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Abstract

In this paper we consider the problem of scheduling a
set of tasks on a parallel machine of identical processors.
The tasks are parallelizable and can be run simultane-
oudy on several processors, in which case the runtime
isdecreased. Our goal isto minimize the finish time (or
Makespan) of the entire schedule. This problemis known
to be NP-Hard.

Wk propose a new approach to scheduling, based on
partitioning the available processors into a fixed number
of computation channels. We assign tasks to channels
based on their execution times, and their speed-up func-
tion, assuming that these parameters are available prior
to the execution of the task sequence.

The channel approach is shown to be advantageous
whenever the overall work needed to execute tasks does
not decrease as a function of the number of processors
assigned to it, i.e. in most common scenarios. For
cases in which this function is a constant (and, there-
fore, the overall runtime per task decreases linearly with
the number of processors executing it), we present a new
scheduling heuristic called the Peartition and Assignment
(PA) algorithm. PA is shown to achieve a worst case
bound of 2 to the optimal schedule. It runsin linear time,
O(n+ m), where m isthe number of processors, and » is
the number of tasks. For the case of non-linear speedup,
we introduce a generalized version of PA (GPA), which
achieves a bound of 2 to the optimum, and runsin time
O(mloga + n), where a = min(n, m).

1. Introduction

1.1. Model Formulation

The problem of schedulingtaskson machinesisaclas-
sic resource allocation problem. Scheduling agorithms
take as an input an arbitrary number of tasks, each with
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an execution time, and produce as output amapping from
tasksto processorsand start timesso asto minimizeeither
the average waiting time, or the finish time of the entire
schedule.

In a well studied version of this problem, each task
runs on a single processor, until it completes execution.
In thiswork we consider arecent trend in multiprocessors
scheduling, where tasks may be scheduled to run on more
than one processor, thus decreasing their runtime.

We distinguish between two cases:

e Linear speedup — In some applications the runtime
of atask decresases linearly with the number of pro-
cessors assigned toit.

e In other scenarios, when the overhead inherent in
splitting thetask among several processors becomes
a significant factor, the decrease in runtimeis only
sub-linear.

Each of these cases corresponds to a class of problems
solved on parallel computers. Linear speedup modelsthe
many applicationsthat can be trivially parallelized, such
as database searches, where the interprocess communi-
cation involved is negligible. Circuit simulation using
waveform relaxation is another example which obtains
linear speedup as long as the circuit can be partitioned
into as many pieces as there are processors. Thus we
expect a speedup function that decreases linearly until a
certain point, and then levels off.

Inanalyzing the non-linear case, we refer to the notion
of work, defined as the sum of the running times of the
processors allocated to a specific task. The work function
describes the dependence of the work needed to execute
atask upon the number of processorsallocated toit. This
dependence upon the number of processors stems from
the communication overhead of the processors engaged
intheexecution of asplit task. In most common scenarios
thiscommuni cation increaseswith thenumber of involved
processors. We, therefore, focus on work functions that
are non-decreasing in the number of processors. (e.g., see

[2)).



Our performance measure is the makespan of the
schedule, i.e., we seek aschedul e that minimizesthe over-
al completion time of the tasks. Indeed, minimizing the
makespan corresponds to maximizing the throughput of
the system. In [4] it is shown that the problem of find-
ing an optimal schedule with respect to the makespan,
for paralel task systems, is strongly NP-hard aready for
five processors. Thismotivates our search for an efficient
algorithm that will guarantee areasonabl e approximation
to the optimum.

Assuming a set of identical processors, on which the
tasks are to be scheduled, we develop agorithms which
are non-preemptive, meaning that once the execution of a
task begins, the processor allocation to thistask cannot be
changed, and the task cannot be interrupted and resumed
at alater time. Just the same, the performance guaranteed
iswithinafactor of 2 from the optimum, within the set of
all possible schedules (including preemptive schedules,
and schedules that allow reconfigurations).

