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Abstract

In many real life situations (such as the passport contrsiesy in Tel
Aviv airport, department stores, and more) parallel queme$ormed in front
of control stations. Typically, some of the stations are nehwhile others
are not. As the queues build up, management assigns additiicers to
the unmanned stations. When this happens—some people mihertewly
manned queues from nearby busy queues. In anticipatiopl@awy prefer
to line up in busy queues next to unmanned ones.

Mathematically we discuss the problem of dynamic arrangerogthe
gueues in a service system where at any time each server danefiber
active or inactive mode. We seek a partition of customersueugs, that
minimizes the expected wait time of a customer in each of tieeastations,
thereby keeping the systdmlancedat all times. We study two balancing al-
gorithms which we calSplitandTrim. For the Split algorithm we discuss a
special case (the stations are ordered on a line and a singlanned station
is at one end). We show how an optimal partition can be catedleecur-
sively. We then give partitions that approximate the midiexpected wait
time within a factor ofl + ¢, for some smald) < < 1, under each of these
algorithms.

Keywords: Queuing, load balancing, response time, service systems.

1 Introduction

Real life queuing systems appear in two major variants:

1. Asingle line which feeds multiple service stations imfrof which no wait
gueue exists. This is the common practice in many banks.
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2 Fun with Algorithms

2. Multiple queues, each of which is being served by a singteice station.
This is the system in use at the Tel Aviv international aitas well as
many others), in department stores, and elsewhere.

In this paper we concentrate on queuing systems of the segpadin such sys-
tems, as the queues build up, management assigns addiitineis to the un-
manned stations. When this happens—some people move t@wig manned
gueue from nearby busy queues. In anticipation, people mefgipto line up
in busy queues next to unmanned ones. The problem of interest is the ex-
pected lengths of the different queues as a function of tidiguration of the
manned/unmanned queues.

More formally, thepassport control problenis the problem of keeping a
multi-queue service system load balanced; the systemsisrdia set ofV ser-
vice stations positioned on the line. Each service stataméaisingle server, and
a waitqueue, from which customers are picked up in a first-comedes/ed
order; all stations provide the same type of service, withaégpeed, thus an
arriving customer can join any of th€ queues.

The system isinstablén the sense that at any pointin time each of the servers
can be in either aactiveor inactivemode. An active server, 0 < i < N — 1
gives service to the first customer in queughenever the queue is non-empty).
When servel becomes inactive the customers lined up in its queue moveyto a
of the other service stations that are currently active. kVae inactive server
becomes active, customers from other active queues movatiors and form a
gueue there. Thus, at any timegthe number of queues in the systemujsvhere
0<n<N.

In this paper we study rules for distributing the workloadlie system, so
as to minimize the average response time for customers im efithe queues.
Indeed, such rules should depend on:

(i) The number of active service stations and their locaitithe system at any
given time.

(i) The frequency of changes in the number of active servers

(iif) The balancing strategy used when such a change ocoarsely, the rule
which determines how the queues are rearranged when any cktivers
becomes active/inactive.

For a given state of the system, we define a rule that dist&btite workload
among the active queues, taking into account future tiansibf servers between
the active and inactive modes. It is important to note thatghs a large set of
rearrangement rules, some of which dynamically modify tiséridution of cus-
tomers to the queues. In the present context we focus on s afasatic rules,
which maintain a fixed partition of customers to the queuesmiie number of
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active servers is fixed. The efficiency of the proposed rd@saéasured against an
(unknown)optimalrule.

Assuming that each of the inactive servers can become aitaay time, our
objective is to define a partitio/ﬁof customers to the queues, that will be fixed
as long as the number of active servers is fixed. In other wavtile none of
the servers changes mode, new customers join the queuesitstiehpartition
['is maintained. We seek a partitid?rthat minimizes the expected wait time of
customers in each of the active stations, thereby keepmgyhterrbalancedat
any time.

1.1 Related Work

We briefly mention some related work:

In the context of queuing theory, a model close to the systeaaidiscussed
above is theserver of the walking typmodel, where each server in the system
can become inactive for a certain amount of time, upon cotigpief a service
period [2, 3, 6, 7]. Related work on this model studied thadyestate distribution
on queue lengths and on the wait times of customers, when poohabilistic
assumptions are used, e.g., for determining the lengtheofdication” taken by
a server. However, no balancing algorithms are used in tobahi.e., when the
server is inactive the customers are assumed to line up $efitéce station, until
the server becomes active again.

