minri(D) + 32 pis(D)fa(5)) -

The first function, fo(¢), represents the minimum expected loss of viewers after any particular schedul-
ing point, whereas f,(i) gives the minimum expected loss of viewers under the constraint, that there
are at most (n + 1) additional scheduling points till the end of the scheduling interval. Typically, the
difference f(¢) — f.(7) is geometrically decreasing, i.e., for some 0 < 2 < 1, ¢ > 0,

f(l) - fn(l) < cx” )

therefore it is sufficient to successively approximate f, (i) for relatively small values of n, which may
be no larger than 10. However, we note that for any state ¢, as defined in (4), computing f,41(¢)

14



involves a multiplication of the matrix {p;;(D)} (of the size N X N, where N is the number of states),
and the vector (f,(1),..., fu(N)). Then we minimize over M possible decisions. Suppose that the
length of each queue never exceeds some 0 < [ < 50, and wait times are from the set {1,...,k} in
minutes, then N = O(k"M). This implies that, e.g., for M = 50, and k¥ < 10, N > 2°°°. The space
complexity is similar, since we need to store the transition matrix {p;;(D)}. Thus, even for moderate
values of M and T, the computational complexity as well as the space required for solving the
functional equation for f can be enormous, thus we proceed with a study of approximation schemes.
We note, that this computational complexity does not depend on the length of the scheduling interval
T, and is therefore incurred also for the case where T is very small.
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