1.2 TheChannel approach

A typica question inthe design of theoperating system
for amultiprocessor iswhether to maintainacentral queue
for al the processors, or alocal queuefor each individua
processor. We propose an intermediate solution, that is
efficient in maintaining a small number of queues. Each
of the queues is served by a subset of the processors.
By maintaining these local queues (in shared memory
multiprocessors and similar architectures), we reduce the
contention for global locks, which in turn decreases the
overhead of scheduling.

We propose a new approach to scheduling paralleliz-
able tasks, which we call the channd approach. The
channel approach is based on the idea of partitioningthe
available processors into computation channels. Each
channel is composed of a subset of processors, and tasks
are assigned to channels based on their degree of paral-
[elism, which is determined upon the arrival of the tasks
to the system. Thus, a main advantage of the channel
approach isin reducing the al gorithmic complexity of the
scheduler. 1t also enables a fixed allocation of resources
to subsets of the tasks.

By using computation channels, we reduce the prob-
lem of scheduling parallelizabletasks on aset of identical
processors, to the problem of finding an optimal sched-
ule for non-parallelizable tasks running on a system of
unrelated machines [6]. Channel based a gorithms may
be viewed as involving two stages: First determining a
partition of the processors to channels (that is, the set
of ‘unrelated machines’), and then assigning tasks to the
channels. For the second stage, we present assignment
algorithms, which run in time linear in the number of
tasks, and thus suggest simpler scheduling heuristics for
the unrelated machines problem.

1.3 Rdated Work and Outline of Results

Scheduling to minimize the makespan for non-
parallelizable tasks (i.e. each task running on a single
processor) has been extensively studied. Recent works
consider the problem of minimizing themakespan for par-
allelizabletasks. Wang and Cheng present in [9] the Ear-
liest Completion Time (ECT) algorithm, for which they
prove a worst case bound of 3 — 2/m on the makespan
generated relative to the optimum, with m the number
of processors. [3] describes two heuristic agorithms
for scheduling tasks assuming non-decreasing work func-
tions. Their worst case bound with respect to the optimum
is2/(1 4 1/m) with complexity of O((n + m)logm).
In the papers [7, 8] heuristic algorithms are presented,
that solve the problem of minimizing the makespan given
a set of independent tasks, and any speedup function.
The algorithm of [7] works by applying a non-malleable
scheduling (NMS) algorithm to a family of processor al-
locations, and obtains a bound on theworst case behavior
of 2.5 if processor addresses need to be contiguous (non-
fragmentabl e), and abound of 2 for fragmentable systems.
The complexity of these algorithmsis O(mn) times the
complexity of a NMS scheduling algorithm. Typicaly,
thisresultsin complexity O(mn?logn).

The algorithms presented in this paper improve the
worst case bound achieved for the ECT, and for linear
speedup tasks yield the same bound as in [3] with lower
computational complexity. Our results are valid for both
fragmentabl e and nonfragmentabl e systems.

The rest of the paper is organized as follows. In Sec-
tion 2 we present an O(m + n) agorithm, which we call
the Partitionand Assignment (PA) algorithm, for schedul -
ing a set of n tasks on m processors, with linear speedup.
We prove a bound of 2 on its worst case makespan rela
tive to the optimal schedule. In Section 3 we modify the
algorithm and proofsin order to show similar results for
tasks with non-decreasing work loads. The Generalized
Partition and Assignment (GPA) agorithm is shown to
achieve aworst case bound of 2 to the optima makespan,
in complexity O(mloga + n), where ¢ = min(n, m).
We conclude in Section 4 with experimenta results that
characterize the behavior of the channel algorithms for
various distributions on task sizes and levels of para-
lelism, subject to nondecreasing work functions.

2. Taskswith Linear Speedup

Under theconstraint that all taskshave alinear speedup
function, i.e. the runtime for task 7; when schedule on
p processors is t; /p, the problem of finding the optima
makespan has a trivial solution. Assigning m processors
to each task, and arbitrarily ordering the tasks, will yield
an optimal schedule. However amore redlistic model is



obtained if we assume that each task has amaximum level
of paralelism defined by é;, 1 < é; < m. Scheduling 7;
on more than é; processors will not result in runtime less
than tl/él

First let us define alower bound on the optimal sched-
ule. The finish time, w*, of the the optimal scheduleis
greater than both the total amount of work divided by the
number of available processors and the maximum com-
pletion time for any task when the task is allocated as
many processors asit can use.
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We denote the average finish time for the processors by

In most cases our bounds will relate to w and not to w*
(the actual optimum) since evaluating w* from the input
set is not possiblein polynomial time.