Another related problem is the dynamic server problem phiced in [1].
This problem refers to a task system in which the number oilava servers
can change at any time. The authors present competitivethlg for this prob-
lem; the model is slightly different than our service systas customers do not
line up in queues for service; they are distributed in marngssin a computer
network, thus rearrangements of the queues are inappdicAtdimilar dynamic
server model was used also in the study of load balancingrsehdor multi-
media systems (see in [4, 5]).

1.2 Main Results

We now summarize our results. For a system\ofjueues, in whichy servers
are inactive, for somé < K < N, the main results presented in this paper are

o The Split balancing algorithm:

(i) For the case where there is a single inactive server irsylséem, we
show how an optimal partition can be calculated recursjl@ged on
the knowledge of the activation probability of that serveamy time.

(i) We give a partition which yields &+ O(1/N)- approximation to the
minimal expected wait time at any queue.
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e The Trim balancing algorithm, which is shown to provide @n+ &4 )-
approximation to the minimal expected waittime, dihel=, )-approximation
to the minimal balance ratio of the system, where ¢,, 5, < 1 are small.

1.3 Organization of the Abstract

In Section 2 we give some notation and define our performaneasares. In
Sections 3 and 4 we derive results for the case wliére: 1. In Section 3 we
present the Split algorithm, for which we show (in Sectioh)ow an optimal
partition can be computed recursively. We then give (in i8acB.2) a partition
that is a close approximation to the optimal.

In Section 4 we propose the Trim algorithm and give a pariitiat is a better
approximation to the optimal, under this scheme. In Sediare show how our
results can be extended to apply to the case, where the nafiberctive servers
in the systemisany < K < N.

2 Preliminaries

For a given time interval0, T, during which we optimize the system'’s perfor-
mance, we define a partition fif, 7] to sub-intervals, that are handled as separate
phases. We assume that each phase is long enough, so by ¢hi &nus the
system has stabilized, and that the number of active semexghase is fixed.
Moreover, we assume that time is discrete, startirtg-=at).

Suppose that at some point in timeout of the N servers are active, and
for somel > N, at any time there aré customers in the system. Each server
completes the service of a single customer within one timg whereupon the
customer leaves the system. For any inactive sefvirere is a fixed probability
p;, that the server becomes active between the present anebttigme unit. We
seek a partition of thé customers to the active queues, such that the expected
wait time of customers in each of the queues is minimized.

At any timet each customer in the system can be represented by & pAir
where0 < ¢ < N —1 isthe number of the queue in which the customer is waiting,
andl < j < L isthe position of the customer in that queueB&lancing Strategy
S:H{0,... , N—1}x{1,..., L} = {0,... ,N =1} x{1,..., L}isafunction
that maps each customgt j) to (¢, j/) using some transition rule that balances
the queues. A balancing strategy is used only when the nuaitzstive servers
changes.

Leti = (ly,...,Iny—1) denote a partition of the customers to tNequeues
Qo, ... ,Q~n—1. The quality of such a partition with respect to a given beiag
strategysS is measured as follows: Lé{/i(f, §) denote the expected wait time of

Iwe simplify the calculations by assuming that arrival/diy@ of a customer and the activation
of a server cannot occur simultaneously.
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a customer joining queugwhen the partition iand the balancing strategy$s
Let
maxW(ﬁ S)= max VI/Z(T, S) ,
0<i<N—-1

min.W([,S) = wi(l,8)

min
{0<i<N=13li>0}
be the maximal and the minimal expected wait time underegye$ of the par-
tition [, respectively. We denote o pr (L, S) the expected wait time of an
optimal arrangement of customers in the queues, under the strate§y

Definition 1 The balance-ratio of a partitioﬁ under a balancing strateg¥ is
given by
- max W(

[
60’8) = l—*’S)

minW(/, S)

Definition 2 The partitionfof L yields a(1 + §)-approximation to the minimal
expected wait time, under a balancing strategyf

maxW(l, 8)] < (1 + §)Wopr(L,S) .