We describe a partition of the m processors into com-
putation channelsby C', the number of computation chan-
nels, and the sequence S, 1 < k < C, the number
of processors in the k-th channel. In order to assure
that al processors belong to a channel we require that
Zz’czl Sk = m.

Given the set of tasks {71,7T%,---, T}, let Us, =
{i | 6 > Si} be the set of indexes of tasks that can
exploit a channel of width S without idling any of the
processors. Denote by

Sh= >S5

S5 28k

w =

thetotal channel capacity of channelsof size S, or larger,

and let
Wy = Z ;.
iEUSk

W3 is the sum of work available for a channd of size
Sk, such that the channel will be used at full efficiency
(no idle processors). It should be noted that 7; € Ug,
does not imply that 7; isscheduled on channel %. 1t could
possibly be scheduled on achannd %', Sy, > S%.

We present below the Partition and Assignment (PA)
Algorithmwhich creates a partition of the processorsinto
computation channels and assigns the tasks to channels.
Our first definition describes constraints on the partition
that will alow the scheduling algorithm to guarantee a
bound of 2 on the makespan.

Definition 1 (Proper Channel Capacity) We have
proper channel capacity, if
>
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for all channelsj, 1 < j < C wherew isgiveninequation

().

The constraint in (3) ensures that thereis at least enough
work on the average to keep each channel busy until after
w, and that if for any j we added another channel of size
S; we would not have enough work.

Algorithm 1 (Partition) Given aset of tasks, 7;, thefol-
lowing algorithmwill create a partition of the processors
into computation channels.

J—1
S0
C 1
for (k= mdownto1l)
\mne(SWTkkzw) do
begi n
S; =k
S—S+k
C—C+1
Jj=J+1
end
endf or

Claim 1 The Partition algorithm creates a partition.
ThatisS =" 5; = m.

Theinequality, S = >~ 5; < m followsdirectly from
thefact that for the last channel created by the algorithm
(of width!, 1 <1 < m)
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In order to show equaity, welook at thelast step of the
dgorithm, & = 1. Aslong as W /(S + k) > w we will
cregte another channd of size 1, and thus increment S.
This continues until W3 /(S + k) < w. (The agorithm
may stop earlier.) Thus S and m being integers, S must
equal m after the last step. B

Claim 2 The partition created by algorithm 1 satisfies
the proper channel capacity constraint.

The proof is immediate from the algorithm, and is thus
omitted.

Algorithm 2 (Task Assignment Algorithm) Place the
task 7; on the largest channel S such that S < é;. If
all the channel capacities are unique integers, then the
mapping fromtasksto channelsiswell defined. If thereis
more than one channel of a given sizethen assign tasksto
each channel (among the set of identical width channels)
until the channel compl etion time exceeds w.



Theorem 1 Given a set of tasks, and a partition that sat-
isfiesthe proper channel capacity constraint, Algorithm?2
achieves a makespan w satisfying w < 2w*.

The proof uses backward induction. We giveitinthefull
version of the paper.

Recall that the Partition and Assignment (PA) algo-
rithm is the combination of algorithm 1 and 2. It is
easy to verify that the complexity of the Algorithm PA is
O(n + m).

Corollary 1 For any set of tasks, 71, ..., 7,, the Algo-
rithm PA achieves a makespan w < 2w*. Moreove, if
there is at least one task, 7;, such that ¢;/6; > 2w then
PA achieves the optimal makespan, i.e w = w*.

Corollary 2 The bounds presented in corollary 1 apply
also to the preemtible and reconfigurable versions of the
makespan problem.

The generalization in corollary 2 followsimmediately
from the fact that the bounds are based on comparisons
with the minima amount of work done under an optimal
schedule, which would not decrease if preemptions and
reconfigurations were allowed.

3. Minimizing M akespan for Taskswith Non-
Linear Speedup

When we generalize the problem of minimizing the
makespan to include tasks that have non-linear speedup
functions, we have to modify our scheduling agorithm.
The required changes increase the computational com-
plexity of the algorithms, but still maintain a worst case
bound on the makespan of |essthan two timesthe optimal.

We now restate the problem:
Given a st of n tasks and = functions
filp),..., falp), 1 < p < n which specify the run-

time of the:-th task when scheduled on p processors, find
a mapping of tasks to processors that will minimize the
finish time of the schedule. A reasonable assumption
is that ¢;(6) > t;(6 + 1), i.e. the runtimes are non-
increasing. The results below apply to any model where
the amount of work done, ¢;(é) - é isnon-decreasing, that
is 6(8) -6 <t (6+1)-(6+1),forl <é < m. We
assume that each task can be alocated any number of
processors in therange [1,m].

First we design an algorithm that will alocate a set
number of processors to each task. Denote by ¢; the
number of processors allocated to task 7;, and let 6 =
(61, ..., 6,) bethecurrent alocation. Then the makespan
of the optimal schedule for this fixed allocation denoted

=

by w*(8) satisfies

w2 mos (O i) @

m

w*(8) is the lower bound for the non-mallesble mul-
tiprocessor scheduling problem (NMS). Non-malleable
scheduling is a term coined by [8] to describe the prob-
lem of scheduling n tasks on m processors when each
task must be assigned to a predetermined number of pro-
cessors. In contrast, malleable scheduling refers to the
problem we discuss, in which tasks can be assigned to a
variable number of processors. From the above equation
we can form a lower bound on the malleable scheduling
problem by taking the minimum over &l allocations 6.

w* > minw”( _’)
é
We base our tentative allocation of processors to tasks
on equation (4). Weinitially allocate §; = 1 processorsto
each task. We compute the average processor completion

time,
ol5) = 2 ti8i)bi 5)

m

-

Then we compare @(6) with the execution time of the

-

longest task. Aslong as w(é) isless than the execution
time of the longest task, we increase é; for that task.
Clearly that task previously defined the lower bound on
the makespan. We update () and repeat the previous
step until we can no longer decrease the lower bound
on the makespan. After we have determined a tentative
allocation of processorstotasks, 6, wecan compute W, =
Z t;and w = w(é’). Using these values we apply the
T::6: 2k
algorithm PA to partitionthe processorsinto channelsand
to assign the tasks to channels. We call the combination
of agorithm 3 with the PA algorithm the Generalized
Partition and Assignment (GPA) algorithm.

Algorithm 3 (Generate 4;) Given a st of tasks,
Ty, ...,T,, thefollowingalgorithmwil| compute a tenta-
tive maximum allocation of processors, é;, for each task
T, 1<i<n.

fori:=1tondoé; — 1

w Hzti(éi)éi/m
i=1
A= (Tilt; > w)
B — {Tilt; < w)
whi | e(A # 0)
i = arg igleme)i t;(6;)
if (tl(él) > lz}) then
begi n
w — W —tl(él)él/m—i—tl(él + 1)(62 + 1)/m
b; — 6; +1
J—1
|f(tl(6l) gw)thenB — BUT;A—A-T;
end
el se



begi n
(*) if (lz} > t]' ((S] — 1)) then (S]' — (S]' —1
STOP
end
end

Theorem 2 For the vector, § = (61,...

-

algorithm3, w(é) < w*

,8,,) defined by

Proof: The lower bound on the makespan is defined as
either the average processor completion time caused by
the workload, or the longest task. Since we increase the
workload only when it will decrease the lower bound, it
should be clear that the average processor load, w will be
lessthan, or equal to, the makespan generated by the opti-
mal algorithm. Step (*) of the a gorithm checks to makes
sure that the last task to receive an increased alocation
did not cause the lower bound to increase. If it did cause
the lower bound to increase, then this last allocation is
reversed. B

Lemmal Let |A| denote the initial number of tasks
whose run time is greater than w = w(é) where § =
(1,...,1),then|A| < min (n,m).