3 The Split Algorithm

Assume first that the servers are linearly orderggljs inactive, and; customers
wait at@;, ¢ = 1,..., N — 1. The probability that a server appears¢af in
the next time slot ig. Let L = L/N be the average queue length when all the
stations are active.

In this section we discuss a balancing strategy that we Syalit. We first
show how an optimal partition can be calculated recursivélg then show that
if p > 1/L then a simple partition based on accumulating a large amofunt
customers near the inactive server can yield expected inastthat are close to
the optimal within a factor of + O(1/(N L p)).
The Split balancing strategy is as follows:

When a server arrives &}, every other customer from}; moves toR),. After
that both@), and@, havel ; = l;/2 customers.

At stepi: queuesyy,...,Q;_; have eachl; = 1—.2};11 l; customers. The
customers of); who have to wait more thah; time, evenly split to queues
Qo, ... ,Q; in a cyclic manner, i.e., customér, + 1 moves toQy, ...,
customerl; +i moves ta;_1, customer; +i+1 remains inR;, customer

L; + 14 2 moves to@, etc.

A pseudo-code of the Split algorithm is given in Figure 1.
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Algorithm Split
Input: A set of customer recordS[1], ..., C'[L], indicating the queue
index and position of each customer; the sequénte ... ,Iy_1.
Output:The updated set[1],...,C[L].
fori:=1to N —1do{

letxr..y,...,x;, bethe customers at positiohs+ 1,... .,
of Qi;

k :=0;

Livi:=Li+1;

forj := L; +1tol; do{
Clz;].position:= L;;1;
Clz;].queue=k;
ki=k4+1;
if &> ithen{
k :=0;
Lit1 =Ly + 1
}
}
}

Figure 1: The Split Algorithm

3.1 Finding an Optimal Partition

Assume that the arrival probability of a server@s is a fixed parametes. For
anyt > 1, the probability that the server arrives@g at timet is

pe=(1-p)"'p. D)

Let Wi(ﬁ Spliy be the expected wait time of a customercat given that the
initial lengths of the queues afe= (0,01, ..., In_1).

LetA;, =1, —L; =1, — %ZjQZj denote the excess number of customers
in @); over the average number of customers in quedes .. , Q;_ after the
customers of these queues moved in response to the arritta afew server at
Qo, but just before the customers@f moved. Consider a customérthat arrives
at timet = 0. We simplify the calculations by allowing the queue lengihnbe
non-integral numbers. If the server arrives at timé < ¢ < A,, thenHLl(Ai —

(t — 1)) customers of); that are beforel leave@; to join Qq, ... ,Q;—1. Thus
the wait time is reduced by that amount.



We will use the equality

k

pI(=p) = (= (1=l ] @

t=1

The expected wait time &); is

A, .
I/Vi(l_:Split) = Zpt (li—(Ai—t-l-l) ' )-l— Zptli
t=1

1+ 1 e

Ay Ay
s 3w Ymer--)
t=1 t=1
) 1 1
= i—— A=+ -(1-p+1-(1- Az] .
) [ ; p( p) (1-p)
Given queues of length, . .. ,Ix_1, @ new customer would join the queue with
minimum expected waiting time. Hence the system will becstaéle when

?
141

Wil Split = Wa(l, Split = - - = W1 (1, Split .

Letl; be given, we first calculaté’, (f, Splif and choosé, such thatV; (f, Spliy) =
Wz(f, Splif. We can easily perform this calculations, sirW@(f, Spliy depends
onp and onA; = [, — l;/2. We continue in this fashion to compute the val-
ues ofls, ..., Iy_1. The key observation is that depends only op andA; =

l; — %Zj«' {;. Hencel; depends only op and!{y, ..., {;_;, which we have al-
ready computed.

On the other hand, if., the total number of customers, is known we can
perform a binary search dnto find valuedy, . .. ,[y_; that stabilize the system
and satisfyy " ' l; = L.

Forp =1, we get

—_— i i 1 I < _

Wi (1, Spliy )=, = iz A= li_i+—1(h_? ;zj) =7 > lj=1Li.

j=1

Sincel, = [, /2, inthis case the system stabilizeswhg2 = [, = - - = Iy _;.

In other words, the first queue (next to the inactive serves twice as many
customers in it—since with probability = 1 at timet = 1 a server appears at
Qo, half of the waiting customers move €y, and all queues are of equal length.