Proof: Clearly there cannot be more tasks with runtimes
greater than w than there are tasks. Thus [A] < n. If
n > m, let T, be the m-th largest task. Looking at
Ti,..., T, itisclear that w > t,,, and thusthere are at
most m — 1 tasksthat have running timesgrester than «w .l

Theorem 3 Thecomplexityof algorithm3isO(m loga+
n), where ¢ = min (n, m).

In order to prove aworst case bound on the makespan
produced by the a gorithm GPA, we must reformul ate the
definition of the proper channel capacity.

Definition 2 (Proper Channel Capacity I1) Let C' be
the number of uniquesized channels, S, bethe k£-th chan-
nel width, and N, the number of channels of size S, Let
Sy = Z Nj; - S; bethecapacity of all channelslarger or
i>k

equal to Sy Given a set of tasks with non-linear speedup
functions, and processor allocationsé, . . ., é,, we have
proper channel capacity if Vk, 1 <k < C":

PORICIN PIRACIRY

55> Sk 5> 5%
i i
Si + Sk S

Generalized Partition and Assignment Algorithm
(GPA)

Input: aset of n tasks, 71, ..., 7,, n speedup functions,
ti(+),. .., (), and m processors.

<w<

Output: a partition of the processors into C' channels of
size Sy, ..., S¢, and amapping of the tasksto channels.

1. Generate a tentative alocation, 5, of processors to
tasks using Algorithm 3.

-

2. Computew = w(é) and Wy, 1 < k < m.

3. Apply agorithm 1in order to partition the processors
into channelsusing w and Wy, 1 < k < m.

4. Assign thetasksto channelswith algorithm 2.

Theorem 4 Given a set of tasks 71, ..., 7}, the algo-
rithm GPA achieves a makespan which is less than 2
times the optimal.

We give the proof in the full version of the paper.

4. Experimental Results

In the previous sections we focused on analyzing the
worst case performance of channel based scheduling al-
gorithms. In this section we present the average case
behavior of these a gorithms obtained by ssimulations.

Wesimulated taskswith two different types of speedup
functionsand where i = 32. We compiled results from
runswith various numbers of tasks n between 10 and 120.
In al cases the execution time of the tasks was chosen
to be an exponentially distributed random variable with
mean 1.

For linear speedup tasks, we chose the maximum level
of pardlelism to be auniformly distributed random vari-
able between 1 and 32 (the number of processors). For
each given number of tasks, we ran the PA agorithm on
200 different input sets. For each input set (tria) we
computed theratio of the resultant makespan to the lower
bound of the optima. The average ratio over the 200
trialsisplotted in figure 1 versus the number of tasks.

We also ran simul ationsfor anon-linear speedup func-
tion based on Amdahl’slaw[1] whichisatypica instance
of a non-decreasing work function. Let C; = C!/t; be
the ratio of sequentia to parallel code for task 7;. Am-
dahl’s law asserts that the execution time on of the task
on p processors will be t;(p) = ti“’]’%. In the simula
tions, a value of C' was chosen for each task distributed
uniformly on the interval [0.05,0.1]. This alows each
task to have dightly different behavior when parallelized.
The choice of C; represents tasks that contain less than
10% non-parallelizable code.

Figure 2 shows the results of two versions of GPA
for the tasks with Amdahl speedup functions. List Av-
erage is the average ratio of the GPA makespan to the
optimum when tasks are scheduled on identically sized
channels using the PA Algorithm. If though, the tasks
are sorted and scheduled on identical channels based on
Longest Processing Time (LPT) [5], we see a significant
improvement in the average case behavior. These results



are labeled LPT Average. Both versions of the algorithm
maintain the same worst case bound.

Similar resultswere obtained when the GPA Algorithm
was applied tasks with the non-linear speedup function
ti(p) = ;5 where o; is auniformly distributed random
variable in the interval [0.8,0.9]. Thisis another typical
non-linear speedup function, but in contrast to Amdahl’s
law the runtime of atask decreases without approaching
an asymptotic minimum. Figure 3 shows theratio of the
average makespan to the lower bound of the optimal for
tasks that have a speedup function using both the stan-
dard list scheduling version of GPA and the improved
LPT based version.
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