3.2 Approximating the Minimal Wait Time

Assume now that the inactive server is in positigrior some0 < h < N — 1. In
the following we show how the minimal wait time can be closabproximated
for this case.



8 Fun with Algorithms

We propose to use a static partitign, ... , {5, ... ,{x_1), in which all the
gueues that are of the same distance from the inactivestadie the same length.

In fact, we show that a close approximation to the minimaltvtiane can be
obtained by choosing a partition, in which the queues nextédnactive server
have the same length, and all the other queues in the system have the same
length!”. Hence, we only need to compute the ratjg” > 1.

When the inactive server is positioned at the end of the timegueue will be
balanced (upon activation of this server) by the Split dtpon as given in Fig-
ure 1. When the server is in positiénfor some0 < 2 < N — 1, the queues will
be balanced using the Split algorithm with a slight modifmat The balancing
process will handle in phageall queues that are of distance at mp$tom the
inactive server. Thus, after the first phase the queéuesl, h, h + 1 will be of
equal length. After the second phase the quéue®, h — 1, h, h+ 1, h+ 2 will
be of equal length, and so on.

Let s € {1,2} denote the number of immediate neighbors of the inactive
server. Folp > 1/L we define the partitioﬁgpm =(lo,...,In-1), where

o

i=nh

{ S((s+1DL— 1+ m i is a neighbor of inactive server
L(1+1/(p(N - 1)) otherwise

Theorem 1 The partition/s,;;; yields a (1 + 1/(L p(N — 1)))- approximation
to the minimal expected wait time, when the balancing atgariis Split, that is,

- . 1
Wi(lspiie, Split) < (1 + =

_— L, Split <1< N-1.
Lp(N—l)) WOPT( , pI)VO_z_

(3)

Proof. Let p; be as defined in (1). For the cake= 0,

I
- . L —1
Wi(lspise, Spliy = g pe(t + 12 )+ E peli
t=1 t>1

Using equation (2) we have

(1= (+1-p"

N | —

~ _ I
W (lSplit, Spht) = 51 +

L—p—(L=pht' &

)+ 21 -p)"

1 1p (1—p)
SR LY
P 2p

_|_

Takingl, = 2L — Zl) + ﬁ we get inequality (3). A similar computation for
h # 0 gives the statement of the theorem. O



4  The Trim Algorithm

In this section we propose a balancing strategy called TWmdefine a partition
that is shown to provide a close approximation to the miniexpkected wait time,
while maximizing the balance in the system.

The following is an informal description of the algorithmogsider first the
case where the inactive server is at the end of the line fi.e.,0). Denote byX
the activation time of the server, théh~ G(p).

Suppose that initially there atecustomers in queug 1 < ¢ < N — 1. When
serverQ) becomes active, customers from quetigbroughN — 1 transfer to)g
as follows.

If a customer is at positiofin ;, then all customers in queues
Q1,...,Q; — 1, whose positions are larger thatwill line up in Qg
before that customer. In addition, any custorfier) with L < » < j
will also preced€i, j) in Qp.

We call this balancing strategy Trim, since it trims all tlwd) queues in the
system, and transfers the excess customefk tantil all queues are of the same
lengthZ. A pseudo-code of the Trim algorithm is given in Figure 2.

Algorithm Trim
Input: A set of customer recordS[1], ..., C[L], indicating the queue index
and position of each customer; the sequéehde, . .. ,{y_1.

Output:The updated set[1], ..., C[L] corresponding to the
partition(ZL, ..., L).
fork=1toL
with C[k] do

if Ck].position> L then{
C[k].position:= C[k].position— L + ij[i]égff;fl(l
Clk].queue=1;

}

i —L);

Figure 2: The Trim Algorithm

Assume now, that the inactive server is located in stdiidor somel < h <
N — 2. For this case we define the following extension of the Trigoathm.
If a customerC[k] is in distance from the inactive server, then when the server
becomes active

e All the customers in positiong > L, that belong to queues in distances
that are smaller thahwill line-up in @, beforeC'[£].
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o Allthe customers in positions> L, who belong to the queudé — i, i + i}
then join in random order at the end @%,, includingC/[].

We call this strategy thRandom Trim

In the next result we define a static partition of the custe@gueues, which
is shown to be efficient with respect to our two measures, vtherbalancing
strategy is (Random) Trim.

Theorem 2 Let M be the median of the random variabtg and let

r= ng(f’ /M) 3
and
' —1
P = max{r/ > < ST } . 4)

If h=0h =1, otherwiseh/ = h — 1. Denote by}”m the partition
(lo, ..y lh=1,0,lp41, ... ,In), where

Q i=nh

;=1 L(2-1/27) i=H
L(1+1/(2" (N —2)) otherwise.

Then for any: > 1 and a system o¥ > 2 stations,

® [rrim yields a(1 + m)-approximation to the minimal expected wait
time.

- 14—
(i) Blrrim) < ——1— .

Proof. We give the proof forr = 0. The generalization to arbitravyis straight-
forward. We first note, that ifiY < L/2 there exists=* > r satisfying (4)
(since clearly,»* = r satisfies the inequality). Now, we show separately the
approximation-bound and the balance-ratio of the partilﬁ(pim.

(i) We first show, that

1

VVil_’rimaTl S+ oo
(Ir rim) < ( —|—2T )

YWopr (L, Trim) ¥ 1<i<N—1.
(5)
Forl’y = L-(1—1/2""), let A be the event
“The inactive server becomes active within less tHatime units”,

(6)
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then

Wi (fTTim,Trim) = Prob(A)l} + (L +1)(1 — Prob(A))
— 1+ L(1- P(4)) .

SinceM = L /2" andr* satisfies (4), the probability that the server remains
inactive in the next| time units is
2 =1

ppor.2i=r 1
L= P(A) = (1=p)"" 57 < o ()

Hence, )
—)+L—=<1L

: 5o+ Lo <L,
SinceWopr (L, Trim) > L, obviously inequality (5) holds far= 1.
Forqueues =2,... , N — 1 we have

Wi (Ippim, Trim) = L(1 —

_ 1
li—L(1+m),

and again inequality (5) holds.
(i) We now bound the balance-ratio of the system under T&ince for any
1<i<N-1,
- 1 _
(L Trim) < (1+ ————)L |
Wi(l, Trim) < ( —|—2T (N—Q))

it remains to show that
1

min.W({j > L(1 — TR

) .
We note, that the choice of implies

- - 1
Let B be the event

“The inactive server becomes active within the nBxt2"" (N — 2)) time units”
(8)
Thenfori=2,... N -1
Wi (Ipyim, Trim) > Prob(B)(ly — L) + (1 — Prob(B))L > I}

which yields the statement of the theorem.

Corollary 1 If p > % then the partitiori}m»m defined in Theorem 2 gives

(i) a(l+ m)-approximation to the optimum

(i) A(Z, Trim) < 2.
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5 Extensions

In this section we discuss the case where the number of weas#irvers is any
1 < K < N — 2. We show how our results for the cagé = 1 can be used to
obtain similar bounds for the Split and the Trim algorithms.

We handle separately two cases:

(i) If K < N/2, then we can divide the set of queuesHoregions such
that each regiori contains exactly one inactive station, aag > 1 active
stations, Wher§:f:1 A; = N — K (The stations in each region are not
necessarily neighboring stations on the line). The totallner of customers
in the queues of regiopis A; - L . Using The Split or the Trim algorithm
for each region withX’ = 1, we have the results in Theorems 1 and 2
respectively.

(ii) For the case wherd&l > N/2 we choose one of the active queues in the
system)) < i* < N — 1 to be themaster queudLet L (K) = L/(N — K)
be the average number of customers when divided equally giheractive
queues. Wherikl > 1, we takel, = L (K — 1). We can then use the
partitionsfgpm andfTMm as defined in Sectiorssand4 for the casdy = 1.
Suppose that the balancing algorithm used in the systenirts Then upon
activation of a server ap,, first the customers lined up in position larger
thanZ in Q;- move toQ,. Then batches of customers (whose positions
were L or larger) from all the other queues joipy, in arbitrary order, one
batch at a time. Thus, in each of the active queues there actlgx,
customers. Now, we proceed by taking = K — 1, and by modifying
L = L (K) accordingly. Any new customers will join the queues so as to
form the partitiorfTM»m with the updated value of .

Note, that when the number of inactive servers in the sysgef, ithe minimal
expected wait time is at least( K'), thus, the approximation bound in Theorems
1 and 2 hold for any number of inactive servers.
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